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Preface to the Fifth Edition 


This book aims lo give students of engineering a thorough grounding in the 
subject of thermodynamics and the design of thermal plant. The book is 
comprehensive in its coverage without sacrificing the necessary theoretical 
rigour; the emphasis throughout is on the applications of the theory to real 
processes and plant. The objectives have remained unaltered through four 
previous editions and continuing interest in the book not only in the UK but 
also in most other countries in the English-speaking world has confirmed these 
objectives as suitable for students on a wide range of courses. 

The book is designed as a complete course text for degree courses in 
mechanical, aeronautical, chemical, environmental, and energy engineering, 
engineering science, and combined studies courses in which thermodynamics 
and related topics arc an important part of the curriculum. Students on 
technician diploma and certificate courses in engineering will also find the book 
suitable although the coverage is more extensive than they might require. 

A number of lecturers in universities and polytechnics in the UK were asked 
for comments on the book before the fifth edition was prepared; the consensus 
was that the balance of the book was broadly correct with only minor changes 
needed, but a more modern format was thought to be desirable. 

The fifth edition has therefore been completely recast in a new style which 
will make it more attractive, and easier to use. The opportunity has also been 
taken to rearrange the chapters in what seems to be a more logical order. 
Throughout the book the emphasis is now on the effective use of energy resources 
and the need to protect the environment. The chapter on energy sources, 
use and management (Ch. 17), has been improved and extended; it now includes 
a more extensive coverage of combined heat and power and a new section on 
energy recovery, including a brief mention of pinch technology. The material 
on gas turbines, steam turbines, nozzles, and propulsion (Chs 8-10) has been 
rewritten in a more logical format giving a more general treatment of blade 
design while still stressing the differences in design procedures for steam and 
gas turbines. In the chapter on refrigeration (Ch. 14) more emphasis is given 
to the heat pump and to vapour-absorption plant. A new section on refrigerants 
discusses the vitally important question of the thinning of the ozone layer due 
to CFCs; examples and problems in this chapter now use refrigerant 134a 
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instead of refrigerant 12, and tables and a reduced scale chart for R134a are 
included by permission of IC1. Analysis of exhaust gases, emission control for 
IC engines, and the greenhouse efTect are also included. 

A new sign convention for energy transfer across a system boundary has 
come into general use in recent years and has therefore been introduced in this 
book. The convention is to treat both work and heat crossing a boundary as 
positive when it is transferred from the surroundings to the system. Also, there 
has been an international agreement to standardize symbols used for heat and 
mass transfer and the symbols in this text have been chosen accordingly. For 
example, the symbol for heat transfer coefficient is a. that for thermal 
conductivity that for dynamic viscosity tj, and that for thermal difTusivity k. 
Molar quantities are now distinguished by the overscript. “. Thanks are due to 
Dr Y.R Mayhcw for many helpful discussions on the use of physical quantities, 
units, and nomenclature. In the chapter on combustion (Ch. 7) the section on 
dissociation has been rewritten to conform with the use of a standard thermal 
equilibrium constant as tabulated in the latest edition of Rogers and Mayhcw's 
Thermodynamic and Transport Properties of Fluids. 

While preparing this new edition I have been ever conscious of the loss of 
my co-author and colleague for so many years. Allan McConkcy, who died 
just after the publication of the previous edition in 1986 .1 would like to dedicate 
this edition to Allan with deep affection and gratitude for a long and fruitful 
collaboration. 


TDE 1992 
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Introduction and the First Law of 
Thermodynamics 


All living things depend on energy for survival, and modern civilizations will 
continue to thrive only if existing sources of energy can be developed to meet 
the growing demands. Energy exists in many forms, from the -nergy locked in 
the atoms of matter itself to the intense radiant energy emitted by the sun. 
Many sources of energy exist; many are known, some perhaps unknown; but 
w hen an energy source exists means must first be found to transform the energy 
into a form convenient to our purpose. 

The chemical energy of combustion of fossil fuels (oil, coat gas I, and waste 
(agricultural, industrial domestic), is used to produce heat which in turn is used 
to provide mechanical energy in turbines or reciprocating engines; uranium 
atoms arc bombarded asunder and the nuclear energy released is used as heat; 
the potential energy of large masses of water is converted into electrical energy 
as it passes through water turbines on its way from the mountains to the sea; 
the kinetic energy of the wind is harnessed by windmills to produce electricity; 
the energy of the waves of the sea is converted into electrical power in floating 
turbines; the tides produced by the rotation of the moon produce electrical 
energy by flowing through turbines in large river estuaries; hot rocks and 
trapped liquids in the depths of the earth arc made to release their energy to 
be converted to electricity; the immense radiant energy of the sun is tapped to 
heat water or by suitable device is converted directly into electricity. Figure 1.1 
shows the various energy sources and the possible conversion paths with the 
more important transfers shown as bold lines; more information can be found 
in Chapter 4 of ref. 1.1 and the bibliography therein. 

Applied thermodynamics is the science of the relationship between heat. work, 
and the properties of systems, it is concerned with the means necessary to 
convert heat energy from available sources such as fossil fuels into mechanical 
work. A heat engine is the name given to a system which by operating in a 
cyclic manner produces net work from a supply of heat. The laws of 
thermodynamics arc natural hypotheses based on observations of the world in 
which we live. It is observed that heat and work arc two mutually convertible 
forms of energy, and this is the basis of the First Law of Thermodynamics. It 
is also observed that heat never flow's unaided from an object at a low 
temperature to one at a high temperature, in the same way that a river never 
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Fig. 1.1 Energy 
conversion diagram 


1.1 

Surroundings 



Thermal insulation 

Fig. 1.2 Two isolated 
bodies in contact 


Surroundings 

Boundary 



Fig. 1 3 Definition 
of a system 



flows unaided uphill. This observation is the basis of the Second Law of 
Thermodynamics, which can be used to show that a heat engine cannot convert 
all the heat supplied to it into mechanical work but must always reject some 
heat at a lower temperature. These ideas will be discussed and developed in 
due course, but first some fundamental definitions must be made. 


Heat, work, and the system 

In order to deal with the subject of applied thermodynamics rigorously it is 
necessary to define the concepts used. 

Heat is a form of energy which is transferred from one body to another body 
at a lower temperature, by virtue of the temperature difference between the 
bodies. 

For example, when a body A at a certain temperature, say 20 °C, is brought 
into contact with a body B at a higher temperature, say 21 °C, then there will 
be a transfer of heat from B to A until the temperatures of A and B are equal 
(Fig. 1.2). When the temperature of A is the same as the temperature of B no 
heat transfer takes place between the bodies, and they are said to be in thermal 
equilibrium. Heat is apparent during the process only and is therefore transitory 
energy. Since heat energy flows from B to A there is a reduction in the intrinsic 
energy possessed by B and an increase in the intrinsic energy possessed by A. 
This intrinsic energy of a body, which is a function of temperature at least, 
must not be confused with heat. Heat can never be contained in a body or 
possessed by a body. 

A system may be defined as a collection of matter within prescribed and 
identifiable boundaries (Fig. 1.3) The boundaries are not necessarily inflexible; 
for instance the fluid in the cylinder of a reciprocating engine during the 


22 










1.1 H**t. work, and tha ayatam 


Fig. 1.4 Fluid in a 
cylinder as a closed 
system 


Fig. 1.5 Fluid in a 
turbine as an open system 


Fig. 1.6 Two different 

pressure gauges 


expansion stroke may be defined as a system whose boundaries are the cylinder 
walls and the piston crown. As the piston moves so do the boundaries move 
(Fig. 1.4). This type of system is known as a closed system. 

An open system is one in which there is a transfer of mass across the 
boundaries; for instance, the fluid in a turbine at any instant may be defined 
as an open system whose boundaries arc as shown in Fig. 1.5. 


Surrounding* 





The pressure of a system is the force exerted by the system on unit area 
of its boundaries. Units of pressure are, for example, pascal, Pa (where 
1 Pa - 1 N/m 2 ), or bar; the symbol p will be used for pressure. Pressure as 
defined here is called absolute pressure. A gauge for measuring pressure (e.g. as 
shown in Fig. 1.6(a) and 1.6(b)), records the pressure above atmospheric. This 
is called gauge pressure, i.c. absolute pressure equals gauge pressure plus 
atmospheric pressure. 

The gauge shown in Fig. 1.6(b) is called a Bourdon gauge. The absolute 
pressure of the system in a closed elliptical section tube forces the tube out of 

Surroundmp Surroundings 

U Gauge 
pressure 

(a) <b» 


System 
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position against the pressure of the atmosphere. The tube's displacement is 
recorded by a pointer on a circular scale, which can be calibrated directly in bars. 

When the pressure of a system is below atmospheric, it is called vacuum 
pressure ( Fig. 1.7(a)). 

When one side of a U-tubc is completely evacuated and then scaled, 
the gauge will act as a barometer and the atmospheric pressure can be measured 
(Fig. 1.7(b)). 


Fig. 1.7 Vacuum 
pressure and barometric 
pressure 
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Surroundings 

p er*ec«^n . 
tacuum 1L. Ji 


tbl 
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Atmospheric 

pressure 


The gauges shown in Figs 1.6(a) and 1.7(a) measure gauge pressure in mm 
of a liquid of known relative density, and are called manometers. 

For example, when water is the liquid, then 

1 mm of water = ~ x 9806.65 N/m 2 = 9.81 N/m 2 = 9.81 Pa 

where 1 m 3 of water weighs 9810 N. say. 

Mercury (Hg) is very often used in gauges. Taking the relative density of 
mercury as 13.6, then 

1 mm Hg - x 13.6 x 9810 N/m 2 = 133.4 N/m 2 = 133.4 Pa 

For a simple introduction to manometers and pressure measurement, see ref. 1.2. 

The specific volume of a system is the volume occupied by unit mass of the 
system. The symbol used is v and the units are, for example, m*/kg. The symbol 
V will be used for volume. (Note that the specific volume is the reciprocal of 
density.) 

Work is defined as the product of a force and the distance moved in the 
direction of the force. When a boundary of a closed system moves in the direction 
of the force acting on it. then the surroundings do work on the system. When 
the boundary is moved outwards the work is done by the system on its 
surroundings. The units of work are, for example, N m. If work is done on unit 
mass of a fluid, then the work done per kilogram of fluid has units of N m/kg. 

Work is observed to be energy in transition. It is never contained in a body 
or possessed by a body. 

Heat and work are both transitory energies and must not be confused with 
the intrinsic energy possessed by a system. For example, when a gas contained 
in a well-lagged cylinder (Fig. 1.8(a)) is compressed by moving the piston to 
the left, the pressure and temperature of the gas arc observed to increase, and 
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1.1 Heat, work, and the system 


Fig. 1.8 Intrinsic Sur ro e n d wgi 



Heal flow 


r4-H 



Heat flow 


• hi 


Paddle wheel 



Fig. 1.9 Paddle wheel 
work input 


hence the intrinsic energy of the gas increases. Since the cylinder is well lagged, 
no heat can flow into or out of the gas. The increase in intrinsic energy of the 
gas has therefore been caused by the work done by the piston on the gas. 

As another example, consider a gas contained in a rigid container and heated 
(Fig. 1.8(b)). Since the boundaries of the system arc rigidly fixed then no work 
is done on or by the system. The pressure and temperature of the gas arc 
observed to increase, and hence the intrinsic energy of the gas will increase. 
The increase in intrinsic energy has been caused by the heat flow to the system. 

In the example of Fig. 1.8(a) the work done on the system is energy w hich 
is apparent only during the actual process of compression. There is an intrinsic 
energy of the system initially and an intrinsic energy finally, but the work done 
appears only in transition from the initial to the final condition. Similarly, in 
the example of Fig. 1.8(b). the heat supplied appears only in transition from 
one state of the gas to another. 

Another way in which work may be transferred to a system is illustrated in 
Fig. 1.9. The paddle wheel imparts a change of momentum to the fluid and a 
work input is required to turn the shaft. The kinetic energy attained by the 
fluid is dissipated by internal fluid friction, and friction between the fluid and 
the container. When the container is well lagged, all the work input goes to 
increasing the intrinsic energy of the system. 


Convention 

The sign convention used in this book assumes that all external inputs to a 
system are positive. That is 

Heat supplied to a system. Q. is positive. 

Work input to a system. W, is positive. 

When a system boundary is drawn to define the system then it follows that 
heat supplied. Q, and work input. IF. will always be shown by arrows pointing 
into the system. In algebraic equations it will be quite clear when numbers arc 
substituted whether the value of Q and/or IF is positive or negative; a negative 
value for Q will indicate that heal is rejected from the system; a negative value 
for IF will indicate that work is done by the system on its surroundings. 

In many eases it would cause unnecessary confusion by referring throughout 
to negative quantities; for example, it is clear that for a device designed to 


25 






Introduction and th® First Law of Thermodynamic* 


produce power, such as an internal combustion engine or turbine, the work 
input to the system is always negative. Although the above sign convention 
will be used for all algebraic equations it will be made clear in the wording 
that the system is producing a work output. For example 

Work done by the system - - W 

Similarly, for the case of a system designed specifically to cool a fluid, such as 
a condenser for example, it is dear that the heat supplied to the system is always 
negative. Hence we can write 

Heat rejected by the system - -Q 


1.2 Units 

Throughout this book SI units will be used. The International System of Units 
(Systemc International d’Unites, abbreviation SI) was adopted by the General 
Conference of Weights and Measures in 1960 and subsequently endorsed by 
the International Organization for Standardization. It is a coherent system. In 
a coherent system all derived unit quantities arc formed by the product or 
quotient of other unit quantities. In SI units six physical quantities are arbitrarily 
assigned unit value and hence ail other physical quantities are derived from 
these. The six quantities chosen and their units are as follows: length (metre, m); 
mass (kilogram, kg); time (second, s); electric current (ampere. A); thermodynamic 
temperature (degree kclvin, K); luminous intensity (candela, cd). 

Thus, for example, velocity = length/time has units of m/s; acceleration = 
velocity/time has units of m/s 3 ; volume = length x length x length has units 
of m 3 ; specific volume = volume/mass has units of m 3 /kg. 


Force, energy, and power 

Newton’s second law may be written as force x mass x acceleration for a body 
of constant mass, i.e. 

F ■» kma ( 1 . 1 ) 

where m is the mass of a body accelerated with an acceleration a, by a force F\ 
k is a constant. 

In a coherent system of units such as SI. k « I, hence 

F ° ma 

The SI unit of force is therefore kg m/s 3 . This composite unit is called the 
newton, N, i.e. I N is the force required to give a mass of 1 kg an acceleration 
of I m/% 2 . 

It follows that the SI unit of work ( = force x distance) is the newton metre, 
N m. As stated earlier heat and work are both forms of energy, and hence both 
can have the units of kg m 3 /s 3 or N m. A general unit for energy is introduced 
by giving the newton metre the name joule. J, 
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i.e. 1 joule. J = 1 newton x 1 metre 
or I J = I N m 

The use of additional names for composite units is extended further by 
introducing the wail, W, as the unit of power, 

i.e. 1 watt. W = I J/s ■ I N m/s 


Pressure 

The unit of pressure (force per unit area) is N/m : and this unit is sometimes 
called the pascal. Pa For most cases occurring in thermodynamics the pressure 
expressed in pascals would be a very small number; a new unit is defined as 
follows: 

1 bar - 10 5 N/m* = 10 5 Pa 

The advantage of using a unit such as the bar is that it is approximately equal 
to atmospheric pressure. In fact the standard atmospheric pressure is exactly 
1.013 25 bar. 

As indicated in section 1.1, it is often convenient to express a pressure as a 
head of a liquid. We have: 

Standard atmospheric pressure = 1.013 25 bar = 0.76 m Hg 


Temperature 

The variation of an easily measurable property of a substance with temperature 
can be used to provide a temperature-measuring instrument. For example, the 
length of a column of mercury will vary with temperature due to the expansion 
and contraction of the mercury. The instrument can be calibrated by marking 
the length of the column when it is brought into thermal equilibrium with the 
vapour of boiling water at atmospheric pressure and again when it is in thermal 
equilibrium with icc at atmospheric pressure. On the Celsius (or Centigrade) 
scale 100 divisions are made between the two fixed points and the zero is taken 
at the ice point. 

The change in volume at constant pressure, or the change in pressure at 
constant volume, of a fixed mass of gas which is not easily liquefied (c.g. oxygen, 
nitrogen, helium, etc) can be used as a measure of temperature. Such an 
instrument is called a gas thermometer. It is found for all gases used in 
such thermometers that if the graph of temperature against volume in the 
constant pressure gas thermometer is extrapolated beyond the ice point to the 
point at which the volume of the gas would become zero, then the temperature 
at this point is -273X approximately (Fig. 1.10). Similarly if the graph of 
temperature against pressure in the constant volume gas thermometer is 
extrapolated to zero pressure, then the same zero of temperature is found. An 
absolute zero of temperature has therefore been fixed, and an absolute scale of 
temperature can be defined. Temperature on the absolute Celsius scale can be 
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Fig. 1.10 Graph of 
temperature against 
volume for a gas 



oblained by adding 273 to all temperatures on the Celsius scale; this scale is 
called the Kelvin scale. The unit of temperature is the degree kelvin and is given 
the symbol K. but since the Celsius scale which is used in practice has a different 
zero the temperature in degrees Celsius is given the symbol C (c.g. 20 °C - 293 K 
approximately; also. 30‘C — 20'C = 10 K). In this text capital T is used for 
absolute temperature and small / for other temperatures. 

In Chapter 5 an absolute scale of temperature will be introduced as a direct 
consequence of the Second Law of Thermodynamics. It is found that the gas 
thermometer absolute scales approach the ideal scale as a limit. Also, with 
regard to the practical absolute temperature scale, there is an internationally 
agreed working scale which gives temperatures in terms of more practicable 
and more accurate instruments than the gas thermometer (sec ref. 1.3). 

Multiples and sub-multiples 

Multiples and sub-multiples of the basic units are formed by means of prefixes, 
and the ones most commonly used are shown in the following table: 


Multiplying factor 

Prefix 

Symbol 

One million million 

tera 

T 

One thousand million 

giga 

G 

One million. 10* 

mega 

M 

One thousand. I0 J 

kilo 

k 

One thousandth. I0‘ 3 

milli 

m 

One millionth. 10" 6 

micro 

P 

One thousand millionth 

nano 

n 

One million millionth 

pico 

P 


For most purposes the multiplying factors shown in the above table are sufficient. 
For example, power can be expressed in cither megawatts. MW. or kilowatts, 
kW. or watts, W. In the measurement of length the millimetre, mm. the metre, m. 
and the kilometre, km. are usually adequate. For areas, the difference in size 
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between the square millimetre, mm’, and the square metre, m 2 . is large (a factor 
of 10**), and an intermediate size is useful; the square centimetre, cm 2 , is 
recommended for limited use only. For volumes, the difference between the 
cubic millimetre, mm 1 , and the cubic metre, m\ is much too great (a factor of 
10 4 ), and the most commonly used intermediate unit is the cubic decimetre, 
dm*, which is equal to one-thousandth of a cubic metre (i.c. I dm* * 10"‘m 1 ). 
The cubic decimetre can also be called the litre, l 

i.e. I litre, I = I dm* = 10 ' 3 m* 

(Note, for very precise measurements, I litre = 1.000028 dm 1 .) 

Certain exceptions to the general rule of multiplying factors are inevitable. 
The most obvious example is in the ease of the unit of time. Instead of 
the ccntisccond. kilosccond. or mcgasecond. for instance, the minute, hour, day, 
etc. are used. Similarly, a mass flow rate may be expressed in kilograms per 
hour, kg/h, if this gives a more convenient number than when expressed in 
kilograms per second, kg/s. Also the speed of road vehicles is expressed in 
kilometres per hour. km/h. since this is more convenient than the normal unit 
of velocity which is metres per second, m/s. 

1.3 The state of the working fluid 

In all problems in applied thermodynamics we are concerned with energy 
transfers to or from a system. In practice the matter contained within the 
boundaries of the system can be liquid, vapour, or gas. and is known as the 
working fluid. At any instant the state of the working fluid may be defined by 
certain characteristics called its properties. Many properties have no significance 
in thermodynamics (c.g. electrical resistance), and will not be considered. The 
thermodynamic properties introduced in this book are pressure, temperature, 
specific volume, specific internal energy, specific enthalpy, and specific entropy. 
It has been found that, for any pure working fluid, only two independent 
properties are necessary to define completely the state of the fluid. Since any 
two independent properties suffice to define the state of a system, it is possible 
to represent the state of a system by a point situated on a diagram of properties. 
For example, a cylinder containing a certain fluid at pressure p, and specific 
volume r, is at state I. defined by point I on a diagram of p against v 
(Fig. 1.11(a)). Since the state is defined, then the temperature of the fluid, T, is 


Fig. 1.11 State of a 
working fluid on a 
property diagram 




Ui tbi (cl 
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fixed and the state point can be located on a diagram of p against T and T 
against v (Figs 1.11(b) and 1.11(c)). At any other instant the piston may be 
moved in the cylinder such that the pressure and specific volume are changed 
to p 2 and v 2 . State 2 can then be marked on the diagrams. Diagrams of properties 
are used continually in applied thermodynamics to plot state changes. The most 
important are the pressure-volume and temperature-entropy diagrams, but 
enthalpy-entropy and pressure-enthalpy diagrams arc also used frequently. 


1.4 Reversibility 

In section 1.3 it was shown that the state of a fluid can be represented by a 
point located on a diagram using two properties as coordinates. When a system 
changes state in such a way that at any instant during the process the state 
point can be located on the diagram, then the process is said to be reversible. 
The fluid undergoing the process passes through a continuous scries of 
equilibrium states. A reversible process between two states can therefore be 
drawn as a line on any diagram of properties (Fig. 1.12(a)). In practice, the 
fluid undergoing a process cannot be kept in equilibrium in its intermediate 
states and a continuous path cannot be traced on a diagram of properties. Such 
real processes are called irreversible processes. An irreversible process is usually 
represented by a dotted line joining the end states to indicate that the 
intermediate states are indeterminate (Fig. 1.12(b)). 


Fig. 1.12 Reversible 
and irreversible processes 



A more rigorous definition of reversibility is as follows: 

When a fluid undergoes a reversible process, both the fluid and its surroundings 
can always be restored to their original state. 

The criteria of reversibility arc as follows: 

(a) The process must be frictionkss. The fluid itself must have no internal friction 
and there must be no mechanical friction (c.g. between cylinder and piston). 

(b) The difference in pressure between the fluid and its surroundings during the 
process must be infinitely small. This means that the process must take place 
infinitely slowly, since the force to accelerate the boundaries of the system 
is infinitely small. 
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(c) The difference in temperature between the fluid and its surroundings during 
the process must be infinitely small. This means that the heat supplied or 
rejected to or from the fluid must be transferred infinitely slowly. 

It is obvious from the above criteria that no process in practice is truly 
reversible. However, in many practical processes a very close approximation to 
an internal reversibility may be obtained. In an internally reversible process, 
although the surroundings can never be restored to their original state, the fluid 
itself is at all times in an equilibrium state and the path of the process can be 
exactly retraced to the initial state. In general, processes in cylinders with a 
reciprocating piston are assumed to be internally reversible as a reasonable 
approximation, but processes in rotary machinery (e.g. turbines) arc known to 
be irreversible due to the high degree of turbulence and scrubbing of the fluid. 


1.5 Reversible work 

Consider an ideal frictionlcss fluid contained in a cylinder behind a piston. 
Assume that the pressure and temperature of the fluid are uniform and that 
there is no friction between the piston and the cylinder walls. Let the 
cross-sectional area of the piston be A, let the pressure of the fluid be p, let the 
pressure of the surroundings be (p + dp) (Fig. 1.13). The force exerted by the 
piston on the fluid is pA. Let the piston move under the action of the 
force exerted a distance d/ to the left. Then work done on the fluid by the piston 
is given by force times the distance moved. 

i.e. Work done. dW = -( pA ) xd / = -pdV 


Fig. 1.13 Fluid in a 
cylinder undergoing a 
compression 
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where dV is a small increase in volume. The negative sign is necessary because 
the volume is decreasing. 

Or for a mass. m. 

d \V = — mp dr 

where v is the specific volume. This is only true when criteria (a) and (b) hold 
as stated in section 1.4. 

When a fluid undergoes a reversible process a scries of state points can be 
joined up to form a line on a diagram of properties. The work done on the 
fluid during any reversible process. W, is therefore given by the area under 
the line of the process plotted on a p -r diagram (Fig. 1.14), 

i.e. W = —m j pdv — nt J pdr = m (shaded area on Fig. 1.14) (1.2) 
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Fig. 1.14 Work done 
in a compression process 



When p can be expressed in terms of v then the integral, m fj pdv, can be 
evaluated. 


Example 1.1 Unit mass of a fluid at a pressure of 3 bar, and with a specific volume of 
0.18 m , /kg, contained in a cylinder behind a piston expands reversibly to a 
pressure of0.6 bar according to a law p = c/v 2 , where c is a constant. Calculate 
the work done during the process. 

Solution Referring to Fig. 1.15 


Fig. 1.15 

Pressure-specific volume 
diagram for 
Example 1.1 



i.e. 
also 
and 
therefore 


W - -m j* pdv m -m (shaded area) 


C - pv 2 - 3 X 0.18* - 0.0972 bar (m*/kgf 


i.e. 


-0.0972 x,0>( o -L_J_) Nm/kg 
= -29840 Nm/kg 

Work done by the fluid - +29840 N m/kg 
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Fi|. 1.16 Rcvcnible 
eipanuon process on 
a p-r diagram 


Fig. 1.17 RevmiNc 
cycle onif-r diagram 


Example 1.2 



When an expansion process lakes place reversibly (see Fig 1.16). ihc integral, 
J} p di, u positive. ix. 

W m —m J p dr - —m (shaded area on Fig 1.16) 

A process from right to left on the p-r diagram is one in which there is a work 
input to the fluid (ix. W' is positive) Conversely, a process from left to right is 
one in which there is a work output from the fluid (te. W is negative) 

When a fluid undergoes a senes of process and finally returns to its initial 
state, then it is said to have undergone a thermodynamic cycle. A cycle which 
consists only of reversible processes is a reversible cycle A cydc plotted on a 
diagram of properties forms a closed figure, and a reversible cycle plotted on a 
p-r diagram forms a dosed figure the area of which represents the net work 
of the cycle. For example, a reversible cycle consisting of four reversible processes 
I to 2. 2 to 3, 3 to 4. and 4 to I is shown in Fig. 1.17. The net work input is 
equal to the shaded area. If the cycle were described in the reverse direction 
lie. I to 4. 4 to 3. 3 to 2. and 2 to I) then the shaded area would represent 
net work output from the system. The rule is that the enclosed area of a reversible 
cycle represents net work input lie. net work done on the system) when the 
cycle is described m an anticlockwise manner, and the enclosed area represents 
work output (ix. work done by the system) when the cydc is described in a 
clockwise manner 




Unit mass of a certain fluid is contained in a cy linder at an initial pressure 
of 20 bar. The fluid is allowed to expand reversibly behind a piston according 
to a law pF : « constant until the volume is doubled The fluid is then cooled 
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reversibly ai constant pressure until the piston regains its original position; 
heat is then supplied reversibly with the piston firmly locked in position until 
the pressure rises to the original value of 20 bar. Calculate the net work done 
by the fluid, for an initial volume of 0.05 m*. 

Solution Referring to Fig. 1.18 

p,y\~p,yl 


Fig. 1.18 Figure for 
Example 1.2 


Volume/tm*) 


therefore 


pdFfrom equation (1.2) » -area 12BA1 


6V where c 


therefore 


10 5 x 20 x 0.0025 


10 5 x 20 x 0.0025 


50000 Nm 


W 2i - area 32BA3 - p,< V 2 - F,) - 10 s x 5 x (0.1 - 0.05) 

- 25000Nm 

Work done from 3 to 1 is zero since the piston is locked in position. Therefore 
Net work done - W l2 + W 22 - - (enclosed area 1231) 

- - 50000 + 25000 = -25000 Nm 
Hence the net work done by the fluid is +25000 N m. 

It has been stated above that work is given by - J p dr for a reversible process 
only. It can easily be shown that -Jpdr is not equal to the work done if a 



Fig. 1.19 

Compartments with 
sliding partitions 


1.S Conservation of anargy and tha first law of tharmodynami 



Fig. I Jt Irreversible 
process on a 
p-v diagram 



process is irreversible. For example, consider a cylinder, divided into a number 
of compartments by sliding partitions (Fig 1.19). Initially, compartment A is 
filled with a mass of fluid at pressure p,. When the sliding partition 1 is removed 
quickly, then the fluid expands to fill compartments A and B. When the system 
settles down to a new equilibrium state the pressure and volume are fixed and 
the state can be marked on the p- V diagram (Fig. 1.20). Sliding partition 2 is 
now removed and the fluid expands to occupy compartments A. B. and C 
Again the equilibrium state can be marked on the diagram. The same procedure 
can be adopted with partitions 3 and 4 until finally the fluid is at p 3 and occupies 
a volume V 2 when filling compartments A. B. C. D. and E. The area under the 
curve 1-2 on Fig 1.20 is given by Jf pdK but no work has been done (apart 
from the negligible work required to move the partitions) No piston has been 
moved, no turbine wheel has been revolved; in other words, no external force 
has been moved through a distance. This is the extreme case of an irreversible 
process in which JpdF has a value and yet the work done is zero. When a 
fluid expands without a restraining force being exerted by the surroundings, as 
in the example above, the process is known as free expansion. Free expansion 
is highly irreversible by criterion (b) section 1.4. In many practical expansion 
processes some work is done by the fluid which it less than f p dr and in many 
practical compression processes work is done which is greater than J p dr. It is 
important to represent all irreversible processes by dotted lines on a p -1 diagram 
as a reminder that the area under the dotted line docs not represent work. 


1.6 Conservation of energy and the First Law of 
Thermodynamics 

The concept of energy and the hypothesis that it can neither be created nor 
destroyed were developed by scientists in the early part of the nineteenth century. 
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and became known as the Principle of the Conservation of Energy. The First 
Law of Thermodynamics is merely one statement of this general principle with 
particular reference to thermal energy, (i.c. heat), and mechanical energy, 
(i.e. work). 

When a system undergoes a complete thermodynamic cycle the intrinsic 
energy of the system is the same at the beginning and end of the cycle. During 
the various processes that make up the cycle work is done on or by the fluid 
and heat is supplied or rejected; the network input can be defined as £ W. and 
the net heat supplied as V Q. w here the symbol V represents the sum for a 
complete cycle. 

Since the intrinsic energy of the system is unchanged the First Law of 
Thermodynamics states that: 

When a system undergoes a thermodynamic cycle then the net heat supplied 
to the system from its surroundings plus the net w ork input to the system from 
its surroundings must equal zero. 

That is 

+ 0 (1.3) 

% 

Example 1.3 In a certain steam plant the turbine develops 1000 kW. The heat supplied 
to the steam in the boiler is 2800 kJ/kg. the heat rejected by the steam to 
the cooling water in the condenser is 2100 kJ/kg and the feed-pump work 
required to pump the condensate back into the boiler is 5 kW. Calculate the 
steam flow rate. 

Solution The cycle is shown diagrammatically in Fig. 1.21. A boundary is shown which 
encompasses the entire plant. Strictly, this boundary should be thought of 
as encompassing the working fluid only. For unit mass flow rate 

X d0 = 2800 - 2100 = 700 kJ/kg 

Let the steam flow be m kg/s. Therefore 

£dO = 700»ikW 

and £ dIV = 5 — 1000= -995 kW 

Fig. 1.21 Steam plant 
for Example 1.3 
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Then in equation (1.3) 

£d Q + £dW' = 0 
i.e. 700 m - 995 = 0 
therefore 

m - 995/700 - 1.421 kg/s 
i.e. Steam mass flow rate required - 1.421 kg/s 


1.7 The non-flow equation 

In section 1.6 it is stated that when a system possessing a certain intrinsic 
energy is made to undergo a cycle by heat and work transfer, then the net heat 
supplied plus the net work input is zero. 

This is true for a complete cycle when the final intrinsic energy of the system 
is equal to its initial value. Consider now a process in which the intrinsic energy 
of the system is finally greater than the initial intrinsic energy. The. sum of the 
net heat supplied and the net work input has increased the intrinsic energy of 
the system, i.e. 

Gain in intrinsic energy = Net heat supplied + net work input 

When the net effect is to transfer energy from the system, then there will be a 
loss in the intrinsic energy of the system. 

When a fluid is not in motion then its intrinsic energy per unit mass is known 
as the specific internal energy of the fluid and is given the symbol u. The specific 
internal energy of a fluid depends on its pressure and temperature, and is itself 
a property. The simple proof that specific internal energy is a property is given 
in ref. 1.4. The internal energy of mass. m. of a fluid is written as U, i.e. mu = V. 
The units of internal energy, U, arc usually written as kJ. 

Since internal energy is a property, then gain in internal energy in changing 
from state 1 to state 2 can be written U 2 - U t . 

Also, gain in internal energy = net heat supplied + net work input, 

i.e. U 2 -U l -£dQ + £dW' 

i i 

This equation is true for a process or series of processes between state 1 and 
state 2 provided there is no flow of fluid into or out of the system. In any one 
non-flow process there will be cither heat supplied or heat rejected, but not 
both; similarly there will be either work input or work output, but not both. 
Hence. 

U l -U l -Q + W for a non-flow process 


(1.4) 


or, for unit mass 

Q + W « u 3 — u, 
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Example 1.4 


Solution 


Example 1.5 


Solution 


This equation is known as the non-flow energy equation. Equation (1.4) is 
very often written in differential form. For a small amount of heat supplied dQ, 
a small amount of work done on the fluid dll' and a small gain in specific 
internal energy’ du, then 

dQ + dW'-du (1.5) 

In the compression stroke of an internal-combustion engine the heat rejected 
to the cooling water is 45kJ/kg and the work input is 90kJ/kg. Calculate 
the change in specific internal energy of the working fluid stating whether 
it is a gain or a loss. 

Q - -45kJ/kg 

(- vc sign since heat is rejected). 

IF =3 90 kJ/kg 
Using equation (1.4) 

Q+W = u 2 -u x 

-45 + 90 = u a — u, 

therefore 

u 2 - u, = 45 kJ/kg 

Le. Gain in internal energy = 45 kJ/kg 


In the cylinder of an air motor the compressed air has a specific internal 
energy of 420 kJ/kg at the beginning of the expansion and a specific internal 
energy of 200 kJ/kg after expansion. Calculate the heat flow to or from the 
cylinder when the work done by the air during the expansion is 100 kJ/kg. 

From equation (1.4) 

Q+W-u 2 -u x 

i.e. Q - 100 - 200 - 420 

therefore 

Q - -120 kJ/kg 

i.e. Heat rejected by the air = + 120 kJ/kg 

It is important to note that equations (1.3), (1.4), and (1.5) are true whether 
or not the process is reversible. These are energy equations. 

For reversible non-flow processes we have, from equation (1.2) 

W m — m j* pdr 

or in differential form 
AW = — mpdv 
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Hence for any reversible non-flow process for unit mass, substituting in 
equation (l.S) 

dQ = du + pdc (1.6) 

or substituting in equation (1.4) 

G = (u 1 -u 1 ) + J’pdr (1.7) 

Equations (1.6) and (1.7)can only be used for ideal reversible non-flow processes. 

1.8 The steady-flow equation 

In section 1.7, the specific internal energy of a fluid was said to be the intrinsic 
energy of the fluid due to its thermodynamic properties. When unit mass of a 
fluid with specific internal energy, u, is moving with velocity C and is a height 
Z above a datum level, then it possesses a total energy of u + (C 2 /2) + Zg, 
where C 2 /2 is the kinetic energy of unit mass of the fluid and Zg is the potential 
energy of unit mass of the fluid. 

In most practical problems the rate at which the fluid flows through a machine 
or piece of apparatus is constant. This type of flow is called steady flow. 

Consider a fluid flowing in steady flow with a mass flow rate, m, through a 
piece of apparatus (Fig. 1.22). This constitutes an open system as defined in 
section 1.2. The boundary is shown cutting the inlet pipe at section 1 and the 
outlet pipe at section 2. This boundary is sometimes called a control surface, 
and the system encompassed, a control volume. 




Fig. 1.23 Section at 
inlet to the system 


Let it be assumed that a steady rate of flow of heat ^ units is supplied, and 
that Vt' is the rate of work input on the fluid as it passes through the apparatus. 
Now in order to introduce the fluid across the boundary an expenditure of 
energy is required; similarly in order to push the fluid across the boundary at 
exit, an expenditure of energy is required. The inlet section is shown enlarged 
in Fig. 1.23. Consider an element of fluid, length /. and let the cross-sectional 
area of the inlet pipe be A x . Then we have 

Energy required to push element across boundary 

= (Pi^i) x / = p x x (volume of fluid clement) 
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therefore 

Energy required for unit mass flow rate of fluid = p, 

where t», is the specific volume of the fluid at section I. 

Similarly it can be shown that 

Energy required at exit to push unit mass flow rate of fluid across the boundary 
-p a p, 

Consider now the energy entering and leaving the system. The energy entering 
the system consists of the energy of the flowing fluid at inlet 

m(u 1+ ^ + Z, e ) 

the energy term mp, r,, the heat supplied <j. and the rate of work input, W. The 
energy leasing the system consists of the energy of the flowing fluid at the outlet 
section 

/ "( Mj + ~2^ + 

and the energy term mp 2 r 2 . Since there is steady flow of fluid into and out of 
the system, and there are steady flows of heat and work, then the energy entering 
must exactly equal the energy leaving. 

“i + y + Zid + Pi*i) + Q + W = *(“2 +^- + Zi9 + Pi 

( 1 . 8 ) 

In nearly all problems in applied thermodynamics, changes in height arc 
negligible and the potential energy terms can be omitted from the equation. 
The terms in u and pi occur on both sides of the equation and always will do 
so in a flow process, since a fluid always possesses a certain internal energy, 
and the term pt always occurs at inlet and outlet as seen in the above proof. 
The sum of specific internal energy and the pv term is given the symbol h, and 
is called specific enthalpy. 

i.c. Specific enthalpy, h - u + pv (1.9) 

The specific enthalpy of a fluid is a property of the fluid, since it consists of 
the sum of a property and the product of two properties. Since specific enthalpy 
is a property like specific internal energy, pressure, specific volume, and 
temperature, it can be introduced into any problem whether the process is a 
flow process or a non-flow process. The enthalpy of mass, m, of a fluid can be 
written as // (i.e. mh - Hy The units of h arc the same as those of internal energy. 
Substituting equation (1.9) in equation (1.8) 

»i + y + Z.») + i + >*'- + y + Zju) O-IO) 

Equation (1.10) is known as the steady-fiow energy equation. In steady flow 
the rate of mass flow of fluid at any section is the same as at any other section. 
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Consider any section of cross-sectional area A. where the fluid velocity is C, 
then the rate of volume flow past the section is CA. Also, since mass flow is 
volume flow divided by specific volume 

Mass flow rate. „ m £* m pCA (1.11) 

r 

where r is the specific volume at the section and ft the density at the section. 
This equation is known as the continuity of mass equation. 

With reference to Fig. 1.22 

i>, v 2 


Example 1.6 In the turbine of a gas turbine unit the gases flow through the turbine at 
17 kg/s and the power developed by the turbine is 14000 kW. The specific 
enthalpies of the gases at inlet and outlet arc 1200 kJ/kg and 360kJ/kg 
respectively, and the velocities of the gases at inlet and outlet are 60 m/s and 
150 m/s respectively. Calculate the rate at which heat is rejected from the 
turbine. Find also the area of the inlet pipe given that the specific volume 
of the gases at inlet is 0.5 m 3 /kg. 

Solution A diagrammatic representation of the turbine is shown in Fig. 1.24. From 
equation (1.10). neglecting changes in height 

*(fc, + y) + <t + * - *(*> + y) 


Fig. 1.24 Gas turbine 
for Example 1.6 



For unit mass flow rate: 


Kinetic energy at inlet 




: 


60 : kg m 2 
2 s : kg 


- 1800 N m/kg = 1.8 kJ/kg 

Cl 

Kinetic energy at outlet ■ = 2.5 : x (kinetic energy at inlet) 

= 11.25 kJ/kg (since C 2 = 2.5C,| 
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Also W = —14000 kW 
Substituting in equation (1.10) 

17(1200+ 1.8) + (>- 14000 - 17(360+ 11.25) 

therefore 

Q - -119.3 kW 

i.e. Heat rejected - + 119.3 kW 

To find the inlet area, use equation (1.11), i.e. 

. CA a fhr 

m - — or Am—, 
v C 

therefore 

Inlet area, A x = ^ ^ «* 0.142 m 2 


Example 1.7 Air flows steadily at the rate of 0.4 kg/s through an air compressor, entering 
at 6 m/s with a pressure of 1 bar and a specific volume of 0.85 m s /kg, and 
leaving at 4.5 m/s with a pressure of 6.9 bar and a specific volume of 
0.16 m J /kg. The specific internal energy of the air leaving is 88 kJ/kg greater 
than that of the air entering. Cooling water in a jacket surrounding the 
cylinder absorbs heat from the air at the rate of 59 kW. Calculate the power 
required to drive the compressor and the inlet and outlet pipe cross-sectional 
areas. 


Solution In this problem it is more convenient to write the flow' equation as in equation 1.8, 
omitting the Z terms, 


i.e 


V 


7 


A diagrammatic representation of the compressor is shown in Fig. 1.25. Note 
that the heat rejected across the boundary is equivalent to the heat removed 
by the cooling water from the compressor. For unit mass flow rate: 

y * ^ J/kg * 18 J/kg = 0.018 kJ/kg 


Fig. 1.25 Air 
compressor for 
Example 1.7 



42 




Problems 


^° 45 * 4 5 J/kg= 10.1 J/kg = 0.0101 kJ/kg 
- - 

p, r, - 1 x I0 5 x 0.85 = 85 000 J/kg = 85 kJ/kg 
p 2 : 2 = 6.9 x 10 5 x 0.16 = 110400 J/kg = 110.4 kJ/kg 
u 2 - u, = 88 kJ/kg 
Also 0--59kW 

Now 6 + —+ + 

i. c . -59+ 0.4(88 + 110.4- 85 + 0.0101 -0.018) 

therefore 

ft = 104.4 kW 

(Note that the change in kinetic energy is negligibly small in comparison with 
the other terms.) 

i.e. Power input required = 104.4 kW 

From equation (1.11) 

CA 
m = — 
c 


•4, 


0.4 x 0.85 


= 0.057 m 2 


i.e. Inlet pipe cross-sectional area = 0.057 nr 
Similarly 


A 2 


0.4 x 0.16 
4.5 


0.014 m J 


i.e. Outlet pipe cross-sectional area - 0.014 m 2 


In Example 1.7 the steady-flow energy equation has been used, despite the 
fact that the compression consists of suction of air. compression in a closed 
cylinder, and discharge of air. The steady-flow equation can be used because 
the cycle of processes takes place many times in a minute, and therefore the 
average effect is steady flow of air through the machine. 


Problems 

1.1 A certain fluid at lObar is contained in a cylinder behind a piston, the initial volume 
being 005 m\ Calculate the work done by the fluid when it expands reversibly: 

(i) at constant pressure to a final volume of 0.2 m J : 

(ii) according to a linear law to a final volume of 0.2 m 3 and a final pressure of 2 bar; 
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(iii) according to a la* pV - constant to a final volume of 0.1 m*; 

(iv) according to a law pc* = constant to a final volume of 006 /n*; 

(v) according to a law. p - [A!V l ) — {B/Vl to a final volume of 0.1 m J and a final 
pressure of I bar. where A and B arc constants. 

Sketch all processes on a p-c diagram 

(150000 Nm; 90000 Nm; 34 700 N m. 7640 N m; 19200 Nm) 

1.2 1 kg of a fluid is compressed reversibly according to a law pi = 0.25. where p is in 
bar and r is in m*/kg. The final volume is i of the initial volume. Calculate the work 
done on the fluid and sketch the process on a p-r diagram. 

(34660 Nm) 

1.3 005 m’ of a gas at 6.9 bar expands reversibly in a cylinder behind a piston according 
to the law pi 1 2 *. constant, until the volume is 008 m* Calculate the work done by 
the gas and sketch the process on a p- V diagram 

(15480 Nm) 

1.4 I kg of a fluid expands reversibly according to a linear law from 4.2 bar to 1.4 bar; 
the initial and final volumes are 0.004 m’ and 0.02 m*. The fluid is then cooled 
reversibly at constant pressure, and finally compressed reversibly according to a law 
pr = constant back to the initial conditions of 4.2 bar and 0.004 m*. Calculate the 
work done in each process and the net work of the cycle. Sketch the cycle on a p-v 
diagram. 

( -4480 N m; + H20Nm. + l845Nm; -l5!5Nm) 

1.5 A fluid at 0.7 bar occupying 0.09 m J is compressed reversibly to a pressure of 3.5 bar 
according to a law pr" = constant. The fluid is then heated reversibly at constant volume 
until the pressure is 4 bar; the specific volume is then 0.5 m*/kg. A reversible expansion 
according to a law pi 3 — constant restores the fluid to its initial stale. Sketch the 

cycle on a p-r diagram and calculate: 

(i) the mass of fluid present; 

(ii) the value of n in the first process. 

(iii) the net work of the cycle. 

(0.0753 kg; 1.847; -640Nm) 

1.6 A fluid is healed reversibly at a constant pressure of 1.05 bar until it has a specific 
volume of 0.1 m*/kg It is then compressed reversibly according to a law pr = constant 
to a pressure of 4.2 bar, then allowed to expand reversibly according to a law 
pc'" - constant, and is finally heated at constant volume back to the initial conditions. 
The work done in the constant pressure process is -515 N m. and the mass of fluid 
present is 0.2 kg. Calculate the net work of the cycle and sketch the cydc on a p-r 
diagram. 

(+781 Nm) 

1.7 In an air compressor the compression takes place at a constant internal energy and 
50 kJ of heat are rejected to the cooling water for every kilogram of air. Calculate 
the work inpul for the compression stroke per kilogram of air. 

(50 kJ/kg) 

1.8 In the compression stroke of a gas engine the work done on the gas by the piston 
is 70 kJ/kg and the heat rejected to the cooling water is 42 kJ/kg. Calculate the 
change of specific internal energy stating whether it is a gam or a loss. 

(28 kJ/kg gain) 

1.9 A mass of gas at an initial pressure of 28 bar. and with an internal energy of 150(1 kJ. 
is contained in a well-insulated cylinder of volume 0.06 m*. The gas is allowed to 
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expand behind a piston until its internal energy is 1400 kJ; the law of expansion is 
pt : «• constant. Calculate: 

(i) the work done. 

(ii) the final volume: 

(iii) the final pressure 

(-100 kJ; 0.148 m*; 4.59 bar) 

1.10 The gases in the cylinder of an internal combustion engine have a specific internal 
energy of 800 kJ/kg and a specific volume of 0 06 m*/kg at the beginning of expansion. 
The expansion of the gases may be assumed to take place according to a reversible 
law. pr 1 1 «s constant, from 55 bar to 1.4 bar. The specific internal energy after 
expansion is 230 kJ/kg Calculate the heat rejected to the cylinder cooling water per 
kilogram of gases during the expansion stroke 

(104 kJ/kg) 

1.11 A steam turbine receives a steam flow of 1.35 kg/s and the power output is 500 kW. 
The heat loss from the casing is negligible Calculate: 

0 ) the change of specific enthalpy across the turbine when the velocities at entrance 
and exit and the difference in elevation are negligible; 

(ii) the change of specific enthalpy across the turbine when the velocity at entrance is 
60m/s, the velocity at exit is 360 m s. and the inlet pipe is 3 m above the exhaust 
pipe. 

(370 kJ/kg; 433 kJ/kg) 

1.12 A steady flow of steam enters a condenser with a specific enthalpy of 2300 kJ/kg 
and a velocity of 350 m s. The condensate leaves the condenser with a specific enthalpy 
of 160 kJ/kg and a velocity of 70 m s. Calculate the heat transfer to the cooling fluid 
per kilogram of steam condensed. 

(-2199 U/kg) 


1.13 A turbine operating under steady-flow conditions receives steam at the following 
state: pressure. 13.8 bar; specific volume 0.143 m*/kg. specific internal energy 
2590 kJ/kg. velocity 30 m $. The state of the steam leaving the turbine is as follows: 
pressure 0.35 bar. specific volume 4.37 m*'kg. specific internal energy 2360 kJ/kg. 
velocity 90 m/s. Heal is rejected to the surroundings at the rate of 0.25 kW and the 
rate of steam flow through the turbine is 0.38 kg/s. Calculate the power developed 
by the turbine. 

(102.7 kW) 


1.14 A nozzle is a device for increasing the velocity of a steadily flowing fluid. At the inlet 
to a certain nozzle the specific enthalpy of the fluid is 3025 kJ/kg and the velocity 
is 60 m/s. At the exit from the nozzle the specific enthalpy is 2790 kJ/kg. The nozzle 
is horizontal and there is a negligible heat loss from it. Calculate: 

(i) the velocity of the fluid at exit; 

(ii) the rate of flow of fluid when the inlet area is 0.1 m J and the specific volume at 
inlet is 0.19 m*/kg; 

(lii) the exit area of the nozzle when the specific volume at the nozzle exit is 0.5 ni*/kg. 

(688 m/s: 31.6 kg/s; 0.0229 m*) 
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The Working Fluid 


In section 1.3 the matter contained within the boundaries of a system is defined 
as the working fluid, and it is stated that when two independent properties of 
the fluid are known then the thermodynamic state of the fluid is defined. In 
thermodynamic systems the working fluid can be in the liquid, vapour, or 
gaseous phase. All substances can exist in any one of these phases, but we tend 
to identify all substances with the phase in which they arc in equilibrium at 
atmospheric pressure and temperature. For instance, substances such as oxygen 
and nitrogen are thought of as gases; H.O is thought of as liquid or vapour 
(i.e. water or steam); mercury is thought of as a liquid. All these substances 
can exist in different phases: oxygen and nitrogen can be liquefied; H 2 0 can 
become a gas at very high temperatures; mercury' can be vaporized and will 
act as a gas if the temperature is raised high enough. 


2.1 Liquid, vapour, and gas 

Consider a p-v diagram for any substance. The solid phase is not important 
in engineering thermodynamics, being more the province of the metallurgist or 
physicist. When a liquid is heated at any one constant pressure there is one 
fixed temperature at which bubbles of \apour form in the liquid; this 
phenomenon is known as boiling. The higher the pressure of the liquid then 
the higher the temperature at which boiling occurs. It is also found that the 
volume occupied by I kg of a boiling liquid at a higher pressure is slightly 
larger than the volume occupied by 1 kg of the same liquid when it is boiling 
at a low pressure. A scries of boiling-points plotted on a p-v diagram will 
appear as a sloping line, as shown in Fig 2.1. The points P. Q. and R represent 
the boiling-points of a liquid at pressure p r . p Q . and p* respectively. 

When a liquid at boiling-point is healed further at constant pressure the 
additional heat supplied changes the phase of the substance from liquid to 
vapour; during this change of phase the pressure and temperature remain 
constant. The heat supplied is called the specific emhiilpy of raporizailon. It is 
found that the higher the pressure then the smaller is the amount of heat 
required. There is a definite value of specific volume of the vapour at any one 
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Fig. 2.1 Boiling-points 
plotted on a 
p-v diagram 



Fig. 2.2 Points of 
complete vaporization 
plotted on a 
p-v diagram 



pressure, at the point at which vaporization is complete; hence a series of points 
such as P’. Q'. R' can be plotted and joined to form a line as shown in Fig. 12. 

When the two curves already drawn are extended to higher pressures they 
form a continuous curve, thus forming a loop (see Fig. 2.3). The pressure at 
which the turning point occurs is called the critical pressure and the turning 
point itself is called the critical point (point C on Fig. 2.3). It can be seen that 
at the critical point the specific enthalpy of vaporization is zero. The substance 
existing at a stale point inside the loop consists of a mixture of liquid and dry 
vapour and is known as a wet vapour. A saturation state is defined as a state 
at which a change of phase may occur u ithout change of pressure or temperature. 
Hence the boiling-points P. Q. and R arc saturation states, and a series of such 
boiling-points joined up is called the saturated liquid line. Similarly the points 
P'. Q\ and R'. which the liquid is completely changed into vapour, arc 
saturation stales, and a series of such points joined up is called the saturated 
vapour line. The word ‘saturation’ as used here refers to energy saturation. For 
example, a slight addition of heat to a boiling liquid changes some of it into a 
vapour, and it is no longer a liquid but is now a wet vapour. Similarly when 
a substance just on the saturated vapour line is cooled slightly, droplets of 
liquid will begin to form, and the saturated vapour becomes a wet vapour. A 
saturated vapour is usually called dry saturated to emphasize the fact that no 
liquid is present in the vapour in this state. 

Lines of constant temperature, called isothcrmals. can be plotted on a p-v 
diagram as shown in Fig. 14. The temperature lines become horizontal between 
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Fig. 13 Wei loop 
plotted on a 
p~v diagram 



Fig. 14 Isoihcrmals 
for u vapour plotted on 
a p-v diagram 



the saturated liquid line and the saturated vapour line (e g between P and P\ 
Q and Q\ R and R'). Thus there is a corresponding saturation temperature for 
each saturation pressure. At pressure p r the saturation temperature is 7*,, at 
pressure p Q the saturation temperature is T 2 , and at pressure p„ the saturation 
temperature is T y . The critical temperature line 7^-just touches the top of the 
loop at the critical point C. 

When a dry saturated vapour is heated at constant pressure its temperature 
rises and it becomes superheated The difference between the actual temperature 
of the superheated vapour and the saturation temperature at the pressure of 
the vapour is called the degree of superheat. For example, the vapour at point S 
(Fig. 2.4) is superheated at p Q and T y . and the degree of superheat is T y - T 2 . 

In section 1.5 it is slated that two independent properties arc sufficient to 
define the slate of a substance. Now between P and P', Q and Q\ R and R' 
the temperature and pressure arc not independent since they remain constant 
for a range of values of v. For example, a substance at p Q and T 2 (Fig. 2.4) 
could be a saturated liquid, a wet vapour, or a dry saturated vapour. The state 
cannot be defined until one other property (e g. specific volume) is given. The 
condition or quality of a wet vapour is most frequently defined by its dryness 
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fraction , and when this is known as well as the pressure or temperature then 
the state of the wet vapour is fully defined. 

Dryness fraction, x « the mass of dry vapour in 1 kg of the mixture 

(Sometimes a wetness fraction is defined as the mass of liquid in I kg of the 
mixture, i.c. wetness fraction = 1 - x.) 

Note that for a dry saturated vapour x - I. and that for a saturated liquid 

x - 0. 

The distinction between a gas and a superheated vapour is not rigid. However, 
at very high degrees of superheat an isothermal line on the p~v diagram tends 
to become a hyperbola (i.c. pv «■ constant). For example the isothermal T h on 
Fig. 2.4 is almost a hyperbola. An idealized substance called a perfect gas is 
assumed to have an equation of state pv/T = constant. It can be seen that 
when a line of constant temperature follows a hyperbolic law then the 
equation pv/T - constant is satisfied. All substances tend to obey the equation 
pv/T = constant at very high degrees of superheat. Substances which are 
thought of as gases (eg. oxygen, nitrogen, hydrogen, etc.) are highly superheated 
at normal atmospheric conditions. For example, the critical temperatures of 
oxygen, nitrogen, and hydrogen arc approximately - 119, - 147, and -240°C 
respectively. Substances normally existing as vapours must be raised to high 
temperatures before they begin to act as a perfect gas. For example, the 
critical temperatures of ammonia, sulphur dioxide, and water vapour arc 130, 

157, and 374.15 C C respectively. 

The working fluid in practical engineering problems is either a substance 
which is approximately a perfect gas, or a substance which exists mainly as 
liquid and vapour, such as steam and the refrigerant vapours. For the substances 
which approximate to perfect gases certain laws relating the properties can be 
assumed. For the substances in the liquid and vapour phases the properties are 
not related by definite laws, and values of the properties are determined 
empirically and tabulated in a convenient form. 

2.2 The use of vapour tables 

Tables are available for a wide variety of substances which normally exist in 
the vapour phase. The tables which will be used in this book arc those arranged 
by Rogers and Mayhew (ref. 2.1 k which arc suitable for student use. For more 
comprehensive tables for steam, ref 2.2 should be consulted. The tables of 
Rogers and Mayhew arc mainly concerned with steam, but some properties of 
refrigerants arc also given. 


Saturation state properties 

The saturation pressures and corresponding saturation temperatures of steam 
are tabulated in parallel columns in the first table, for pressures ranging from 
0.006 112 bar to the critical pressure of 221.2 bar. The specific volume, internal 
energy, enthalpy, and entropy are also tabulated for the dry saturated vapour 


50 



2.2 The use of vapour tables 


Table 11 Extract from 
tables of properties of 
wet steam 


p 

r 

r . 

u ( u. 

hi 

hu 

K s « 5 t 

(bar) 

rc> 

(m 3 /kg) 

(kJ kg) 

(kJ,kg) 

IkJ/kgK) 

0.34 

72 

4 649 

302 2472 

302 

2328 

2630 0 980 6 745 7.725 


at each pressure and corresponding saturation temperature. The sutlix g is used 
to denote the dry saturated stage. A specimen row from the tables is shown in 
Table 2.1. For example at 0.34 bar the saturation temperature is 72"C\ the 
specific volume of dry saturated vapour. r g , at this pressure is 4.649 m 3 /kg. the 
internal energy of dry saturated vapour. u t , is 2472 kJ/kg. and the enthalpy of 
dry saturated vapour. h t . is 2630 kJ/kg. The steam is in the state represented 
by point A on Fig 2.5. At point B dry saturated steam at a pressure of 100 bar 
and saturation temperature 311 C has a specific volume. r,, of 0.01802 m 3 /'kg. 
internal energy. u t . of 2545 kJ kg and enthalpy. h t . of 2725 kJ/kg. 


Fig. 2.5 Points 
identified on a 
p-v diagram for steam 



The specific internal energy, specific enthalpy, and specific entropy of 
saturated liquid are also tabulated, the sutlix f being used for this state. For 
example at 4 bar and the corresponding saturation temperature 143.6 "C, 
saturated water has a specific internal energy, u t , of 605 kJ/kg. and a specific 
enthalpy, hf, of 605 kJ kg. This state corresponds to point C on Fig. 2.5. The 
specific volume of saturated water. r f , is tabulated in u separate table, but it is 
usually negligibly small in comparison with the specific volume of the dry 
saturated vapour, and its variation with temperature is very small; the saturated 
liquid line on a p-r diagram is very nearly coincident with the pressure axis 
in comparison with the width of the wet loop (sec Fig. 2.5). As seen from the 
table, values of v, vary from about 0.001 m J /kg at 0.01 °C to about 0.0011 m 3 /kg 
at 160 C; as the pressure approaches the critical value, the increase of t f is 
more marked, and at the critical temperature of 374.15 C the value of v, is 
000317 m 3 /kg. 

The change in specific enthalpy from h , to h t is given the symbol h, t . When 
saturated water is changed to dry saturated vapour, from equation (1.4), 

Q + W « u 2 - ii, - u f - u, 
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Also - W is represented by the area under the horizontal line on the p-v 
diagram. 

i.e. W'--(c g —f t )P 
therefore 


0 = l«i, - u,) + P( r f - i> g ) 
" (m, + pr t ) - (u, + pv t ) 
From equation (1.9) 

A ■ u + pi’ 

therefore 


g- a,-a,-*,. 


The heat required to change a saturated liquid to a dry saturated vapour is 
called the specific enthalpy of vaporization. A,,. 

In the ease of steam tables, the specific internal energy of saturated liquid is 
taken to be zero at the triple point (ie. at 0.01 °C and 0.006 112 bar). Then 
since, from equation (1.9). A = u + pr. we have 


A at 0.01 ‘'C and 0.006 112 bar 


0-f 


0.006112 x I0 5 x 0.0010002 
10 3 


where v, at 0.01 C is 0.001 0002 m 3 /kg. 
i.c. A = 6.112 x IO“ 4 kJ/kg 

This is negligibly small and hence the zero for enthalpy may be taken at 0.01 °C. 

Note that at the other end of the pressure range tabulated in the first table 
the pressure of 221.2 bar is the critical pressure. 374.15 l C is the critical 
temperature, and the specific enthalpy of vaporization. A, r is zero. 


Properties of wet vapour 

For a w-el vapour the total volume of the mixture is given by the volume of 
liquid present plus the volume of dry vapour present. Therefore the specific 
volume is given by 

volume of liquid + volume of dry vapour 
total mass of wet v apour 

Now for I kg of wet vapour there arc x kg of dry vapour and (I - x) kg of 
liquid, where x is the dryness fraction as defined earlier. Hence. 

v - c,( 1 - x) + v t x 

The volume of the liquid is usually negligibly small compared to the volume 
of dry saturated vapour, hence for most practical problems 

e = .xr B (2.1) 
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Example 2.1 

Solution 


Example 2.2 

Solution 


The enthalpy of a wet vapour is given by the sum of the enthalpy of the liquid 
plus the enthalpy of the dry vapour, 

i.e. A - (1 — x)hf + xh t 

therefore 

h = h, + x(A, - hf ) 

i.c. A«A, + xA,, (2.2) 

Similarly, the internal energy of a wet vapour is given by the internal energy 
of the liquid plus the internal energy of the dry vapour, 

i.e. u *» ( I — x)iif +■ xu, (2.3) 

or u * Uf + x(u, — Mj) (2.4) 

Equation (2.4) can be expressed in a form similar to equation (2.2), but 
equations (2.3) and (2.4) are more convenient since u, and u, are tabulated and 
the difference, u, - u,. is not tabulated in ref. 2 . 1 . 

Calculate the specific volume, specific enthalpy, and specific internal energy of 
wet steam at 18 bar, dry ness fraction 0.9. 

From equation (2.1) 

c = xv f 

therefore 

p = 0.9 x 0.1104 = 0.0994 m 3 /kg 
From equation (2.2) 
h = h< + xA,, 
therefore 

A = 885 + (0.9 x 1912) = 2605.8 kJ/kg 
From equation (2.3) 

u = (1 - x)u, + xu, 
therefore 

u - (I - 0.9)883 + (0.9 x 2598) - 2426.5 kJ/kg 


Calculate the dryness fraction, specific volume and specific internal energy of 
steam at 7 bar and specific enthalpy 2600 kJ/kg. 

At 7 bar. A, * 2764 kJ/kg. hence since the actual enthalpy is given as 2600 kJ/kg. 
the steam must be in the wet vapour state. From equation (2.2), A ■ h, 4- xA fg , 

i.c. 2600 = 697 + x2067 
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therefore 


x 


2600 - 697 
2067 


0.921 


Then from equation (2.1) 

e » xv t - 0.921 x 0.2728 = 0.2515 m '/kg 
From equation (2.3) 

u = (1 - x)u, + xu, 
therefore 

u = (1 - 0.921 )696 + <0.921 x 2573) - 55 + 2365 
i.e. u - 2420 kJ/kg 


Properties of superheated vapour 

For steam in the superheat region, temperature and pressure are independent 
properties. When the temperature and pressure are given for superheated steam 
then the state is defined and all the other properties can be found. For example, 
steam at 2 bar and 200 C is superheated since the saturation temperature at 
2 bar is 120.2 C, which is less than the actual temperature. The steam in this 
state has a degree of superheat of 200 - 120.2 = 79.8 K. The tables of properties 
of superheated steam (ref. 2 . 1 ) range in pressure from 0.006 112 bar to the critical 
pressure of 221.2 bar. and there is an additional table of supercritical pressures 
up to 1000 bar. At each pressure there is a range of temperatures up to high 
degrees of superheat, and the values of specific volume, internal energy, enthalpy, 
and entropy arc tabulated at each pressure and temperature for pressures up 
to and including 70 bar; above this pressure the specific internal energy is not 
tabulated. For reference the saturation temperature is inserted in brackets under 
each pressure in the superheat tables and values of u,, u,, /i, and s, arc also 
given. A specimen row of values is shown in Table 2.2. For example, from 
superheat tables at 20 tar and 400 C the specific volume is 0.1511 m 5 /kg and 
the enthalpy is 3248 kJ/kg. 

For pressures above 70 bar the internal energy can be found when required 
using equation (1.9). For example, steam at 80 bar. 400°C has an cnthulpy, h, 


Table 2.2 Extract from 
tables of properties of 
superheated steam at 

20 bar (saturation 
temperature 2I2.4°C) 



Tcmperature/('C) 






250 

300 

350 

400 

450 

500 

600 

r/(m7kg) 

0.1115 

0.1255 

0.1386 

0.1511 

0.1634 

0.1756 

0.1995 

**/( kJ/kg) 

2681 

2774 

286! 

2946 

3030 

3116 

3291 

A/(kJ/kg. 

2904 

3025 

3138 

3248 

3357 

3467 

3690 

j/(kJ/kg KI 

6.547 

6.768 

6.957 

7.126 

7.283 

7.431 

7.701 
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Exomplo 2.3 

Solution 


Fig. 16 

Pressure-specific volume 
diagram for 

Example 2.3 


Examplo 2.4 

Solution 


of 3139 kJ/kg and a specific volume, r, of 3.428 x 10 " 3 m 3 /kg, therefore 

80 x 10 5 x 0.034 28 


u = h - pi -3139- 


10 : 


i.e. u = 3139 - 274.2 = 2864.8 kJ/kg 


Steam at 110 bar has a specific volume of 0.0196 m^/kg, calculate the 
temperature, the specific enthalpy, and the specific internal energy. 


First it is necessary to decide whether the steam is wet, dry saturated, or 
superheated. At 110 bar. « = 0.01598 m 3 /kg. which is less than the actual 
specific volume of 0.0196 m' kg. and hence the steam is superheated. The state 
of the steam is shown as point A of Fig. 2.6. 



From the superheat tables at 110 bar, the specific volume is 0.0196 ni 3 /kg 
at a temperature of 350 C. Hence this is the isothermal which passes through 
point A as shown. The degree of superheat in this case is 350 - 318 = 32 K. 
From tables the enthalpy, h. is 2889 kJ, kg. Then using equation (1.9), wc have 


h - pr « 2889 - 


110 x 10’ x 0.0196 
I0 3 


i.c. u = 2889 - 215.6 - 2673.4 kJ/kg 


Steam at 150 bar has a specific enthalpy of 3309 kJ/kg. Calculate the 
temperature, the specific volume, and the specific internal energy. 


At 150 bar./» f - 2611 kJ/kg. which is less than the actual enthalpy of 3309 kJ/kg. 
and hence the steam is superheated. From superheat tables at 150 bar. 
/i = 3309 kJ/kg at a temperature of 500 C. The specific volume is 
p » 0.02078 m 3 /kg. Using equation (1.9) 


U m h - pr - 3309 - 


150 x 10 5 x 0.02078 
I0 3 


2997.3 kJ/kg 


The Working Fluid 


Interpolation 

For properties which are not tabulated exactly in the tables it is necessary to 
interpolate between the values tabulated. For example, to find the temperature, 
specific volume, internal energy, and enthalpy of dry saturated steam at 9.8 bar, 
it is necessary to interpolate between the values given in the tables. 

t,at9.8 bar - (r,at9 bar) + * {('.at 10 bar) - (r,at9 bar)} 

Note that this assumes a linear variation between the two values (sec Fig. 2.7), 
i.e. f, - 175.4 + * (179.9 - 175.4) 


Fig. 2.7 Interpolation 
for Example 2.4 



therefore 

r, = 175.4 + 0 8 x 4.5 - 179 °C 
Similarly. 

Ji ( at 9.8 bar * (fi, at 9 bar) + 0.8 x (Ji # at 10 bar - h $ at 9 bar) 
i.e. h , at 9.8 bar = 2774 + 0.8 x (2778 - 2774) 

- 2774 + 0.8 x 4 - 2777.2 kJ/lcg 

Also, u, at 9.8 bar - 2581 + 0 8(2584 - 2581) 

- 2581 +(0.8 x 3)- 2583.4 kJ/kg 

As another example consider steam at 5 bar and 320 °G The steam is 
superheated since the saturation temperature at 5 bar is 151.8 "C, but to find 
the specific volume and enthalpy an interpolation is necessary, 

r = (e at 5 bar and 300’C) 

+ — (r at 5 bar and 350 C — r at 5 bar and 300*0) 
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Table 2J Table 
showing a double 
interpolation 


Example 2.5 


therefore 

r = 0.5226 + 0.4(0.5701 - 0.5226) 

- 0.5226 + 0.019 = 0.5416 m J /kg 

Similarly. 

h = 3065 + 0.4(3168 - 3065) = 3065 + 41.2 
i.e. 6 = 3106.2 kJ/kg 

In some cases a double interpolation is necessary. For example, to find the 
enthalpy of superheated steam at 18.5 bar and 432 X an interpolation between 
15 bar and 20 bar is necessary, and interpolation between 400 g C and 450 U C 
is also necessary. A tabular presentation is usually better in such cases 
(Table 2.3). First find the enthalpy at 15 bar and 432 °C. 

h = 3256 + ^(3364 - 3256) = 3256 + 0.64 x 108 

i.c. h = 3325.1 kJ/kg 


Pressure 


Temperature T’CI 

(bar) 


400 

432 450 

15.0 

18.5 

Mkl kg, 
h/( kJ/kg, 

3256 

? 3364 

? 

20.0 

M1J kg) 

3248 

? 3357 


Now find the enthalpy at 20 bar. 432 e C, 

h = 3248 + 0.64(3357 - 3248) = 3248 + 0.64 x 109 
i.e. h = 3317.8 kJ/kg 

Now interpolate between h at 15 bar. 432 C. and h at 20 bar. 432 *C in order 
to find h at 18.5 bar. 432'C. 

i.e. h m 3325.1 - —(3325.1 - 3317.8) 

(Note the negative sign in this case since h at 15 bar. 432 C is larger than h at 
20 bar. 432 *C.) Then 

h at 18.5 bar. 432°C = 3325.1 - (0.7 x 7.3) = 3320 kJ/kg 


Sketch a pressure-volume diagram for steam and mark on it the following 
points, labelling clearly the pressure, specific volume and temperature of each 
point. 

(a) p = 20 bar. i = 25^ 
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(b) l - 2114'C. r - 0.09957 m»/kg 

(c) p- 10 bar, h - 2650 kj/kg 

(d) p-6bar.*> 3166kJ/kg 

Solution Pomt (a): At 20 bar the saturation temperature is 2114 “C. hence the steam is 
superheated at 250 X. Then from tables, r - 0.1115 m’/kg. 

Point (6): At 2114’C the saturation pressure is 20 bar and c, is 0.09957 m’/kg. 
Therefore the steam is just dry saturated since c - e,. 

Point (e): At lObar, A, is 2778 kJ/kg, therefore the steam is wet since 
h - 2650 kJ 'kg. Since the steam is wet. the temperature it the saturation 
temperature at lObar, Le. i - 179.9 X. The dryness fraction can be found from 
equation (2.2k 

* - ft, ♦ xh<. 


therefore 


* — 


2650 - 763 1847 


2015 


2015 


-0.937 


Then from equation (11) 
r-xe, 

r — 0.937 k 0.1944 ■ 0.182 m’/kg 

Point (4): At 6 bar. A, is 2757 kj/kg. therefore the steam is superheated, since 
K is given that A — 3166 kJ/kg Hence from tables at 6 bar and A — 3166 kJ/kg 
the t em p er ature is 350‘C, and the specific volume is 0.4743 m’/kg. 

The poinu (a), (b>. (ck and (d) can now be marked on a p-i diagram as 

shown in Fig. 18. 


Fls.18 Solution for 
Eiample 15 
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Example 2.6 Calculate the internal energy for each of the four states given in Example 2.5. 
Solution (a) The steam is superheated at 20 bar, 250 : C, 
i.e. u - 2681 kJ/kg 

(b) The steam is dry saturated at 20 bar, 
i.e. u = u ( = 2600 kJ/kg 

(c) The steam is wet at 10 bar with x = 0.937. Therefore 

u ■ (| - x)u, + xu g from equation (2.3) 
i.e. u - (1 - 0.937)762 + (0.937 x 2584) - 2470 kJ/kg 

(d) The steam is superheated at 6 bar, 350 C, 

i.e. u - 2881 kJ/kg 


Example 2.7 Using the properties of ammonia given in ref. 2.1, calculate: 

(i) the enthalpy at 1.902 bar, dryness fraction 0.95; 

(ii) the enthalpy at 8.57 bar. 60 C C. 

Solution (i) From equation (12) 

h = h, + xh fl 

Therefore, at 1.902 bar, 

ft = 89.8 + 0.95(1420.0- 89.8) 

= 1353.5 kJ/kg 

(ii) At 8.570 bar the saturation temperature is 20 C C so the ammonia at 60 °C 
is superheated by (60 - 20) = 40 K. It is therefore necessary to interpolate to 
find the enthalpy, 

i.e. h = 1462.6 + ^ x (1597.2 - 1462.6) 


= 1570.3 kJ/kg 


2.3 The perfect gas 

The characteristic equation of state 

At temperatures that are considerably in excess of the critical temperature of 
a fluid, and also at very low pressures, the vapour of the fluid tends to obey 
the equation 

pv 

— = constant = R 
T 


59 




The Working Fluid 


No gases in practice obey this law rigidly, but many gases lend towards it. An 
imaginary ideal gas which obeys the law is called a perfect gas, and the equation, 
pej T = R. is called the characteristic equation of stale of a perfect gas. The 
constant, R. is called the specific gas constant. The units of R are N m/kg K or 
kJ/kg K. Each perfect gas has a different specific gas constant. 

The characteristic equation is usually written 

pc = RT (2.5) 

or for a mass, m, occupying a volume. V, 

pV-mRT (2.6) 

Another form of the characteristic equation can be derived using the amount 
of substance (sometimes called the mole). The amount of substance is defined 
by the 1971 General Conference of Weights and Measures (CGPM) as follows: 

The amount of substance of a system is that quantity which contains as 
many elementary entities as there are atoms in 0.012 kg of carbon-12; the 
elementary entities must be specified and may be atoms, molecules, ions, 
electrons, or other particles, or specific groups of such particles. 

The normal unit symbol used for the amount of substance is 'mol*. In SI it 
is convenient to use ‘kmol*. 

The mass of any substance per amount of substance is known as the molar 
mass . m. i.c. 

« - - ( 2 - 7 ) 

n 

where m is the mass and n is the amount of substance. The normal units used 
for m and n are kg and kmol, therefore the normal unit for m is kg/krooL 

Relative masses of the various elements are commonly used, and physicists 
and chemists agreed in 1960 to give the value of 12 to the isotope 12 of carbon 
(this led to the definition of the amount of substance as above). A scale is thus 
obtained of relative atomic mass or relative molecular mass (e.g. the relative 
atomic mass of the element oxygen is approximately 16; the relative molecular 
mass of oxygen gas, 0 2 , is approximately 32). 

The relative molecular mass is numerically equal to the molar mass, m, but 
is dimensionless. 

Substituting for m from equation (2.7) in equation (2.6) gives 
pV = nART or mR - — 


Now Avogadro's hypothesis states that the volume of 1 mol of any gas is the 
same as the volume of 1 mol of any other gas. when the gases are at the same 
temperature and pressure. Therefore V/n is the same for all gases at the same 
value of p and 7! That is. the quantity pV/nT is a constant for all gases. This 
constant is called the molar gas constant, and is given the symbol, R. 


i.e. 


mR 


*-~T 


or pV = nRT 


( 2 . 8 ) 
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or since mR = R then 

R = T (2.9) 

m 

The value of R has been shown to be 8314.5 N m/kmol K. 

From equation (29) the specific gas constant for any gas can be found when 
the molar mass is known, e g. for oxygen of molar mass 32 kg/kmol, the specific 
gas constant 

R - * - - 259.83 N m/kg K 

rn 32 


Example 2.8 A vessel of volume 0.2 m 3 contains nitrogen at 1.013 bar and 15 i (ii) C. If 0.2 kg 
of nitrogen is now pumped into the vessel, calculate the new pressure when 
the vessel has returned to its initial temperature. The molar mass of nitrogen 
is 28 kg/kmol and it may be assumed to be a perfect gas. 

Solution From equation (2.9) 

R 8314 5 

Specific gas constant. R = — = ——— = 296.95 N m/kg K 

m 28 


From equation (2.6). for the initial conditions 
Pi y i =m l RT l 
therefore 


P.*'. 


RTj 


1.013 x 10* x 0.2 
296.95 x 288 


= 0.237 kg 


where T, = 15 + 273 = 288 K 

The mass of nitrogen added is 0.2 kg, hence m 2 
Then from equation (2.6), for the final conditions 


p 2 V 2 = m 2 RT 2 

but V 2 « V x and 7, = 7*,, therefore 

m,RT 2 0.43 7 x 296.95 x 288 

Pi “ \\ * 10* x 0.2 

i.e. p 2 ® 1.87 bar 


= 0.2 + 0.237 = 0.437 kg. 


Example 2.9 A certain perfect gas of mass 0.01 kg occupies a volume of 0.003 m 3 at a 
pressure of 7 bar and a temperature of 131X. The gas is allowed to expand 
until the pressure is 1 bar and the final volume is 0.02 m 3 . Calculate: 

(i) the molar mass of the gas; 

(ii) the final temperature. 
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Solution 


(i) From equation (2.6) 


Pi V x - mRT x 
therefore 


R 


p l V l 7 x 10 5 x 0003 
mT, " 0.01 x 404 


520 N m/kg K 


where 7,- 131 + 273 - 404 K. 
Then from equation (19) 



therefore 

R 8314.5 
520 


16 kg/kmol 


i.c. Molar mass = 16 kg/kmol 
(ii) From equation (16) 

Pi V 2 = mRT 2 

therefore 

X 1 —* OO 2 - 384.5K 
mR 0.01 x 520 


i.c. Final temperature * 384.5 - 273 = 111.5 °C 


Specific heat capacity 

The specific heat capacity of a solid or liquid is usually defined as the heat 
required to raise unit mass through one degree temperature rise. We have 
d Q =* me dT where m is the mass, dT is the increase in temperature, and c is 
the specific heat capacity. For a gas there are an infinite number of ways in 
which heat may be added between two temperatures, and hence a gas could 
have an infinite number of specific heat capacities. However, only two specific 
heat capacities for gases are defined; the specific heat capacity at constant 
volume, c„ and the specific heat capacity at constant pressure, c p . 

The definition must be restricted to reversible non-flow processes, since 
irreversibilities can cause temperature changes which arc indistinguishable from 
those due to reversible heat and work quantities. Specific heat capacities can 
be introduced more rigorously as properties of a fluid. We have in the limit 



A more rigorous treatment is given in ref. 13. 
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We can write: 

dQ = me, dT for a reversible non-flow process at constant pressure 

( 2 . 10 ) 

and 

d Q - me,, dT for a reversible non-flow process at constant volume 

( 2 . 11 ) 

For a perfect gas the values of c, and c, are constant for any one gas at all 
pressures and temperatures. Hence integrating equations (2.10) and (2.11) we 
have for a reversible constant pressure process 

( 2 . 12 ) 

for a reversible constant volume process 

g-mc r (r 2 -r,) (2.13) 

For real gases, c, and c r vary with temperature, but for most practical purposes 
a suitable average value may be used. 


Joule's law 

Joule’s law states that the internal energy of a perfect gas is a function of the 
absolute temperature only, Le. u — f(T). To evaluate this function let unit mass 
of a perfect gas be heated at constant volume. From the non-flow energy 
equation, (1.5), 

dQ + dW = du 

Since the volume remains constant then no work is done, i.e. dW = 0. therefore 
d Q — du 

At constant volume for a perfect gas, from equation (2.11), for unit mass, 
dQ m c,dT 

Therefore, dQ « du ® c, d T. and integrating 

u - c.r + k 

where A is a constant. 

Joule’s law states that u - f(T), hence it follows that the internal energy 
varies linearly with absolute temperature. Internal energy can be made zero at 
any arbitrary reference temperature. For a perfect gas it can be assumed that 
u = 0 when T ** 0, hence the constant K is zero, 

i.e. Specific internal energy, u = c,T for a perfect gas (2.14) 

or for mass, m, of a perfect gas. 

Internal energy, U = mc r T (2.15) 
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In any process for a perfect eas. between states I and 2. we have from equation 
(2.15), 

Gain in internal energy. (J a - U t - rocj 7, - 7,) (116) 

The gam of internal energy for a perfect gas between two states is always given 
by equation ( 116 ). for any process, reversible or irreversible. 


Relationship between the specific heat capacities 

Let a perfect gas be heated at constant pressure from 7', to T 3 . From the 
non-flow equation (1.4), Q + W = (U 3 - l/,). Also, for a perfect gas. from 
equation (116), U 2 — U, = me r (7 a — 7,). Hence, 

G + W'«mc.(7 2 -7 I ) 

In a constant pressure process the work done is given by the pressure times 
the change in volume, i.c. W = -p{V 2 - V X Y Then using equation (16), 
pV 2 *■ mRT 2 and pF, * mRT l% we have 

W - —mR(T 2 - 7,) 

Therefore substituting 

Q — mR{ T 2 — 7,, = me, (7 2 — 7,) 

therefore 

C = m(c r + R)(7 2 -7,) 

But for a constant pressure process from equation (2.12) 

Q = mc,{T 2 -T x ) 

Hence by equating the two expressions for the heat flow, Q, we have 
m(c, + R){T 2 - 7.) - mc,(7 2 - 7.) 
therefore 

+ R * c, 

or c,-c w ~R (2.17) 


Specific enthalpy of a perfect gas 

From equation (1.9). specific enthalpy, h =* u + pv. 

For a perfect gas. from equation (15), pi’ = RT. Also for a perfect gas, from 
Joule’s law. equation (114). u «= c,T Hence, substituting 

h = c e 7 + R7 = (c r + R)T 
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But from equation (217) 

c, - c, »= R or c, + R » c f 
Therefore, specific enthalpy, h, for a perfect gas is given by 

h = c,T (218) 

For mass, m, of a perfect gas 

H - mej (219) 

(Note that, since it has been assumed that u - 0 at T - 0. then h - 0 at T * 0.) 


Ratio of specific heat capacities 


The ratio of the specific heat capacity at constant pressure to the specific heat 
capacity at constant volume is given the symbol y (gamma), 


i.e. y = - (2.20) 

C - 

Notc that since c F — c, = R. from equation (217), it is clear that c f must be 
greater than c r for any perfect gas. It follows therefore that the ratio, c p /c v =» y, 
is always greater than unity. In general, y is about 1.4 for diatomic gases such 
as carbon monoxide (CO), hydrogen (H 2 ), nitrogen (N 2 ), and oxygen (0 2 ). 
For monoalomic gases such as argon (A), and helium (He), y is about 1.6, and 
for triatomic gases such as carbon dioxide (C0 2 ), and sulphur dioxide (SO z ), 
y is about 1.3. For some hydrocarbons the value of y is quite low (c.g. for ethane 
(C.H 0 ), y = 1.22 and for isobutane (C 4 H 10 ). y = 1.11). 

Some useful relationships between c,, c„ R, and y can be derived. From 
equation (217) 


c, — c, = R 
Dividing through by c. 



Cw 

Therefore using equation (217), y » cjc t , then, 

r-i-5 

therefore 


R 

(7- I) 


( 221 ) 


Also from equation (2.20), c f ■= yc r , hence, substituting in equation (2.21). 



(7-n 


( 222 ) 
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Example 2.10 


Solution 


Example 2.11 


Solution 


A certain perfect gas has specific heat capacities as follows: 

c,- 0.846 kJ/kgK and c, » 0.657 kJ/kg K 
Calculate the gas constant and the molar mass of the gas. 
From equation (2.17) 

C'-C.mR 

i.e. R - 0.846 - 0.657 - 0.189 kJ/kg K - 189 N m/kg K 
From equation (2.9) 



Le. 


m — —■■ 44 kg/kraol 
189 


A perfect gas has a molar mass of 26 kg/kmol and a value of y = 1.26. 
Calculate the heat rejected: 

(i) when unit mass of the gas is contained in a rigid vessel at 3 bar and 
315 C C, and is then cooled until the pressure falls to 1.5 bar; 

(ii) when unit mass flow rate of the gas enters a pipeline at 280 °C. and flows 
steadily to the end of the pipe where the temperature is 20 °C. Neglect 
changes in velocity of the gas in the pipeline. 

From equation (2.9) 

R = ? = = 319.8 N m/kg K 

m 26 


From equation (2.21) 

R 319.8 

Cr “(y- 1) 10 J ( 1.26 — 1) 

Also from equation (2.20) 


1.229 kJ/kgK 



therefore 

c , - ~ 1.26 x 1.229 - 1.548 kJ/kg K 

(i) The volume remains constant for the mass of gas present, and hence the 
specific volume remains constant. From equation (2.5), 

p,p, * RT, p 2 r a - RT 2 
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Therefore since p, = v 3 we have 

7\ = T. — = 588 x ^ = 294 K 

Pi 3 

where T, - 315 + 273 - 588 K. 

Then from equation (2.13) 

Heat supplied per kg of gas ■ c 4 (T, - T x ) « 1.2291294 - 588) 

= -1.229 x 294 - —361 kJ/kg 
i.c. Heat rejected per kilogram of gas - +361 kJ/kg 
(ii) From the steady-flow energy equation, (1.10), 

+ y) + 6 + W - + y^ 

In this ease we arc told that changes in velocity arc negligible; also there is no 
work done. 

Therefore we have 

mfi, + () * mfi, 

For a perfect gas. from equation (2.18) 
h = c f T 
therefore 

Q = mc p ( T 2 - T,) = 1 x 1.548(20 - 280) = -403 kW 

i.e. Heat rejected per kilogram per second = +403 kW 

Note that it is not necessary to convert r, = 280 X and t 2 = 20 C C into degrees 
Kelvin, since the temperature difference (f, - f 2 ) is numerically the same as the 
temperature difference (T, - T s ). 


Problems 

[Note: the answers to these problems have been evaluated using the tables of Rogers 
and Mayhew (ref. 21). The values of R. c p , c,, and j for air may be assumed to 
be as given in the tables<i.c. R - 0.287 kJ/kg K;c, - 1.005 kJ/kg K:c r - 0.718 kJ/kg K; 
and 7 - 1.4) For any other perfect gat the values of R, c f , c r . and y, if required, must 
be calculated from the information given in the problem; the value of R is given in the 
tables (ref. 2.1).] 

2.1 Complete Table 2 4 (p. 48) using steam tables. Insert a dash for irrelevant items, and 
interpolate where necessary. 

(see Table 2.6, p. SO) 

2.2 A vessel of volume 0.03 m* contains dry saturated steam at 17 bar. Calculate the 
mass of steam in the vessel and the enthalpy of this mass. 

(0.257 kg; 718 kJ) 
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Table 2.4 Data for 
Problem 11 


p 

(bar) 

i 

t 

X 

Degree of 
superheat 

h 

u 

(X) 

On*,kg) 

(kJ/kg) 

(kJ/kg) 


90 

1361 





20 





2799 


5 


03565 






188 





2400 

34 



09 





81.3 


0.85 




3 

200 






15 


0152 





130 





3335 



250 

1.601 





38.2 



08 





297 


0.95 




2.3 

300 






44 

420 







The completed table is given on p. 50 as Table 16. 


2.3 Steam at 7 bar and 250 X enters a pipeline and flows along it at constant pressure. 
If the steam rejects heat steadily to the surroundings, at what temperature will droplets 
of water begin to form in the vapour? Using the steady-flow energy equation, and 

neglecting changes in velocity of the steam, calculate the heat rejected per kilogram of 
steam flowing. 

(165 °C; 191 kJ/kg) 


2.4 0.05 kg of steam at 15 bar is contained in a rigid vessel of volume 0.0076 m\ What 

is the temperature of the steam? If the vessel is cooled, at what temperature will the 
steam be just dry saturated? Cooling is continued until the pressure in the vessel is 
11 bar. calculate the final dryness fraction of the steam, and the heat rejected between 
the initial and the final slates. 

(250*C; 191.4 X; 0.857; 18.5 kJ) 


2.5 Using the tablet for ammonia given in ref. II. calculate: 

(i) the specific enthalpy and specific volume of ammonia at 0.7177 bar, dryness fraction 
0.9; 

(ii) (he specific enthalpy and specific volume of ammonia at 13 X saturated; 

(iii) the specific enthalpy of ammonia at 7.529 bar. 30*C. 

(1251 kJ/kg. 1.397 m’/kg: 1457 kJ/kg. 0.1866 mVkg: 1496.5 kJ/kg) 

2.6 Using the property values for refrigerant UFA 134a given in Table 2.5. calculate; 

(i) the specific enthalpy and specific volume of H FA 134a at -8 C. dryness fraction 0.85; 

(ii) the specific enthalpy of HFA 134a at 5.7024 bar. 35'C. 

(259.96 kJ/kg, 0.0775 m J /kg; 323.25 kJ/kg) 


68 



Problems 


Table 2J Daia for 
Problem 16 







Superheat 
values degree 
of superheat 

Saturation values 




20K 


P* _ 

p, 

A, 

A. 

A 

ro 

(bar) 

(m*/kg) 

(kJ/kg) 


(kJ/kg) 

-10 

10051 

0098 

86.98 

288.86 

308.64 

-5 

14371 

0081 

93.46 

291.77 

312.05 

20 

5.7024 

0036 

126.92 

306.22 

328.93 


2.7 The relative molecular mass of carbon dioxide. CO,, it 44. In an experiment the 
value of y for CO, was found to be 1.3. Assuming that CO, is a perfect gas, calculate 
the specific gas constant, R, and the specific heat capacities at constant pressure and 
constant volume. e r and c t . 

(0.189 kJ/kg K; 0.819 kJ/kg K; 0.63 kJ/kg K) 

2.8 Calculate the internal energy and enthalpy of 1 kg of air occupying 0.05 m 3 at 20 bar. 
If the internal energy is increased by 120 kJ as the air is compressed to 50 bar. calculate 
the new volume occupied by 1 kg of the air. 

(250.1 kJ/kg; 350.1 kJ/kg; 0.0296 m 1 ) 

2.9 Oxygen. O,, at 200 bar is to be stored in a steel vessel at 20 S C. The capacity of the 
vessel is 0.04 m 1 . Assuming that O, is a perfect gas. calculate the mass of oxygen 
that can be stored in the vessel. The vessel ts protected against excessive pressure by 
a fusible plug which will melt if the temperature rises loo high. At what temperature 
must the plug melt to limit the pressure in the vessel to 240 bar? The molar mass of 
oxygen is 32 kg/kmol. 

(10.5 kg; 78.6 °C) 

2.10 When a certain perfect gas is heated at constant pressure from 15°C to 95 a C, the heat 
required is 1136kJ/kg. When the same gas is heated at constant volume between 
the same temperatures the heat required is 808 kJ/kg. Calculate c f , c t , y, R and the 
molar mass of the gas. 

(14.2 kJ/kg K; 10.1 kJ/kg K; 1.405; 4.1 kJ/kg K; 1028 kg/kmol) 

2.11 In an air compressor the pressures at inlet and outlet arc I bar and 5 bar respectively. 
The temperature of the air at inlet is I5°C and the volume at the beginning of 
compression u three times that at the end of compression. Calculate the temperature 
of the air at outlet and the increase of interna! energy per kg of air. 

(207 *C; 138 kJ/kg) 

2.12 A quantity of a certain perfect gas is compressed from an initial state of 0.085 m\ 
I bar to a final state of 0.034 m 1 . 3.9 bar. The specific heat at constant volume is 
0.724 kJ/kg K, and the specific heat at constant pressure is 1.020 kJ/kg K. The observed 
temperature rise is 146 K. Calculate the specific gas constant. R, the mass of gas 
present, and the increase of internal energy of the gas. 

(0.296 kJ/kg K; 0.11 kg; 11.63 kJ) 
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The Working Fluid 


Table 2.6 Solution to 

Problem 2.1 on p. 47 P 1 c 

y - - - Degree of 


(bar) 

rej 

(m'/kg) 

X 

superheat 

(kJ/kg) 

(kJ/kg) 

0.70 

90 

1361 

1 

0 

2660 

2494 

20 

2114 

0.09957 

1 

0 

2799 

2600 

5 

151.8 

0.3565 

0.951 

— 

2646 

2471 

12 

188 

0.1461 

0.895 

— 

2576 

2400 

34 

240.9 

0.0529 

0.9 

— 

2627 

2447 

0.5 

81.3 

175 

0.85 

— 

2300 

2165 

3 

200 

0.7166 

— 

66.5 

2866 

2651 

IS 

250 

0.152 

— 

51.7 

2925 

2697 

130 

500 

0.02447 


169.2 

3335 

3017 

1.5 

250 

1.601 

— 

138.6 

2973 

2733 

38.2 

247.6 

0.04175 

0.8 

— 

2456 

2296 

82.38 

297 

0.0216 

0.95 

— 

2683 

2505 

13 

300 

1.184 

•—> 

175 8 

3071 

2808 

44 

420 

0.0696 


164.3 

3254 

2952 
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Reversible and Irreversible 
Processes 


In the previous chapters the energy equations for non-flow and flow processes 
are derived, the concepts of reversibility and irreversibility introduced, and the 
properties of vapours and perfect gases discussed. It is the purpose of this 
chapter to consider processes in practice, and to combine this with the work 
of the previous chapters. 


3.1 Reversible non-flow processes 

Constant volume process 

In a constant volume process the working substance is contained in a rigid 
vessel, hence the boundaries of the system are immovable and no work can be 
done on or by the system, other than paddle-wheel work input It will be 
assumed that ‘constant volume' implies zero work unless stated otherwise. 
From the non-flow energy equation, (1.4), for unit mass, 

e + iv-uj-u, 

Since no work is done, we therefore have 

C-Uj-u, (3.1) 

or for mass, m, of the working substance 

Q - Ui " Ui (3 2) 

All the heat supplied in a constant volume process goes to increasing the internal 
energy. 

A constant volume process for a vapour is shown on a p-v diagram in 
Fig. 3.1(a). The initial and final states have been chosen to be in the wet region 
and superheat region respectively. In Fig. 3.1(b) a constant volume process is 
shown on a p-c diagram for a perfect gas. For a perfect gas we have from 
equation (113) 

Q - mr.lT, - 7,) 




Reversible and Irreversible Processes 


Fig. 3.1 Constant 

volume process for a 
vapour and a perfect 
gas 



(a) 


Pi 

2 

ri 

n. 



" i 


1 



Constant pressure process 

It can be seen from Figs 3.1(a) and 3.1(b) that when the boundary of the system 
is inflexible as in a constant volume process, then the pressure rises when heat 
is supplied. Hence for a constant pressure process the boundary must move 
against an external resistance as heat is supplied; for instance a fluid in a cylinder 
behind a piston can be made to undergo a constant pressure process. Since the 
piston is pushed through a certain distance by the force exerted by the fluid, 
then work is done by the fluid on its surroundings. 

From equation (1.2) for unit mass 

W = - J> for any reversible process 

Therefore, since p is constant. 

W = —p I dr = — P(*-'a — £j) 

From the non-flow energy equation. (1.4), 

Q + 

Hence for a reversible constant pressure process 

Q - (“a - “») + Pi^i - Pi) - («i + PPj) - (Mj + pv ,) 

Now from equation ( 1.9). enthalpy, h - u + pv, hence. 

Q - - *, (3.3) 

or for mass, m, of a fluid. 

Q - H 2 - «, (3.4) 

A constant pressure process for a vapour is shown on a p-v diagram in 
Fig. 3.2(a). The initial and final states have been chosen to be in the wet region 
and the superheat region respectively. In Fig. 3.2(b) a constant pressure process 
for a perfect gas is shown on a p-v diagram. For a perfect gas we have from 
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3.1 Reversible non-flow processes 


Fit- 3.2 Constant 
pressure process for a 
vapour and a perfect gas 




equation (112). 

Q = mc,{T 2 -T x ) 

Note that in Figs 3.2(a) and 3.2(b) the shaded areas represent the work done 
by the fluid, p(v 2 — v x \ 


Example 3.1 A mass of 0.05 kg of a fluid is heated at a constant pressure of 2 bar until 
the volume occupied is 0.0658 m \ Calculate the heat supplied and the work 
done: 


(i) when the fluid is steam, initially dry saturated; 

(ii) when the fluid is air, initially at 130 C C. 


Solution (i) Initially the steam is dry saturated at 2 bar. hence, 

at 2 bar = 2707 kJ/kg 

Finally the steam is at 2 bar and the specific volume is given by 


00658 

0.05 


1.316 mVkg 


Hence the steam is superheated finally. From superheat tables at 2 bar and 
1.316mVkg the temperature of the steam is 300°C, and the enthalpy is 
h 2 - 3072 kJ/kg. 

Then from equation (3.4) 

Q « H 2 - H x m m[h 2 - h t ) = 0.05(3072 - 2707) 
i.e. Heat supplied - 0.05 x 365 - 18.25 kJ 
The process is shown on a p-r diagram in Fig. 3.3, 

- W = p(c a - r,) - shaded area 

Now p, = r f at 2 bar « 0.8856 m-'/kg. and v 2 “ 1.316 m 3 /kg. Therefore 
W= -2x 10 5 (l.316 - 0.8856)= - 86080 N m/kg 
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R*v*r*ibU and Irravaraibla Procaasaa 


Fig. £3 Process for a 
vapour for Example 3.! 
on a p-v diagram 



i.e. Work done by the tola] mass present - 0.05 x 86 080 

- 4304 N m - 4.304 kJ 


(ii) Using equation (2.6). 

_p 2 V 2 _ 2 x 10 5 x 0,0658 
J " mR " 0.05 x 0.287 x 10* 


917 K 


For a perfect gas undergoing a constant pressure process we have, from 
equation (2.12), 

Q = mc,(T 2 -T x ) 

i.e. Heat supplied = 0.05 x 1.005(917 - 403) 
where T, = 130 + 273 = 403 K. 
i.e. Heat supplied = 0.05 x 1.005 x 514 = 25.83 kJ 
The process is shown on a p-v diagram in Fig. 3.4, i.e. 

- W - p[v x - d,) «= shaded area 
From equation (2.5), pv ~ RT, therefore 

Work done - -K(T a - T,) - -0287(917 - 403) kJ/kg 
i.e. Work done by the mass of gas present - 0.05 x 0.287 x 514- 

- 7.38 kJ 


Fig. 3.4 Process for a 
perfect gas for 
Example 3.1 on a 
p-v diagram 
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3.1 Ravsrsible non-flow procoiMS 


Constant temperature or isothermal process 

A process at constant temperature is called an isothermal process. When a fluid 
in a cylinder behind a piston expands from a high pressure to a low pressure 
there is a tendency for the temperature to fall. In an isothermal expansion heat 
must be added continuously in order to keep the temperature at the initial 
value. Similarly in an isothermal compression heat must be removed from the 
fluid continuously during the process. An isothermal process for a vapour is 
shown on a p-v diagram in Fig. 3.5. The initial and final states have been 
chosen in the wet region and superheat region respectively. From state 1 to 
state A the pressure remains at p,. since in the wet region the pressure and 
temperature arc the corresponding saturation values. It can be seen therefore 
that an isothermal process for wet steam is also at constant pressure and 
equations (3.3) and (3.4) can be used (e g. heal supplied from state 1 to state 
A per kilogram of steam = h K — />,). In the superheat region the pressure falls 
to p 2 as shown in Fig. 3.5, and the procedure is not so simple. When states 1 
and 2 are fixed then the internal energies u x and u, may be obtained from 
tables. When the property entropy, s, is introduced in Chapter 4, a convenient 
way of evaluating the heat supplied will be shown. When the heat flow is 
calculated the work done can then be obtained using the non-flow energy 
equation. (1.4), for unit mass 

Q + W - u 2 - u, 


Fig. 3^ Isothermal 
process for a vapour on 
a p—c diagram 



Example 3.2 Steam at 7 bar and dryness fraction 0.9 expands in a cylinder behind a piston 
isothermally and reversibly to a pressure of 1.5 bar. Calculate the change of 
internal energy and the change of enthalpy per kg of steam. The heat supplied 
during the process is found to be 547 kJ/kg. by the method of Chapter 4. 
Calculate the work done per kilogram of steam. 

Solution The process is shown in Fig. 3.6. The saturation temperature corresponding to 
7 bar is 165 °C. Therefore the steam is superheated at state 2. The internal 
energy at state 1 is found by using equation 13, 

i.e. u, - (1 - x)iif + xu, = (I - 0.9) x 696 + (0.9 x 2573) 
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Ravertible and Irravartible Procasaaa 


Fig. 3.6 Isothermal 
process on a 
p-v diagram for 
Example 3.2 



iherefore 

u, - 69.6 + 2315.7 - 2385.3 kj/kg 
Interpolating from superheat tables at 1.5 bar and 165 “C, we have 

u 2 «= 2580 + ^(2656 - 2580) - 2580 + 22.8 

Le. u 2 = 26018 kJ/kg 
Therefore 

Gain in internal energy = u 2 - u, = 26018 - 2385.3 
= 217.5 kJ/kg 
A, - h, + xhf t - 697 + (0.9 x 2067) 

therefore 

h, - 697 + 1860.3 - 2557 3 kJ/kg 
Interpolating from superheat tables at 1.5 bar and 165 °C, we have 

h 3 - 2773 + ^(2873 - 2773) - 2773 + 30 

- 2803 kJ/kg 

Le. A, - A, « 2803 - 2557.3 - 245.7 kJ/kg 
From the non-flow energy equation, (1.4), 

Q + W - u, - u, 

therefore 

W - (u, - u.) - Q - 217.5 - 547 - -329.5 kJ/kg 
Le. Work done by the system - 329.5 kJ/kg 

(The work output is also given by the area on Fig. 3.6, J}!| p dt>; this could onl 
be evaluated graphically in this case.) 
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3.1 Rtvarmibla non-flow procnui 


An isothermal process for a perfect gas is more easily dealt with than an 
isothermal process for a vapour, since there are definite laws for a perfect gas 
relating p. r, and T. and the internal energy u. We have, from equation (2.5), 

pv~RT 

Now when the temperature is constant as in an isothermal process then we have 
pvn RTxz constant 

Therefore for an isothermal process for a perfect gas 

pi’^constant (3.5) 


i.e. P,p,-P,p, 


In Fig. 3.7 an isothermal compression process for a perfect gas is shown on 
a p-c diagram. The equation of the process is pt> - constant, which is the 
equation of a hyperbola. It must be stressed that an isothermal process is only 
of the form pv = constant for a perfect gas, because it is only for a perfect gas 
that an equation of state, pv = RT, can be applied. 

From equation (1.2) we have for unit mass 


Wm 


J* p dc ■ (shaded area in Fig. 3.7) 


Fif. 3.7 Isothermal 
process for a perfect gas 
on a p-o diagram 



In this case, pv - constant, or p - e/v. where c - constant. Therefore 


f *7 "'■"(S) 


The constant c can either be written as p,e, or as p 2 v 3 , since p,i>, *= 
Pi v 2 " constant, c. 


Le. 

or 


W-p,v, 


per unit mass of gas 


W = p 2 v 2 ln^—^ per unit mass of gas 


(3.6) 
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Reversible and Irreversible Processes 


For mass, m, of the gas 

Also, since p,c, = p 2 v 2 . then 

m Pi 
»2 Pi 

Hence, substituting in equation (3.6) 


(3.7) 


Pi 

W - p, i’, In — per unit mass of gas 
Pi 


or for mass, m, of the gas 


Using equation (2.3) 
p,r, = RT 

Hence, substituting in equation (3.8) 

W *= KTln^—j per unit mass of gas 


or for mass, m, of the gas 
W-mRTIn(j^ 


(3.8) 


(3.9) 


(3.10) 


(3.11) 


There are clearly a large number of equations for the work done, and no attempt 
should be made to memorize these since they can all be derived very simply 
from first principles. 

For a perfect gas from Joule’s law, equation (2.14), we have 


Hcncc for an isothermal process for a perfect gas. since T 2 ** T x , then 

i.e. the internal energy remains constant in an isothermal process for a perfect gas. 
From the non-flow energy equation (1.4) for unit mass 


Q + W - u 2 - u, 

Therefore, since u 2 *■ Ug, then 

Q + W - 0 (3.12) 

for an isothermal process for a perfect gas. 

Note that the heat flow plus the work input is zero in an isothermal process 
fur a perfect gas only. From Example 3.2 for steam it is seen that, although the 
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3.2 Ravarsibla adiabatic non-flow processes 


process is isothermal, ihe change in internal energy is 217.5 kJ/kg, and therefore 
the heat supplied plus the work done is not zero. 

Example 3.3 I kg of nitrogen (molar mass 28kg/kmol) is compressed reversibly and 
isothermally from 1.01 bar. 20 a C to 4.2 bar. Calculate the work done and 
the heat flow during the process. Assume nitrogen to be a perfect gas. 

Solution From equation (2.9), for nitrogen, 

0.297 U/kgK 

m 28 

The process is shown on a p-v diagram in Fig. 3.8. 


Fig. 3J Isothermal 
process on a 
p-v diagram for 
Example 3.3 



From equation (3.10) 

W - KTIn^ - 0.297 x 293 x ln(^) - 124 kJ/kg 

where T - 20 + 273 - 293 K. 
i.e. Work input «* 124 IcJ/kg 

From equation (3.12). for an isothermal process for a perfect gas. 
Q+ IV-0 
therefore 

Q - -124 kJ/kg 

i.c. Heat rejected ■ 124 IcJ/kg 


3.2 Reversible adiabatic non-flow processes 


An adiabatic process is one in which no heat is transferred to or from the fluid 
during the process. Such a process can be reversible or irreversible. The reversible 
adiabatic non-flow process will be considered in this section. 
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Reversible and Irreversible ProcMsas 


From ihc non-flow equation (1.4), 

Q + W = u 2 - u x 
and for an adiabatic process 

QmO 

Therefore we have 

W m u 3 - u, for any adiabatic non-flow process (3.13) 

Equation (3.13) is true for an adiabatic non-flow process whether or not the 
process is reversible. In an adiabatic compression process all the work done on 
the fluid goes to increasing the internal energy of the fluid. Similarly in an 
adiabatic expansion process, the work done by the fluid is at the expense of a 
reduction in the internal energy of the fluid. For an adiabatic process to take 
place, perfect thermal insulation for the system must be available. 

For a vapour undergoing a reversible adiabatic process the work done can 
be found from equation (3.13) by evaluating u t and u 2 from tables. In order 
to fix state 2, use must be made of the fact that the process is reversible and 
adiabatic. When the property entropy, s, is introduced in Chapter 4 it will be 
shown that a reversible adiabatic process takes place at constant entropy, and 
this fact can be used to fix stale 2. 

For a perfect gas. a law relating p and r may be obtained for a reversible 
adiabatic process, by considering the non-flow energy equation in differential 

form. From equation (1.4) for unit mass 

dQ + dW = du 

Also for a reversible process d W = -p dr, hence for a reversible adiabatic 
process 

dQ = du + p dr = 0 * (3.14) 

Since h = u + pr 
then dh * du + pdu + v dp 
i.c. du + p dr - dh - v dp 


and hence, using equation (3.14), 
d/i - r dp = 0 

i.e. dh « v dp 


Also, using equations (2.5) and (3.14), we have 


RT dr 

du +- 


i' 


0 


(3.15) 
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From equation (2.14) 

u = c,T or du = c r dT 



3.2 R«v*r*ibl« adiabatic non-flow procosses 


therefore 


c.6T + ™-0 


Dividing through by T to give a form that can be integrated, i.e. 

dT R do n 

c T + -.° 

Integrating 

e. In 7 + R In v = constant 

Using equation (15) wc have T » ( pc)jR . therefore substituting 
c # + R In v = constant 

Dividing through by c r 


h © + z ln 


p = constant 


Also, from equation (121), 

c, = 


R R 

- - or - = 7~ I 

(7“*) 


Hence substituting 

ln( r”) + ^ " *) * n p = constant 

or ln^^ + ln(p 7_, )=« constant 


therefore 




constant 


i.e. In (^~) " con ' ,anl 


therefore 


P — - c*— - - 0 - constant 

R 


or pv 1 — constant 

(3.16) 


Wc therefore have a simple relationship between p and v for any perfect gas 
undergoing a reversible adiabatic process, each perfect gas having its own value 

of 7- 
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R avertible and Irravaraibla Processes 


Using equation (2.5), pv = RT. relationships between T and v, and T and p, 
may be derived. 

i.e. pc RT 

therefore 

RT 

v 


Substituting in equation (3.16) 
RT 

— v 7 b constant 
v 


ie. Tv 1 ' 1 - constant 

Also, v = ( RT)!p\ hence substituting in equation (3.16) 



constant 


(3.17) 


therefore 


T 7 

,T-I 


constant 


or 




constant 


(3.18) 


Therefore for a reversible adiabatic process for a perfect gas between states 1 
and 2 we can write as follows. From equation (3.16) 


S-6T 


Pi0\~p z v\ or 
From equation (3.17) 

- Hi;)" 

From equation (3.18) 


Tx 


T> 


P't 


-i vt 


P'l 


-ivr 


or 


t-er 


-IVr 


(3.19) 


(3.20) 


(3.2!) 


From equation (3.13) the work done in an adiabatic process per unit mass of 
gas is given by W — (u 2 — u,). The gain in internal energy of a perfect gas is 

given by equation ( 2 . 16 ), 

Le. for unit mass u 2 - u, = c.(7* 2 - T,) 
therefore 
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WmcJiTi-TJ 



32 Ravartibla adiabatic non-flow 


Also, from equation (2.21), 
R 


C. = 


’ (y-D 

Hence substituting 

W _ R(T 2 -T l ) 

(7-0 

Using equation (2.5), pv - RT, 


\V = PiV * ~ p,r * 
7-1 


(3.22) 


(3.23) 


A reversible adiabatic process for a perfect gas is shown on a p-p diagram 
in Fig. 3.9. We have 


-'-r 


P dc *= shaded area 


Fig. 3.9 Reversible 
adiabatic process for a 
perfect gas on a 
p-v diagram 



Therefore, since pr 1 » constant, c, then 

- — D-KH 

The constant in this equation can be written as p x v\ or as p 2 v\. Hence 

w _ PivWl ’ 7 - PlVlV]'' m Pi”! -P|P| 

7-1 “ 7-1 

This is the same expression obtained before as equation (3.23). 
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Reversible and Irreversible Processes 


Example 3.4 1kg of steam at 100 bar and 375 °C expands reversibly in a perfectly 
thermally insulated cylinder behind a piston until the pressure is 38 bar and 
the steam is then dry saturated. Calculate the work done. 

Solution From superheat tables at 100 bar and 375 *C, 

h t - 3017 kJ/kg and r, - 0.02453 m s /kg 

Using equation (1.9) 

ii — h — pv 

therefore 


3017- 


100 x 10* x 0.02453 
10 * 


- 2771.7 kJ/kg 


Also, u, - u, at 38 bar - 2602 kJ/kg 

Since the cylinder is perfectly thermally insulated then no heat flows to or from 
the steam during the expansion; the process is therefore adiabatic. Using 
equation (3.13), 

W - uj - u, - 2602 - 2771.7 

therefore 


W= -169.7 kJ/kg 

i.e. Work done by the steam = +169.7 kJ/kg 

The process is shown on a p-c diagram in Fig. 3.10, the shaded area representing 
the work done by the steam. 


Fig. 3.10 Reversible 
adiabatic process for 
steam on a p-v diagram 

for Example 3.4 
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3.2 R«varsibl« adiabatic non-flow processes 


Example 3.5 


Solution 


Air at 1.02 bar, 22 & C, initially occupying a cylinder volume of 0.015 m 3 , is 
compressed reversibly and adiabatically by a piston to a pressure of 6.8 bar. 
Calculate the final temperature, the final volume, and the work done on the 
mass of air in the cylinder. 


From equation (3.21) 

r-iv» 


i.e. 


i*w" -«-* 


■-iff 


-n >i 


-iwi.* 


- 295 x 1.7195 - 507.3 K 
where T, - 22 + 273 - 295 K; 7 for air - 1.4. 

Le. Final temperature — 507.3 — 273 ■* 234.3 °C 
From equation (3.19) 

a.py or ZJ*)" 

pi \yj Vi \PiJ 


therefore 


0.015 ^ f 6.8 

Vi "Vl.02 


y/i* 


3.877 


therefore 


Vi 


0.015 


0.003 87 


3.877 

Le. Final volume = 0.003 87 m 3 

From equation (3.13), for an adiabatic process 
W'-u 2 -u l 

and for a perfect gas. from equation (2.14). u « c r T per kg of gas, therefore 
W - c,(T 2 - T,) - 0.718(507.3 - 295) 

- 152.4 kJ/kg 

Le. Work input « 1514 kJ/kg 

The mass of air can be found using equation (2.6), pV « mRT. Therefore 


m “ 


p,p, 1.02 x I0 5 x 0.015 


— 0.0181 kg 


i.e. 


RT t 0.287 x 10 3 x 295 
Total work done = 0.0181 x 1514 = 176 kJ 


The process is shown on a p-v diagram in Fig. 3.11, the shaded area representing 
the work input per unit mass of air. 


85 



R*v«r»ibt« and Irreversible 


Fit-.1.11 Reversible 
adiabatic process for air 
on a p-v diagram for 
Example 3.5 



3.3 Polytropic processes 


It is found that many processes in practice approximate to a reversible law of 
the form pv“ - constant, where n is a constant Both vapours and perfect gases 
obey this type of law closely in many non-flow processes. Such processes are 
internally reversible. 

From equation (1.2) for any reversible process, 




p dr 


For a process in which pc" - constant we have p = c/tf, where c is a constant. 
Therefore 


n - 1 

since the constant, c, can be written as p x v\ or as p 2 v a 2 . 
Pl V 2 “ Pl v l 


Le. Work input - 


n - 1 


(3.24) 


Equation (3.24) is true for any working substance undergoing a reversible 
polytropic process. It follows also that for any polytropic process we can write 


&-(aY 

Pi 


(3.25) 


Example 3.6 At the commencement of compression in the reciprocating compressor of a 
refrigeration plant the refrigerant is dry saturated at 1 bar. The compression 
process follows the law pr 1,1 * constant until the pressure is lObar. Using 
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Table 3.1 Properties of 
refrigerant for 

Example 3.6 


3.3 Potytroplc 


Solution 


Saturation values 



Superheat values 
at 10 bar 

P . 

p . 



V 

h 

(bar) CC) 

(m J /kg) 

(kJ/kg> 

(m , /kg) 

(kJ/kg) 

1 -30 

ai60 

8.9 

174.2 



10 42 

0.018 

763 

203.8 

0.020 

224.0 


the properties of refrigerant given in Table 3.1, interpolating where necessary, 
calculate: 

ti) the wot k done on the refrigerant during the process; 

(ii) the heat transferred to or from the cylinder walls during the process. 


(i) From Table 3.1, c, « c„ «= 0.16 m 3 /kg. We then have 

s-cr-ar— 

therefore 

v 2 = 0.1233 x 0.16 = 0.01973 m 3 /kg 
From equation (3.24) 


]V _ P2*2-PiQi 
n - 1 

. { ( |0 * 001973)-(1 x 0.16) | 

"l 1-1-1 J 

- 37 300 N m ■ 37.3 kj 

i.e. Work done on the refrigerant - 37.3 kJ 


(ii) To find the heat transferred it is first necessary to evaluate the internal 
energies at the end states. Using equation (1.9), h = u + pv, we have, 

7 4.2 - (ULi^L*) ■,58.2 kJ/kg 

Interpolating from superheat tables at lObar. r 2 « 0.01973 m 3 /kg we have 
(0.01973 - 0.018) 


h 2 - 203.8 + 


(0.02-0.018) 


x (224 - 203.8) 
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Then using equation (1.9) 

, /10 x I0 5 x 0.01973 \ „ 

u 2 = 221.3 - (--1 = 201.6 kJ/kg 

From equation (1.4) 

0+W'-(„,_„,) 

therefore 

Q - -37.3 + (201.6 - 158.2) - 6.1 kJ/kg 

i.c. the heat transferred from the cylinder walls to the refrigerant during the 
compression process is 6.1 kJ/kg. 


Consider now the polytropic process for a perfect gas. From equation (2.5) 

pv = RT or p«= — 
v 

Hence, substituting in the equation pc" = constant, we have 


— c" = constant or 7c"= constant (3.26) 

D 


Also, writing v = RT/p. we have 



* constant 


T 

or - - - , - = constant 


(3.27) 


It can be seen that these equations are similar to the equations (3.17) 
and (3.18) for a reversible adiabatic process for a perfect gas. In fact the reversible 
adiabatic process for a perfect gas is a particular case of a polytropic process 
with the index, n, equal to y. 

Equations (3.26) and (3.27) can be written as 


and 



(3.28) 

(3.29) 


Note that equations (3.26). (3.27), (3.28) and (3.29) do not apply to a vapour 
undergoing a polytropic process, since the characteristic equation of state, 
pc = RT, which was used in the derivation of the equations, applies only to a 
perfect gas. 

For a perfect gas expanding polytropically it is sometimes more convenient 
to express the work input in terms of the temperatures at the end states. From 
equation (3.24) 


W — (p*t>2 — Pi *», )/(n — 1) 
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then, from equation (2.5), p,c, = RT t and p 2 v 2 = RT 2 . Hence, 

w = RiT, - T,) . 

n — 1 

or for mass, m. 
w m 

n - 1 


(3.30) 


(3.31) 


Using the non-flow energy equation. (1.4). the heat flow during the process 
can be found. 

ic. 0+fV-u 2 -u, «c,(T 2 - 7,) 


From equation (2.21) 

R 

C ’"(7“ «) 

Hence substituting 

Q « - r.) - -——(7 2 - r,) 

(7-1) («-l) 


l.c. 




^(7 2 -r,)f»»-l-yf 1) 
(y-l)(n- 1) 


therefore 


\7-»/ (»-D 


Now from equation (3.30). IV = R{T 2 - T,)/(n - 1) per unit mass of gas, 
therefore 



(3.32) 


Equation (3.32) is a convenient and concise expression relating the heat 
supplied and the work input in a polytropic process. In a compression process 
work is done on the gas. and hence the term W is positive. Therefore it can be 
seen from equation (3.32) that when the polytropic index n is greater than y. 
in a compression process, then the right-hand side of the equation is positive 
(i.e. heat is supplied during the process). Conversely, when n is less than y in 
a compression process, then heat is rejected by the gas. Similarly, the work 
input in an expansion process is negative, therefore when n is greater than y. 
in an expansion process, heal is rejected: and when n is less than y, in an 
expansion process, heat must be supplied to the gas during the process. It was 
shown in section 2.3 that y for all perfect gases has a value greater than unity. 
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Example 3.7 


Solution 


1 kg of a perfect gas is compressed from 1.1 bar, 27 °C according to a 
law pv l s = constant, until the pressure is 6.6 bar. Calculate the heat flow to 
or from the cylinder walls: 

(i) When the gas is ethane (molar mass 30kg/kmol), which has 
c, - 2.10 kJ/kg K. 

(ii) When the gas is argon (molar mass 40kg/kmol), which has 
c, = 0.520 kJ/kg K. 


From equation (3.29), for both ethane and argon, 

I-IV* /nAd-IVH 


U. 


nr” - '-'ft) 

*-@T" 


300 X 6° 2,1 =■ 300 x 1.512 - 453.6 K 


where - 27 + 273- 300 K. 

(i) From equation (2.9X R ■ R/m, therefore, for ethane 

R - - 0.277 kJ/kg K 

Then from equation (117), c f - c r - R, therefore 
c, = 2.10 - 0.277 = 1.823 kJ/kg K 
where c 9 - 1.75 kJ/kg K for ethane. Then from equation (120) 




110 


c, 1.823 

From equation (3.30) 


1.152 


* - * (r »- r ‘> - 0211 * m= 3 °o). i4uu /kg 


n — 1 

Then from equation (3.32) 


1.3-1 


G " x 1418 ■ litA kJ/ltg 


i.e. Heat supplied ■ 138.1 kJ/kg 

(ii) Using the same method for argon we have 
8.3145 


R - 


40 


0.208 kJ/kg K 


Also c. - 0.520 - 0.208 = 0.312 kJ/kg K 
therefore 

0.520 . 

' 0.312 
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Then the work input is given by 

W = = 0-208 x (453.6 — 300, _ , kJ/kg 

n - 1 1.3 — 1 

Then. >06.5 _-58.6 kJ/kg 

i.e. Heat rejected - 58.6 kJ/kg 


In a polytropic process the index n depends only on the heat and work 
quantities during the process. The various processes considered in sections 3.1 
and 3.2 are special cases of the polytropic process for a perfect gas. 

When n = 0 

pv° = constant, i.e. p = constant 
When n = x, 

pr* - constant or p Vm v - constant, i.e. v - constant 
When n - 1 

pv = constant, i.e. T = constant 

since pv/T = constant for a perfect gas. 

When n = 7 

pv 1 *= constant, i.e. reversible adiabatic 
This is illustrated on a p-v diagram in Fig. 3.12. Thus, 

state 1 to state A is constant pressure cooling (n = 0) 
state 1 to state B is isothermal compression (n - 1) 
state 1 to state C is reversible adiabatic compression (n - y) 
state 1 to state D is constant volume heating (n - x) 


Fig. 3.12 General 
polytropic processes 
plotted on a 
p-v diagram 
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Similarly. 1 lo A’ is constant pressure heating; 1 to B' is isothermal expansion; 
1 to C‘ is reversible adiabatic expansion; I to D' is constant volume cooling 
Note that, since y is always greater than unity, then process 1 to C must lie 
between processes 1 to B and I to D; similarly, process 1 to C’ must lie between 
processes I to B' and I lo D*. 

For a vapour a generalization such as the above is not possible. A vapour 
may undergo a process according to a law pc » constant. In this case, since the 
characteristic equation of state, pr - RT, does not apply to a vapour, then the 
process is not isothermal. Tables must be used to find the properties at the end 
states, making use of the fact that p,e, • p, r a . Expansion of steam in a 
reciprocating engine is found to approximate to a hyperbolic expansion 
(pr - constant); such engines arc rarely used nowadays. 


3.4 Reversible flow processes 

Although flow processes in practice arc usually highly irreversible, it is sometimes 
convenient to assume that a flow process is reversible in order to provide an 
ideal comparison. An observer travelling with the flowing fluid would appear 
to sec a change in thermodynamic properties as in a non-flow process. For 
example, in a reversible adiabatic process for a perfect gas, an observer travelling 
with the gas would appear to see a process pc T = constant taking place, but 
the work input would not be given by -Jpdu, or by the change in internal 
energy as given by equation (3.13). Some work is done by virtue of the forces 
acting between the moving gas and its surroundings. For example, for a reversible 
adiabatic flow process for a perfect gas. from the flow equation (1.10), for unit 
mass flow rate 

(‘ ,+ l ! ) + G + "' = (*> + t) 

Then since Q — 0 

Also, since the process is assumed to be reversible, then for a perfect gas, 
pc' ■■ constant. This equation can be used to fix the end states. Note that even 
if the kinetic energy terms arc negligibly small the work input in a reversible 
adiabatic flow process between two states is not equal to the work input in a 
reversible adiabatic non-flow process between the same states (given by 
equation (3.13) as W - u 2 - u,). 


Example 3.8 A gas turbine receives gases from the combustion chamber at 7 bar and 
650 °C. with a velocity of 9 m/a. The gases leave the turbine at 1 bar with a 
velocity of 45 m/s. Assuming that the expansion is adiabatic and reversible 
in the ideal case, calculate the power output per unit mass flow' rate. For 
the gases take y - 1.333 and c, « 1.11 kJ/kg K. 
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Solution Using the flow equation for an adiabatic process 

*.*{,»,_ M+ (£iz£!)} 

For a perfect gas from equation (118). h = c r T. therefore. 

To find T 2 use equation (3.21). 

i-fer 




I.C. 

therefore 


r iwi.UJ 

l -(0 


T 2 


I 


923 


1.626 1.626 


567.7 K 


where 7\ = 650 + 273 = 923 K. 

Hence substituting for unit mass flow rate 


li'= 1 x 1.11(567.7 - 923) + 


/' A5 2 - 9 : \ 
V 2 x 10 J / 


therefore 


W = -394.4 + 0.97 = -393.4 kW 


i.e. Power output per kilogram per second = 393.4 kW 


Note that in Example 3.8 the kinetic energy change is small compared with the 
enthalpy change. This is often the ease in problems on flow processes, and the 
change in kinetic energy can sometimes be taken to be negligible. 

For a vapour undergoing a reversible adiabatic flow process the end state 
is fixed by equating the initial and final entropies (sec Ch. 4). 


3.5 Irreversible processes 

The criteria of reversibility arc stated in section 1.4. The equations of 
sections 3.1, 3.1 and 3.3 can only be used when the process obeys the criteria 
of reversibility to a close approximation. In processes in which a fluid is enclosed 
in a cylinder behind a piston, friction effects can be assumed to be negligible. 
However, in order to satisfy criterion (c) in section 1.4 heat must never be 
transferred to or from the system through a finite temperature difference. Only 
in an isothermal process is this conceivable, since in all other processes the 
temperature of the system is continually changing during the process; in order 
to satisfy criterion (c) the temperature of the cooling or heating medium external 
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to the system would be required to change correspondingly. Ideally a way of 
achieving reversibility can be imagined, but in practice it cannot even be 
approached as an approximation. Nevertheless, if we accept inevitable 
irreversibilities in the surroundings, we can still have processes which are 
internally reversible. That is, the system undergoes a process which can be 
reversed, but the surroundings undergo an irreversible change. Most processes 
occurring in a cylinder behind a piston can be assumed to be internally reversible 
to a close approximation, and the equations of sections 3.1, 3.2, and 3.3 can be 
used where applicable. Certain processes cannot be assumed to be internally 
reversible, and the important cases will now be considered. 


Unresisted, or free, expansion 

This process was mentioned in section 1.5 in order to show that in an irreversible 
process the work done is not given by — J p dr. Consider two vessels A and B, 
interconnected by a short pipe with a valve, and perfectly thermally insulated 
(see Fig. 3.13). Initially let the vessel A be filled with a fluid at a certain pressure, 
and let B be completely evacuated. When the valve is opened the fluid in A 
will expand rapidly to fill both vessels A and B. The pressure finally will be 
lower than the initial pressure in vessel A. This is known as an unresisted 
expansion or a free expansion. The process is not reversible, since external work 
would have to be done to restore the fluid to its initial condition. The non-flow 
energy equation, (1.4), can be applied between the initial and final states, 

i.e. Q + W = uj — u, 


Fig. 3.13 Two perfectly 
insulated interconnected 
vessels 



Now in this process no work is done on or by the fluid, since the boundary of 
the system docs not move. No heat flows to or from the fluid since the system 
is well lagged. The process is therefore adiabatic, but irreversible, 

i.e. u, - u, - 0 or u 2 - u, 

In a free expansion therefore the internal energy initially equals the internal 
energy finally. 

For a perfect gas. we have, from equation (114). 
u = c.T 

Therefore for a free expansion of a perfect gas 
c w T x - c.T 2 
Lc. T, = T, 
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That is, for a perfect gas undergoing a free expansion, the initial temperature 
is equal to the final temperature. 

Example 3.9 Air at 20 bar is initially contained in vessel A of Fig. 3.13, the volume of 
which can be assumed to be 1 m 3 . The valve is opened and the air expands 
to fill vessels A and B. Assuming that the vessels are of equal volume, calculate 
the final pressure of the air. 

Solution For a perfect gas for a free expansion, T, - T 3 . Also from equation (2.6), 
pV m mRT, hence p, F, * p 2 V 2 . 

Now F a is the combined volumes of vessels A and B. 

i.e. V 2 m V K + F t - 1 + 1 « 2 m 3 and F, = 1 m 3 

Therefore we have 

y 

P 2 ~ Pi * — m 20 x \ s 10 bar 
"a 

i.e. Final pressure = 10 bar 

The process is shown on a p-v diagram in Fig. 3.14. State 1 is fixed at 20 bar 
and 1 m 3 when the mass of gas is known; state 2 is fixed at 10 bar and 2 m 3 
for the same mass of gas. The process between these states is irreversible and 
must be drawn dotted. The points 1 and 2 lie on an isothermal line, but the 
process between 1 and 2 cannot be called isothermal, since the intermediate 
temperatures are not the same throughout the process. There is no work done 
during the process, and the area under the dotted line does not represent work 
done. 


Fig. 3.14 Irreversible 
process on a 
p-v diagram for 
Example 3.9 



Throttling 

A flow of fluid is said to be throttled when there is some restriction to the flow, 
when the velocities before and after the restriction arc cither equal or ncglibly 
small, and when there is a negligible heat loss to the surroundings. The restriction 
to flow can be a partly open valve, an orifice, or any other sudden reduction 
in the cross-section of the flow. 
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Fig. 3.15 Throttling 
process 


Example 3.10 


An example of throttling is shown in Fig. 3.15. The fluid, flowing steadily 
along a well-lagged pipe, passes through an orifice at section X-X. Since the pipe 
is well lagged it can be assumed that no heat flows to or from the fluid. The 
flow equation (1.10) can be applied between any two sections of the flow, 

Le. m(*, + y) + <i + * m •*(*> + t) 


Now since () - 0. and W m 0, then 





When the velocities C, and C 2 are small, or when C, is approximately equal 
to C 2 . then the kinetic energy terms may be neglected. (Note that sections 1-1 
and 2-2 can be chosen well upstream and well downstream of the disturbance 
to the flow, so that this latter assumption is justified.) Then h, = h 2 . Therefore 

for a throttling process, the enthalpy initially is equal to the enthalpy finally. 

The process is adiabatic, but is highly irreversible because of the eddying of 
the fluid round the orifice at X-X. Between sections I -1 and X-X the enthalpy 
decreases and the kinetic energy increases as the fluid accelerates through the 
orifice. Between sections X-X and 2-2 the enthalpy increases as the kinetic 
energy is destroyed by fluid eddies. 

For a perfect gas. from equation (2.18k h *= c r T, therefore, 

C , T \ - *,7i or T, = T, 

For throttling of a perfect gas. therefore, the temperature initially equals the 
temperature finally. 

The process of throttling can be used to find the dryness fraction of steam. 
A sample of steam is drawn off the steam main, passed through a mechanical 
separator, then through a throttle valve, and finally through a condenser; the 
water separated from the mechanical separator and the water from the condenser 
arc weighed and the dryness fraction calculated as shown in the following 
example. 


The dryness fraction of wet steam in a main is determined using a separating 
and throttling calorimeter. The pressure in the main is 5 bar; after throttling, 
the steam pressure and temperature are 1.01325 bar and 120 C; the water 
collected from the separator is at the rate of 0.5 kg/h. and that from the 
condenser at the rate of 9 kg/h. Making suitable assumptions, calculate the 
dryness fraction of the steam in the main. 
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Solution The assumptions made are as follows: negligible pressure drop of steam in the 
separator; no change of kinetic energy across the throttle valve; negligible 
heat loss in the separator and in the throttling process. 

The processes arc shown on a p-v diagram in Fig. 3.16; process 1-2 represents 
the separating process, process 2 - 3 the throttling process, and process 3-4 the 
condensing process. Process 2-3 is shown dotted since the process is irreversible; 
no work is done during the process and the area under line 2-3 is not equal 
to work done. 


FI*. 3.16 Processes on 
a p-v diagram for 
F.xamplc 3.10 



The enthalpy after throttling is obtained by interpolating from steam tables, 

h s = 2676 + ll2 ° — l00) x (2777 - 2676) 

(150-100) 

^ 2716 4 kJ/kg 

For an adiabatic throttling process neglecting kinetic energy changes, /i 2 = h it 
therefore using equation (2.2) 

h : = h> = h t2 + xA.j 

therefore 


2716.4 - 640 
2109 


0.985 


where h n - 640 kJ/kg. and h,^ ■ 2109 kJ/kg. arc read from saturation tables 
at 5 bar. 

The mass flow rate of water in the steam at state 2 is therefore given by 


m -: ■ (1 — Xj) x (mass flow rate of condensate) 
= (1 -0.985) x 9 « 0.135 kg/h 


Therefore the total mass flow rate of water in the steam sample from the main 
is given by the mass flow rate after separation. m„ 2 plus the mass of water 
separated, gisen as 0.5 kg/h. 


i.e. m., = 0.135 + 0.5 = 0.635 kg / h 
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FI*. 3.17 
process 


The mass flow rate of dry vapour in the sample is therefore the total mass flow 
rate of (0.5 + 9) kg/h minus rft» 2 , (- 0.635 kg/h) 

i.e. Mass flow rate of dry vapour in sample 
= 0.5 + 9 - 0.635 = 8.865 kg/h 

Then the dryness fraction in the main is the mass flow rate of dry vapour divided 
by the total mass flow rate. 


i.e. 


x , - 


8.865 
(0.5 + 9) 


0.933 


Adiabatic mixing 

The mixing of two streams of fluid is quite common in engineering practice, 
and can usually be assumed to occur adiabatically. Consider two streams of a 
fluid mixing as shown in Fig. 3.17. Let the streams have mass flow rates rfi, 
and m 2 and temperatures 7, and 7 2 . Let the resulting mixed stream have a 
temperature T 3 . There is no heat flow to or from the fluid, and no work is 
done, hence from the flow equation, we have, neglecting changes in kinetic 
energy, 

Wj/ij + Wjlij = Wj/ij (3.33) 



For a perfect gas, from equation (2.18), h ■ c r T, hence, 

+ m 2 c T 2 *» (if»|C*, + 

Or. assuming that the two streams 1 and 2 are of the same fluid with the same 
specific heat capacity, 

m, T, + rfi 2 7 2 -(m, + r*t 2 )7, (3.34) 

The mixing process is highly irreversible due to the large amount of eddying 
and churning of the fluid that lakes place. 


3.6 Nonsteady-flow processes 
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3.6 Nonsteady-flow proceasea 


(he boundary of (he system at outlet. Also, the rate at which work is done on 
or by the fluid, and the rate at which heat is transferred to or from the system 
is not necessarily constant with time. In a case of this kind the total energy of 
the system within the boundary is no longer constant, as it is in a steady-flow 
process, but varies with time. 

Let the total energy of the system within the boundary at any instant be E. 
During a small time interval let the mass entering the system be 6m lt and let 
the mass leaving the system be dm 2 ; let the heat supplied and the work input 
during the same time be 6Q and d\V respectively. Consider a similar system to 
the one shown in Fig 1.22. Now. as shown in section 1.8 (p. 19). work is done 
at inlet and outlet in introducing and expelling mass across the system 
boundaries, i.e. at inlet 

Energy required - dm,p t r, 

and at outlet 

Energy required - dm 2 p 3 c 3 

Also, as before, the energy of unit mass of the flowing fluid is given by 
(u, + Cf/2 + Z t g) at inlet, and by (u 2 + Cj/2 + Z 2 g) at outlet. Hence 

Energy entering system 

= dQ + dW + <5m,(u, + Cf/2 + Z x g ) + dm,p l 

and 

Energy leaving system = dm 2 [u 2 + C§/2 + Z 2 g) + dm 2 p 2 v 2 
Then, applying the first law. 

Energy entering - energy leaving = increase of energy of the system, SE 
therefore 

dQ + dW + dm t (u t + Cf/2 + Z x g + p,i>,) 

- + Cj/2 + Z 2 g + p a r 2 ) = «*£ 

During a finite time the total heal transferred is given by £<$£ = Q, and the 
total work done is given by £ d W - W. 

Let the initial mass within the system boundaries be m, at a height, Z\ and 
the initial internal energy be u'\ let the final mass within the boundaries at the 
end of the time interval be m", at a height, Z“, and the final internal energy 
be u". Therefore 

I«- '»•(*<• + Z'gt - «•(«■ + z'a) 

Therefore we have 

Q+W + + P.P, + Cf/2 + Z,p)] 

= + p 2 r a + Cf/2 + Z 3 g)-] 

+ m'(iT + Z’g) - m'(u' + Z'g) (3.35) 
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or 

Q+ W+ £*»,(*, + C*/2 + Z l g} 

- Y.6m 2 [h 2 + C\/ 2 + Z 2 g) + (m'u' - mV) 

■Km'Z'g-m'Zg) (3.36) 

Also, from continuily of mass. 

Mass entering - mass leaving 

- increase of mass within system boundary 

i.c. £«$m, - £ 6 * 1 2 - m' - m’ (3.37) 

One of the most commonly occurring problems involving the nonsteady-flow 
equation is the filling of a bottle or reservoir from a source which is large in 
comparison with the bottle or reservoir. Figure 3.18 shows a typical example. 
It is assumed that the condition of the fluid in the pipeline is unchanged during 
the filling process. In this case there is no work done on the system boundary; 
also, no mass leaves the system during the process, hence Sm 2 - 0. 


Fig. 3.18 Filling a 
bottle or reservoir from 
a pipeline 


„ „ _ . . Reservoir or 

Pipeline Sjvtcm boundary boltle 



Applying equation (3.36), making the additional assumption that changes 
in potential energy are zero, and that the kinetic energy. C{/2, is small compared 
with the enthalpy, /i,. we have 

Q + £(*)m,/i,) = m'u” — m'u' 

Or. since, h, is constant during the process, 

Q + h, £(«$m,) — m'u' — m'u' 

In this case equation (3.37) becomes 

£dm, - m' - m' 

Hence substituting 

Q + Mm' - m') - m'u' - m'u' (3.38) 

It is often possible to assume that the process is adiabatic, and in that case we have 
h,(nt“ — m') ** m'u' — m'u' 

Or in words: 

Enthalpy of mass which enters the bottle 

= increase of internal energy of the system 
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Example 3.11 A rigid vessel of volume 10 m J containing steam at 2.1 bar and dryness 
fraction 0.9 is connected to a pipeline, and steam is allowed to flow from 
the pipeline into the vessel until the pressure and temperature in the vessel 
arc 6 bar and 200 C respectively. The steam in the pipeline is at 10 bar and 
250 C throughout the process. Calculate the heat transfer to or from the 
vessel during the process. 

Solution Using the notation previously introduced we have 

u'~u;(l -0.9) + (u; x0.9)« 511 x 0.1 + 2531 x 0.9 
i.e. u' - 2329 kj/kg 

Also, m - V/c' - 10,0.9c, - !0/(0.9 x 0.8461) - 13.13 kg 

The steam is superheated finally at 6 bar and 200 "C. therefore 
u” - 2640 kJ/kg 
and f"-0.3522 mVkg 

i.e. m" « V/v m = 10/0.3522 = 28.4 kg 

The steam in the pipeline is superheated at 10 bar and 250 C C, hence 
fi, = 2944 kJ/kg 
Then using equation (3.38) 

Q + 2944(28.4 — 13.13) = (28.4 x 2640)-(13.13 x 2329) 
therefore 

Q = 74980 — 30590 — 44940 = -550 kJ 
i.e. Heat rejected from vessel =s 550 kJ 

Another commonly occurring example of the nonsteady-flow process is the 
case in which a vessel is opened to a large space and fluid is allowed to escape 
(Fig. 3.19). There is no work done and in this case Sm t ■ 0 since no mass enters 
the system. Neglecting changes in potential energy and applying equation (3.36): 

Q - £[Jhii(*j + C\! 2)] + (m-u" - m u') 


Fig. 3.19 Fluid 
escaping from a vessel 



. System boundary 




Jc 


X escaping 


Valve 


The difficulty arising in this analysis is that the state 2 of the mass leaving the 
vessel is continually changing, and hence it is impossible to evaluate the term 
£[£mj(/i 2 + C|/2)]. An approximation can be made in order to find the mass 
of fluid which leaves the vessel as the pressure drops to a given value. It can 
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be assumed that Ihe fluid remaining in the vessel undergoes a reversible adiabatic 
expansion. This is a good approximation if the vessel is well lagged, or if the 
duration of the process is short. Using this assumption the end state of the fluid 
in the vessel can be found, and hence the mass remaining in the vessel, m“, can 
be calculated. 


Example 3.12 An air receiver of volume 6 m 3 contains air at 15 bar and 40.5°C. A valve 
is opened and some air is allowed to blow out to atmosphere. The pressure 
of the air in the receiver drops rapidly to 12 bar when the valve is then closed. 
Calculate the mass of air which has left the receiver. 

Solution Initially 


m' -p' V/RT 


15 x 10* x 6 
0.287 x 10 s x 313.5 


100 kg 


Assuming that the mass in the receiver undergoes a reversible adiabatic process, 
then using equation (3.21) 

p-gr-er— 

therefore 


Hence 


T' = 313.5/1.066 = 294.1 K 

T-rwr. 12x105x6 


0.287 x 10 3 x 294.1 


= 85.3 kg 


Therefore 


Mass of air which left receiver = 100 - 85J = 14.7 kg 


In the case of a vapour undergoing a reversible adiabatic expansion no 
equation such as (3.21). as used above, holds true. It is necessary to make use 
of the property entropy, x. which can be shown to remain constant during a 
reversible adiabatic process, i.e. s' - s'. Then using tables the value of v" can 
be calculated and hence m" found (see Problem 4.22). 

Example 3.13 At the beginning of the induction stroke of a petrol engine of compression 
ratio 8 / 1 , the clearance volume is occupied by residual gas at a temperature 
of 840 X and pressure 1.034 bar. The volume of mixture induced during the 
stroke, measured at atmospheric conditions of 1.013 bar and 15°C, is 0.75 
of the cylinder swept volume. The mean pressure and temperature in the 
induction manifold during induction is 0.965 bar and 27 °C respectively, and 
the mean pressure in the cylinder during the induction stroke is 0.828 bar. 
Calculate the temperature and pressure of the mixture at the end of the 
induction stroke assuming the process to be adiabatic For the induced 
mixture and final mixture take c, = 0.718 kJ/kg K and R = 0.287 kJ/kg K; 
for the residual gas take c r = 0.840 kJ/kg K and R * 0.296 kJ/kg K. 
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3.6 Nonitaady-flow proems** 


Solution 


Let swept volume be V % and clearance volume be V t . Then 

V + V 

Compression ratio - — - 8 (see p. 135) 

K 

i.e. K-?K 

Initially the residual gas occupies the volume, V t - VJ7, therefore 

^_LQ34 x IQ 5 xV % a 

RT * 0.296 x 1113 x 7 x 10* 

where T - 840 + 273 - 1113 K. 

Also using equation (3.37) 

m“ -in' - £< 5 m, - £6*1, 
and noting that in this example £< Sm 2 « 0, we have 
JU - _ 1.013 xlO’xOTSi; 

m - m *“ 0.287 x 288"xT0““° 9I92K,k8 

therefore 

m" = 0.91921' + 0.0448 K, = 0.964K. kg 

Changes in kinetic and potential energy can be neglected, and the process is 
adiabatic (Le. Q = 0). hence applying equation (3.36) we have 

m, h, + W = m’u' — m'u' 

Also, the temperature of the mixture in the induction manifold is constant 
throughout the stroke, i.e. h t = c,T t = constant. Therefore 

+ W = m'c t T - m'c.T' CH 

The work input is given by 

- W = (mean pressure in cylinder during induction x swept volume) 

- 0.828 x 10 5 x K - 82800K N m - 818K kJ 

therefore 

W « - 818 KU 


For the mixture induced, c, = c w + R * 0.718 + 0.287 ■ 1.005 kJ/kg K. 
Then substituting values in equation [1] 

(0.9192 x V % x 1.005 x 300) - 82.8 K 

- (0.9641; x 0.718 x T") - (0.0448F, x 0.84 x 1113) 

therefore 

T’ - 341.3 K — 68.3 °C 
i.c. Final temperature ■ 68.3 'C 


103 
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Then 


P" 


m'RT" = 0.964 V % x 0287 x 341.3 x 10 * 

(K+K)“ 8K/7 


i.c. Final pressure - 0.826 bar 


82623 N/m 2 


Problems 

3.1 I kg of air enclosed in a rigid container is initially at 4.8 bar and 150 C. The container 
is heated until the temperature is 200 C. Calculate the pressure of the air finally and 
the heat supplied during the process. 

(5.37 bar; 35.9 kJ/kg) 

3.2 A rigid vessel of volume I ra* contains steam at 20 bar and 400X. The vessel is 
cooled until the steam is just dry saturated. Calculate the mass of steam in the vessel, 
the final pressure of the steam, and the heat rejected during the process. 

<6.62 kg; 13.01 bar; 2355 kJ) 

3.3 Oxygen (molar mass 32kg kmol) expands reversibly in a cylinder behind a piston 
at a constant pressure of 3 bar. The volume initially is 0.01 m* and finally is 0.03 m J ; 
the initial temperature is 17 C. Calculate the work input and the heat supplied during 
the expansion. Assume oxygen to be a perfect gas and take c r = 0.917 kJ/kg K. 

(—6 kJ; 21.18 kJ) 

3.4 Steam at 7 bar. dryness fraction 0.9. expands reversibly at constant pressure until the 
temperature is 200 'C. Calculate the work input and heat supplied per unit mass of 
steam during the process 

(-38.2 kJ/kg: 288.7 kJ/kg) 

3.5 0.05 m* of a perfect gas at 6.3 bar undergoes a reversible isothermal process to a 
pressure of 1.05 bar. Calculate the heat supplied. 

(56.4 k J) 

3.6 Dry saturated steam ai 7 bar expands reversibly in a cylinder behind a piston until 
the pressure is 0.1 bar. If heat is supplied continuously during the process in order 
to keep the temperature constant, calculate the change of internal energy per unit mass 
of steam. 

<37.2 kJ/kg) 

3.7 I kg of air is compressed isoihermally and reversibly from I bar and 30 C to 5 bar. 
Calculate the work input and the heat supplied. 

(140 kJ/kg; - 140 kJ/kg) 

3.8 I kg of air at I bar. 15 C is compressed reversibly and adiahatically to a pressure 
of 4 bar. Calculate the final temperature and the work input. 

(155 *C; 100.5 kJ/kg) 

3.9 Nitrogen (molar mass 28kg kmol) expands reversibly in a perfectly thermally 
insulated cylinder from 3.5 bar. 200'C to a volume of 0.09 m*. If the initial volume 
occupied was 0.03 m*. calculate the work input Assume nitrogen to be a perfect gas 
and take c. = 0 741 kJ/kg K. 

(-9.31 kJ) 
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Problems 


3.10 A certain perfect gas is compressed reversibly from I bar. 17 B C to a pressure of 5 bar 
in a perfectly thermally insulated cylinder, the final temperature being 77'C. The 
work done on the gas during the compression is 45kJ/kg. Calculate y. c„ R, and 
the molar mass of the gas. 

(1.132; 0.75 kJ/kg K; 0.099 kJ/kg K; 84 kg/kmol) 

3.11 I kg of air at 1.02 bar, 20*C is compressed reversibly according to u law 
pi '-* ■ constant, to a pressure of 5.5 bar. Calculate the work done on the air and 
the heat supplied during the compression. 

(133.46 kJ/kg; -33.3 kJ/kg) 

3.12 Oxygen (molar mass 32 kg/kmol) is compressed reversibly and polytropically in a 
cylinder from 1.05 bar. I5*C to 42 bar in such a way that one-third of the work 
input is rejected as heat to the cylinder walls. Calculate the final temperature of the 
oxygen. Assume oxygen to be a perfect gas and take c r - 0.649 kJ/kg K. 

(113“C) 

3.13 A mass of 0.05 kg of carbon dioxide (molar mass 44 kg/kmol), occupying a volume of 
0.03 m* at 1.025 bar, is compressed reversibly until the pressure is 6.15 bar. Calculate 
the final temperature, the work done on the CO a , and the heat supplied: 

(i) when the process is according to a law pr 14 - constant; 

(ii) when the process is isothermal; 

(iii) when the process takes place in a perfectly thermally insulated cylinder. 

Assume carbon dioxide to be a perfect gas. and take y = 1.3. 

(270'C: 5.135 kJ; 1.712 kJ: 515 C C; 5.51 kJ. -5.51 kJ; 2I9X; 5.25 kJ; 0 kJ) 

3.14 A refrigerant is compressed reversibly in a cylinder according to a polytropic law 
from 162 bar. dry saturated, to 8.20 bar when the temperature is then 40'C. Using 
the refrigerant properties given as Table 3.2, calculate; 

(i) the poly tropic index; 

(ii) the work input during the compression process; 

(iii) the heat transferred to or from the cylinder walls during the process. 

(1.073; 21.93 kJ/kg; 6.16 kJ/kg) 


Table 3.2 Properties of 
refrigerant for 

Problem 3.14 

Saturation values 


Superheat values at 

8 2 bar. 40 C 



r . 

\ 

r 

h 


(bar) 

(m\/kg) 

(kJ/kg) 

lm* kg) 

(kJ'kg) 


2.62 

0.0757 

2919 

0.02615 

3216 


3.15 A refrigerant is dry saturated at 2 bar and is compressed reversibly in a cylinder 
according to a law pr * constant to a pressure of 10 bar. Using the properties of 
refrigerant given as Table 3.3. calculate: 

(i) the final specific volume and temperature of the refrigerant: 

(ii) the final specific volume and temperature when the working substance is air. 
compressed between the same pressures and from the same initial temperature. 

(0024 m , /kg. 24°C; 0071 m*/kg. -250 
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Table 3J Properties of 
refrigerant for 
Problem 3.15 


'i_ 

Pi 

p . 

rc) 

(bar) 

(m J /kg) 

-25 

2 

0.120 

24 

10 

0024 


3.18 A refrigerant kaves a condenser as a saturated liquid at a temperature.of 25 C C, and 
is throttled to a pressure of 1.83 bar where it enters the evaporator. Using the properties 
of refrigerant given as Table 3.4, calculate the dryness fraction of the refrigerant 
vapour entering the evaporator. 

(0.236) 


Table 3^1 Properties of 
refrigerant for 
Problem 3.16 



Pi 



rc> 

(bar) 

(kJ/kg) 


25 

6.52 

59.7 

197.7 

-15 

1.83 

213 

181.0 


3.17 The pressure in a steam main is 12 bar. A sample of steam is drawn off and passed 
through a throttling calorimeter, the pressure and temperature at exit from the 
calorimeter being I bar and 140 C respectively. Calculate the drjncss fraction of the 
steam in the main, stating any assumptions made in the throttling process. 

(0 .966) 

3.18 Air at 6.9 bar. 260 C is throttled to 5.5 bar before expanding through a nook to a 
pressure of l.l bar. Assuming that the air flows reversibly in steady flow through the 
nozzle, and that no heat is rejected, calculate the velocity of the air at exit from 
the noz/Je when the inkt velocity is 100m/s. 

(636 m/s) 

3.1B Air at 40 'C enters a mixing chamber at a rate of 225 kg/s where it mixes with air at 
15 C entering at a rate of 540 kg/s. Calculate the temperature of the air leaving the 
chamber, assuming steady-flow conditions. Assume that the heat loss is negligible. 

(22.4'C) 

3.20 Steam from a superheater at 7 bar. 300 C is mixed in steady adiabatic flow with wet 
steam at 7 bar. dryness fraction 09. Calculate the mass of wet steam required per 
kilogram of superheated steam to produce steam at 7 bar. dry saturated. 

(143 kg) 

3.21 A rigid cylinder contains helium (molar mass 4kg,kmol) at a pressure of 5 bar and 
a temperature of 15 C. The cylinder is now connected to a large source of helium 
at 10 bar and 15 ’C. and the valve connecting the cylinder is closed when the cylinder 
pressure has risen to 8 bar. Calculate the final temperature of the helium in the 
cylinder assuming that the heat transkr during the process is negligibly small. Take 
c. for helium as 3.12 kJ/kg K. 

(65.8 C C) 
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Problems 


3.22 A wdl-Uggrd ifwl of volunvc I m*. cooumini 1.25 kg of fleam al a pressure of 
22 bar. it conneded vu a valve u> a Urgr tourer of fleam al 20 bar. The valve it 
opened and ibe pressure in the vessel n allowed lo rue until the fleam in the vessel 
it ju»t dry saturated al 4 har and the valve a then doted Calculate the dryness 
fraction of the fleam supplied 

(0901) 

3.23 An air recover contains 10 kg of air al 7 bar A blow-of! valve is opened in error 
and doted again within seconds, but ihe pressure it observed lo drop lo 6 bar 
Calculate ihe mats of air which has escaped from ihe receiver, staling clearly any 
assumptions made 

Calculate alto tbe pressure of ihe an in ihe receiver some lime after ihe valve hat 
been closed such lhai ihe an temperature has attained its original value 

(104 kg; 6.27 bar) 

3.24 A vertical cybndcr of crou sectional area 6450 mm ; is open to ibe atmosphere al one 
end and connected to a Urge storage vessel al Ihe other end by meant of a pipeline and 
valve A frvctionless pmon. of weight ICO N. is fined mlo the cylinder and the initial 
cylinder volume it negligible. The valve is then opened and air it slowly admitted from 
the large tiorage vessel into tbe cy linder until the piston has moved very slowly a distance 
of 06 m. when the valve is shut If the temperature of the air in ihe cylinder is 30 *C at the 
end of tbe operation acd the temperature of the air in the Urge storage vessel it constant 
at 90 C. calculate 

U) the pressure of the air in tbe cylinder during the process. 

(ii) ihe work done on the air during the process. 

(ml the work done on the piston: 

(iv) the heat supplied to the air id the cylinder dunng the process 
Take tbe atmospheric pressure as 1.013 bar. 

(1.165bar; -452Nm. 60Nm; -0.31 kJ| 
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The Second Law 


In Chapter 1 it is stated that, according to the First Law of Thermodynamics, 
when a system undergoes a complete cycle the net heat supplied plus the net 
work input is zero. This is based on the conservation of energy principle which 
follows from observation of natural events. The Second Law of Thermodynamics, 
which is also a natural law, indicates that in any complete cycle the gross heat 
supplied plus the net work input must be greater than zero. Thus for any cycle 
in which there is a net work output (i.e. W — ve), heat must always be rejected. 
For any cycle in which heat is supplied at a low temperature and rejected at 
a higher temperature there must always be a positive work input. 

To enable the second law to be discussed more fully the heat engine must 
be defined and discussed. 


4.1 The heat engine 

A heat engine is a system which operates continuously and across whose 
boundaries flow only heat and work. 

A diagrammatic representation of a heat engine is given in Fig. 4.1; a forward 
heat engine is shown in Fig. 4.1(a) and a reversed heat engine in Fig. 4.1(b). 
(Note: the term ‘reservoir* is taken to mean an energy source at a uniform 
temperature.) In both eases the first law applies as given by equation (1.3), 
Y.Q + X w * 0, or referring to Fig. 4.1, 

Qi +C, + W'-0 

As shown in Fig. 4.1, for a forward heat engine cycle such as that used for 
power production, Q x is positive and W and Q 3 arc negative; for a reversed 
cycle such as that used for a refrigerator or heat pump, Q y is negative and W 
and Q : are positive. 

An example of a forward heat engine is shown in Fig. 4.2; by the first law 
the heat supplied of 100 units equates to the work output of 30 units plus the 
heat rejected of 70 units. It can be demonstrated that it is impossible to construct 
a forward heat engine in which 100 units of heal are supplied and 100 units of 
work output are produced; some heat must always be rejected. One statement 
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The heat angina 


Fig. 4.1 Forward and 
reversed heat engines 



Q, -ve <?, +\x 


(a) Forward 


lb) Reversed 


High-temperature 

encrg> 

reservoir 



Forward 
heat engine 


Low-temperature 

energy 

reservoir 


Fig. 4.2 Example of a 
forward heat engine 


High-temperature 

energy 

reservoir 



Low-temperature 

energy 

reservoir 


Fig. 4J Example of a 
reversed heat engine 


of the Second Law of Thermodynamics is therefore as follows: 

It is impossible for a heat engine to produce a net work output in a 
complete cycle if it exchanges heat only with a single energy reservoir. 

Using the chosen sign convention for heat and work and referring to Fig. 4.1, 
we can write this statement of the second law in symbols as follows: 

Qi > - W (4.1) 

The cycle efficiency of a forward heat engine can then be defined as the ratio 
of the net work output to the gross heat supplied. 

_IF 

i.e. Cycle efficiency, t\ - —— (4.2) 

Q\ 

The second law implies that the cycle efficiency must always be less than unity. 
For the heat engine shown in Fig. 4.2 the cycle efficiency is tj m 30/100 * 0.3 
or 30%. 

An example of a reversed heat engine is shown in Fig. 4.3; by the first law 
the 70 units of heat supplied from the low-temperature energy reservoir plus 
the work input of 30 units is equal to the 100 units of heat rejected to the 
high-temperature reservoir. It can be demonstrated that it is impossible to 
transfer 70 units of heat from the low-temperature reservoir to the 
high-temperature reservoir without a work input. An alternative statement of 
the second law is therefore as follows: 

It is impossible to construct a device that operating in a cycle will produce 
no effect other than the transfer of heat from a cooler to a hotter body. 

Referring to Fig. 4.1(b) this statement of the second law can be expressed as 

W >0 (4.3) 

It is interesting to note that in the case of a forward heat engine the second 
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law implies that there must always be some heat rejected to the low-temperature 
reservoir, but in the case of the reversed heat engine (Fig. 4.1(b)), there is no 
reason why Q 2 should not be zero. This means that it is possible to convert 
mechanical energy into heal energy (c.g. on braking a car the kinetic energy is 
converted into heat at the wheels). On the other hand it is impossible to convert 
heat energy continuously and completely into mechanical work. 

The effectiveness of a reversed heat engine is defined in terms of a coefficient 
of performance. COP. When the reversed engine is used mainly as a refrigerator 
then, referring to Fig. 5.1(b). the coefficient of performance is defined us 

COP,., - ^ (44) 

When the reversed heat engine is used as a heat pump the heat transferred to 
the high-temperature reservoir is the useful energy, and referring to Fig. 4.1(b) 
we have 

COP., - ^ (4.5) 

(Note: the coefficient of performance of both a refrigerator and a heat 
pump is always greater than unity: in the example given in Fig. 4.3, 
COP rc( = 70/30 = 2.333, and COP hp = 100/30 = 3.333.) Refrigeration and 
heat pumps are considered in more detail in Chapter 14. 


4.2 Entropy 

In section 1.7. an important property, internal energy, was found to arise as a 
consequence of the First Law of Thermodynamics. Another important property, 
entropy, follows from the second law. 

Consider a reversible adiabatic process for any system on a p-v diagram. 
This is represented by line AB on Fig 4.4. Let us suppose that it is possible 
for the system to undergo a reversible isothermal process at temperature T, 
from B to C and then be restored to its original state by a second reversible 
adiabatic process from C to A. Now by definition an adiabatic process is one 


Fig. 4.4 Hypothetical 
(impossible) cycle on a 
p-r diagram 
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in which no heat flows to or from the system. Hence the only heat transferred 
is from B to C during the isothermal process. The work done by the system is 
given by the enclosed area (sec section 1.6). Wc therefore have a system 
undergoing a cycle and developing a net work output while drawing heat from 
a reservoir at one fixed temperature. This is impossible because it violates the 
second law. as stated in section 4.1. Therefore the original supposition is wrong, 
and it is not possible to have two reversible adiabatic processes passing through 
the same state A. 

Now one of the characteristics of a property of a system is that there is one 
unique line which represents a value of the property on a diagram of properties. 
(For example, the line BC on Fig. 4.4 represents the isothermal at T,.) Hence 
there must be a property represented by a reversible adiabatic process. This 
property is called entropy, s. 

It follows that there is no change of entropy in a reversible adiabatic process. 
Each reversible adiabatic process represents a unique value of entropy. On u 
p-v diagram a scries of reversible adiabatic processes appear as shown in 
Fig. 4.5(a). each line representing one value of entropy. This is similar 
to Fig. 4.5(b) in which a scries of isothermals is drawn, each representing one 
value of temperature. 


Fig. 4.5 A scries of 
constant entropy and 
constant temperature 
lines on a p -v diagram 




In order to he able to define entropy in terms of the other thermodynamic 
properties a rigorous approach is necessary; a much simplified approach has 
been adopted in this book. For a more rigorous approach ref. 4.1 should be 
consulted. 

In section 3.2 a reversible adiabatic process for a perfect gas was shown to 
follow a law pi 7 * constant. Now the law pr r = constant is a unique line on a 
p -v diagram, so that the proof given in section 3.2 for a perfect gas is a similar 
proof to that given above (i.e. the proof that a reversible adiabatic process 
occupies a unique line on a diagram of properties). The proof given above 
depends on the second law and has been used to introduce entropy as a property. 
It follows therefore that the proof of pi' 1 « constant in section 3.2 must imply 
the fact that the entropy docs not change during a reversible adiabatic process. 
Referring to the proof in section 3.2. starting with the non-flow energy equation 
for a reversible process 

dQ = du + pdr 
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and for a perfect gas 


dQ = c r dT+RT 


dr 


This equation can be integrated after dividing through by T, 

dQ c,dT R dr 

i.e. — - -— +- 

T T c 

Also for an adiabatic process, d Q « 0. 

d Q C'dT Rdv A 

i.e. -f - +-- 0 

T T v 


(4.6) 


Now apart from mathematical manipulation and the introduction of the 
relationship between R. c c r , and y. there are no other major steps in the 
proof. This must mean that dividing through by T is the one step which implies 
the restriction of the second law, and the important fact that the change of 
entropy is zero. We can say, therefore, d Q/T = 0 for a reversible adiabatic 
process. For any other reversible process d Q 'T + 0. 

This result can be shown to apply to all working substances, 


i.e. 



for all working substances 


(4.7) 


where s is entropy. 

The argument in this section does not constitute a proof of ds = dQ/T. For 
such a proof the reader is recommended to ref. 4.1. 

Note that since equation (4.6) is for a reversible process, then d Q in 
equation (4.7) is the heat added reversibly. 

The change of entropy is more important than its absolute value, and the 
zero of entropy can be chosen quite arbitrarily. 

Integrating equation (4.7) gives 



Considering unit mass of fluid, the units of entropy are given by kilojoules 
per kilogram divided by K. That is. the units of specific entropy, s, arc kJ/kg K. 
The symbol S will be used for the entropy of mass, m, of a fluid, 

i.e. S - ms 


Rewriting equation (4.7) we ha\c 
d Q « Tds 


or for any reversible process 



4.3 Th« T-» diagram 


This equation is analogous to equation (1.2), 

W = - j" p dr for any reversible process 

Thus, as there is a diagram on which areas represent work output in a reversible 
process, there is also a diagram on which areas represent heat supplied in a 
reversible process. These diagrams are the p-v and the T-s diagrams respectively, 
as shown in Figs 4 6(a) and 4.6(b). For a reversible process 1-2 in Fig. 4.6(a). 
the shaded area Jjpdr represents work output, - W\ for a reversible process 
1-2 in Fig. 4.6(b), the shaded area Jf T ds represents heat supplied, Q. Therefore 
one great use of the property entropy is that it enables a diagram to be drawn 
on which areas represent heat flow in a reversible process. In the section 4.3 
the T-s diagram will be considered for a vapour and for a perfect gas. 


Fig. 4.6 Area under a 
reversible process on a 
p-v and on a 
T-s diagram 




4.3 The T-s diagram 

For a vapour 

The T-s diagram for steam only will be considered here; the diagram for a 
refrigerant is exactly similar with the important exception of the zeros of entropy 
and enthalpy which vary' according to the source of the tabular information 
(see Ch. 14). The T-s diagram for steam is shown in Fig. 4.7. Three lines of 
constant pressure (p,, p 2 . and p,) are shown (i.c. lines ABCD. F.FGH. and 
JKLM). The pressure lines in the liquid region arc practically coincident with 
the saturated liquid line (i.c. portions AB. EF, and JK). and the difference is 
usually neglected. The pressure remains constant with temperature when the 
latent heat is added, hence the pressure lines are horizontal in the wet region 
(i.e. portions BC, FG. and KL). The pressure lines curve upwards in the superheat 
region as shown (i.e. portions CD. GH, and LM). Thus the temperature rises 
as heating continues at constant pressure. One constant volume line (shown 
as a broken line) is drawn in Fig. 4.7. Lines of constant volume are concave down 
in the wet region and slope up more steeply than pressure lines in the superheat 
region. 
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Fig. 4.7 T -s diagram 
for a vapour 



In steam tables the entropy of the saturated liquid and the dry saturated 
vapour are represented by s, and s, respectively. The difference, s, - s, «= s,,, is 
also tabulated. The entropy of wet steam is given by the entropy of the water 
in the mixture plus the entropy of the dry steam in the mixture. For wet steam 
with dryness fraction, x, we have 

5 « (1 - x)s, + xs t (4.10) 

or s = * + x(s B - s f ) 

i.c. s = s t + xSf t (4.11) 

Then the dryness fraction is given by 

* = — (4.12) 

5 '« 

It can be seen from equation (4.12) that the dryness fraction is proportional to 
the distance of the state point from the liquid line on a T-s diagram. For 
example, for state 1 on Fig. 4.8 the dryness fraction 

distance FI s, — s,, 

1 distance FG s,,, 

The area under the line FG on Fig. 4.8 represents the specific enthalpy of 
vaporization h fI . The area under line FI is given by x x h tl . 


Fig. 4.8 Dryness 
fraction from areas on a 
T-s diagram 
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4.3 The T-t diagram 


Example 4.1 


Solution 


lkg of steam at 7 bar, entropy 6.5kJ/kgK, is heated reversibly at 
constant pressure until the temperature is 250 C. Calculate the heat supplied, 
and show on a T-s diagram the area which represents the heat flow. 

At 7 bar. s, = 6.709 kJ/kg K. hence the steam is wet, since the actual entropy, 
5 , is less than x,. 

From equation 14.12) 


- s i~*m 6.5-1.992 
X| “ s„, ' “ 4.717 

Then from equation (2.2) 


0.955 


h, - /i,, + x t h ttl - 697 + (0.955 x 2067) 
i.c. - 697 + 1975 - 2672 kJ/kg 


At state 2 the steam is at 250 C at 7 bar. and is therefore superheated. From 
superheat tables. h 2 - 2955 kJ/kg. 

At constant pressure from equation (3.3) 


Q = h z - h x = 2955 - 2672 - 283 kJ/kg 
i.c. Heat supplied - 283 kJ/kg 

The T-s diagram showing the process is given in Fig. 4.9, the shaded area 
representing the heat flow. 


Fig. 4.9 T-s diagram 
for Example 4.1 



Example 4.2 A rigid cylinder of volume 0.025 m* contains steam at 80 bar and 350“C. 

The cylinder is cooled until the pressure is 50 bar. Calculate the state of the 
steam after cooling and the amount of heat rejected by the steam. Sketch 
the process on a T-s diagram indicating the area which represents the heat 
flow. 


Solution Steam at 80 bar and 350 C is superheated, and the specific volume from tables 
is 0.02994 m*/kg> Hence the mass of steam in the cylinder is given by 


0.025 

0.02994 


0.835 kg 
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Th« Second Law 


For superheated steam above 80 bar the internal energy- is found from 
equation (3.7), 


. -»oQn 80 x 105 x 0 02994 ->oon ~iiq < 

u, = n, — p,c, = 2990-—-= 2990 — 239.5 


i.e. u, =» 2750.5 kJ/kg 

At state 2, p 2 - 50 bar and r a - 0.02994 m J /kg. therefore the steam is wet, 
and the dryness fraction is given by equation (2.1) 


i? _ 0.02994 
** * v u “ 0.03944 
From equation (2.3) 


0.758 


uj = (1 - x a )u f| + x 2 u u = (0 242 x 1149) + (0.758 x 2597) 
i.e. u 2 m 278 + 1969 « 2247 kJ/kg 


At constant volume from equation (3.2), 

Q , U 2 - V x - m(u 2 - u.) - 0.835(2247 - 2750.5) 
i.e. Q - -0.835 x 503.5 - -420 kJ 


i.e. Heat rejected = 420 kJ 


Figure 4.10 shows the process drawn on a T-s diagram, the shaded area 
representing the heat rejected by the steam. 


Fig. 4.10 T-s diagram 
for Example 4.2 



For a perfect gas 

It is useful to plot lines of constant pressure and constant volume on a T-s 
diagram for a perfect gas. Since changes of entropy are of more direct application 
than the absolute value, the zero of entropy can be chosen at any arbitrary 
reference temperature and pressure. In Fig. 4.11 the pressure line p, and the 
volume line have been drawn passing through the state point I. Note that 
a line of constant pressure slopes less steeply than a line of constant volume. 
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4.3 Th« T-m diagram 


Fig. 4.11 Entropy 
changes at constant 
pressure and at constant 
volume for a perfect gas 
on a T-s diagram 



This can be proved easily by reference to Fig. 4.11. Lei points A and B be at 
Tj and r,. and T 2 and p, respectively as shown. Now between 1 and A from 
equation (4.8) we have 



Also at a constant volume for I kg of gas from equation (2.11), dQ = c r dT 
Therefore 




Similarly, at constant pressure for 1 kg of gas, d Q = c p dT. Hence, 


s B -s, 


Now since c, is greater than c t for any perfect gas, then s„ - s, is greater 
than s A - s,. Point A must therefore lie to the left of point B on the diagram, 
and hence a line of constant pressure slopes less steeply than a line of constant 
volume. Figure 4.12(a) shows a scries of constant pressure lines on a T-s 
diagram, and Fig. 4.12(b) shows a series of constant volume lines on a 
T-s diagram. Note that in Fig. 4.12(a), p b > Ps > P* > Ps. etc. and in 
Fig. 4.12(b). r, > e, > r 3 . etc. As the pressure rises the temperature rises and 
the volume decreases; conversely as the pressure and temperature fall the volume 
increases. 


Fig. 4.12 Constant 
pressure and constant 
volume lines plotted on 
a T-s diagram for a 
perfect gas 
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The Second Law 


Example 4.3 Air at 15°C and 1.05 bar occupies 0.02 m 3 . The air is heated at constant 
volume until the pressure is 4.2 bar. and then cooled at constant pressure 
back to the original temperature. Calculate the net heat flow to or from the 
air and the net entropy change. Sketch the process on a T-s diagram. 


Solution The processes arc shown on a T-s diagram in Fig. 4.13. From equation (2.6), 
for a perfect gas. 


py m 1.05 x 10* x 002 
RT~ 0.287 x 10 3 x 288 


- 0.0254 kg 


where T, - 15 + 273 - 288 K. 



For a perfect gas at constant volume. p,/T, = p 2 /T 2 , hence 


From equation (2.13), at constant volume 

Q = mejT, - 7*,) = 0 0254 x 0.718(1152 - 288) 
i.e. g,.,- 15.75 kJ 

From equation (2.12). at constant pressure 

Q « mew - T 2 ) = 0.0254 x 1.005(288 - 1152) 
i.e. Q : , « -22.05 kJ 

therefore 

Net heat flow « (J,. 2 + Q : y - 15.75 - 22.05 - -6.3 kJ 
i.e. Heat rejected - 6.3 kJ 

Referring to Fig. 4.13 

Net decrease in entropy - s, - s, « (s, - J a ) - (s 2 - 5,) 
At constant pressure, d Q = me, <1T. hence, using equation (4.8). 

^-^“ C ^- 00254 * 1005 * in ® 

= 0.0354 kJ/K 
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4.4 R«v 0 rsible processes on the T-a diagram 


At constant volume, dQ = mc r AT, hence, using equation (4.8) 

f 1,52 me d7 /|tS2\ 

m(s, - m 0.0254 x 0.718 x In — 

Jaw T \ 288 / 

- 0.0253 kJ/kg 

Therefore. 

m(s, - s y ) *= 0.0354 - 0.0253 = 0.0101 kJ/K 
i.e. Decrease in entropy of air « 0.0101 kJ/K 

Note that since entropy is a property, the decrease in entropy in Example 
4.3, given by a, - s Jt is independent of the processes undergone between states 
I and 3. The change 5, — s, can also be found by imagining a reversible 
isothermal process taking place between 1 and 3. The isothermal process on 
the T-s diagram will be considered in section 4.4. 


4.4 Reversible processes on the T-s diagram 

The various reversible processes dealt with in Chapter 3 will now be considered 
in relation to the T-s diagram. The constant volume and constant pressure 
processes have been represented on the T-s diagram in section 4.3, and will 
therefore not be discussed again in this section. 


Reversible isothermal process 

A reversible isothermal process will appear as a horizontal line on a T-s diagram, 
and the area under the line must represent the heat flow during the process. 
For example. Fig. 4.14 shows a reversible isothermal expansion of wet steam 
into the superheat region. The shaded area represents the heat supplied during 
the process. 

i.e. Heat supplied = T(s a - s,) 

Note that the absolute temperature must be used. 



Fig. 4.14 Reversible 
isothermal process for 
steam on a T-s diagram 


T 


Thtt Second Lew 


Example 4.4 Dry saturated steam at 100 bar expands isothermally and reversibly to a 
pressure of lObar. Calculate the heat supplied and the work done per 
kilogram of steam during the process. 

Solution The process is shown in Fig. 4.15. the shaded area representing the heat 
supplied. 


Fig. 4.15 Process on a 
T~a diagram for 
Example 4.4 



From tables at 100 bar. dry saturated 

s, = s, = 5.615 kJ/kg K and t , = 311 °C 
At 10 bar and 311 C C the steam is superheated, hence interpolating 

S' - 7.124 + ( 3 J J — ^ (7.301 - 7.124) 

i*. s 3 = 7.124 + 0.039 = 7.163 kJ/kg K 
Then we have 

Heat supplied = shaded area = T(s : - s,) 

= 584(7.163 - 5.615) = 584 x 1.548 
where 7= 311 + 273 = 584 K. 
i.e. Heat supplied = 904 kJ/kg 

To find the work done it is necessary to apply the non-flow energy equation. 
i.c. Q+W-u i -u l or W - (u 2 - u,) - Q 
From tables, at 100 bar. dry saturated. 

«, = u, - 2545 kJ/kg 
At lObar and 311 C. interpolating. 

u 2 * 2794 + (^1^^(2875 - 2794) - 2794 + 17.8 

i.c. u 2 = 2811.8 kJ/kg 
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4.4 Ravarsibl* process** on th« T-t diagram 


Then 

W = {u : - Ul )-Q 

- (2811.8 - 2545)- 901 = 266.8 - 904 - -637.2 kJ/kg 
i.c. Work done by the steam - 637.2 kJ/kg 

A reversible isothermal process for a perfect gas is shown on a T-s diagram 
in Fig. 4.16. The shaded area represents the heat supplied during the process, 

i.e. Q =s T(s 2 - s,) 


Fig. 4.16 Reversible 
isothermal process for a 
perfect gas 



For a perfect gas undergoing an isothermal process it is possible to evaluate 
s 2 — 5,. From the non-flow equation (1.6) we have, for a reversible process, 

dQ = du + p dr 

Also for a perfect gas from Joule's law du * c r dT, 
i.c. dQ * c, dr + pdv 
For an isothermal process. dT* = 0. hence 
dQ - p dr 

Then, since pr * RT, we have 


flr 

dQ • RT — 
c 


Now from equation 14 8) 



Therefore the heat supplied is given by 


Q = T(s 2 -5,)= RTln^p) = 


(4.13) 
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Th* St co nd Law 


Note that this result is the same as that derived in section 3.1, 
i.e. Q - - W - - p,e, In 

Example 4.5 0.03 m 3 of nitrogen (molar mass 28kg/kmol) contained in a cylinder 
behind a piston is initially at 1.OS bar and I5*C The gas is compressed 
isothcrmally and reversibly until the pressure is 4.2 bar. Calculate the change 
of entropy, the heat flow, and the work done, and sketch the process on a 
p-v and T-3 diagram. Assume nitrogen to act as a perfect gas. 

Solution The process is shown on a p-c and a T-s diagram in Figs 4.17(a) and 4.17(b) 
respectively. The shaded area on Fig. 4.17(a) represents work input, and the 
shaded area on Fig. 4.17(b) represents heat rejected. 



FI*. 4.17 Processes for 
Example 4.5 on p-c and 
T-s diagrams 




rrom equation 




i.e. 


-'-- tsHS )--"' 1 ™' 11 


From equation (2.9) 

R _ ^ 297 N m/kg K 

m io 

Then, since pV ■ mRT, we have 

pV 1.05 x 10 J x 0.03 
RT 297 x 288 6 

where T= 15 + 273 = 288 K. 

Then S, — S 2 = m(s, — s 2 ) 

- 0.0368 x 0.4117 - 0.01516 kJ/K 
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4.4 Reversible processes on the T-» diagram 


Fig. 4.18 Isentropic 
process for steam on a 
T-s diagram 


Example 4.6 


Solution 


Heat rejected = m (shaded area on Fig. 4.17(b)) = mT(s, - s 2 ) 
= 0.01516 x 288 = 4.37 kJ 

i.e. Q = -4.37 kJ 

Then for an isothermal process for a perfect gas, from equation (3.12), 
Q + VF-O 
-4.37 + IV - 0 

i.e. Work input. W - 4.37 kJ 


Reversible adiabatic process (or isentropic process) 

For a reversible adiabatic process the entropy remains constant, and hence the 
process is called an isentropic process. Note that for a process to be isentropic 
it need not be either adiabatic or reversible, but the process will always appear 
as a vertical line on a T-s diagram. Cases in which an isentropic process is not 
both adiabatic and reversible occur infrequently and will be ignored throughout 
this book. 

An isentropic process for superheated steam expanding into the wet region 
is shown in Fig. 4.18. When the reversible adiabatic process was considered in 
section 3.1, it was stated that no simple method was available for fixing the 
end states. Now, using the fact that the entropy remains constant, the end states 
can be found easily from tables. This is illustrated in the following example. 



Steam at 100 bar, 375 “C expands isentropically in a cylinder behind a piston 
to a pressure of lObar. Calculate the work done per kilogram of steam. 

From superheat tables, at 100 bar, 375 °C, we have 

Si = s 2 = 6.091 kJ/kg K 

At 10 bar and s 2 = 6.091, the steam is wet, since s 2 is less than s^. Then from 
equation (4.12) 

^-1138 _ 0.889 

4.448 
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Then from equation (2.3) 


u, - (I - Xj)Uf t + x : u ti = (0.111 x 762) + (0.889 x 2584) 

Le. u 2 - 84.6 + 2297 - 2381.6 kJ/kg 

At 100 bar, 375 C C, we have from tables.fi, — 3017 kJ/kg and v, = 0.02453 mVkg. 
Then using equation (1.9) 


u, H fi, — p,r, « 3017 - 


100 x 10* x 002453 
10 s 


- 3017 - 245.3 


i.c. u, - 2771.7 kJ/kg 

For an adiabatic process from equation (3.13). 

W-m-w, 

therefore. 

W = 2381.6 - 2771.7 
= -390.1 kJ/kg 

i.e. Work done by the steam - 390.1 kJ/kg 

For a perfect gas an isentropic process on a T-s diagram is shown in 
Fig. 4.19. It is shown in section 3.1 that for a reversible adiabatic process for a 
perfect gas the process follows a law pv r = constant. Since a reversible adiabatic 
process occurs at constant entropy and is known as an isentropic process, the 
index y is known as the isentropic index of the gas. 


Fig. 4.19 Isentropic 
process for a perfect gas 
on a T-s diagram 



Polytropic process 

To find the change of entropy in a polytropic process for a vapour when the 
end states have been fixed using p x o\ - p 2 v 2 , the entropy values at the end 
states can be read straight from tables. 

Example 4.7 In a reciprocating compressor of a refrigeration plant the refrigerant is dry 
saturated at 101 bar at the beginning of compression and is compressed 
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4.4 Ravaraibla procaaess on tho T-€ diagram 


revenibiy according lo a polvtrop.c law pr 1,1 = constant to a pressure of 
10 bar Calculate the change of specific entropy during the process using the 
tabic of properties of refrigerant gisen in Table 4.1. interpolating where 
necessary. 


Table 4.1 Properties of 
refrigerant for 
Example 4 7 


Saturation values 


Superheated values 
at lObar 

r i 

r ( 

*. 

r 

i 

Ibnr) 

|m* kg) 

IkJ'kgK) 


IkJ/kgK) 

201 

00978 

1.71*9 

00222 

1.7564 

10 

00202 

170)3 

00233 

17147 


Solution From Table 4.1, 

j, - s u - 1.7189 kJ/kgK 
and c, - r fi - 0.0978 rn Vkg 

Then. 

—ter— os. 

- 0.0228 m\'kg 

At 10 bar and a specific volume of 00228 m*/kg the steam is superheated. The 
process is shown in Fig. 4.20 


Fig, 420 iKntropur 
compression process for 
Example 4.7 



Interpolating from the superheat tables of Table 4.1, 


(00228 - 0 . 0222 ) 

1.7564 ♦ '-ttttt -rrrrr- * (I 7847 - 1.7364) 


(00233 - 0.0222) 


- 1.7704 kJ/kgK 

Increase of entropy - 1.7704 - 1.7189 - 0.0515 kJ/kg K 
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Tha Second Law 


It was shown in section 3.1 that the polytropic process is the general case 
for a perfect gas. To find the entropy change for a perfect gas in the general 
case, consider the non-flow energy equation for a reversible process 
equation (1.6), 

dQ — du + p dr 

Also for unit mass of a perfect gas from Joule’s law du -c.dT and from 
equation (2.5), pv - RT. Therefore 


d Q • c, RT + 


RT dr 

v 


Then from equation (4,7) 




R dr 

v 


Hence between any two states 1 and 2 


* - - < f + * r v * ,n (£) + * Ks (4 - 14 ' 

This can be illustrated on a T-s diagram as in Fig. 4.21. Since in the process 
in Fig. 4.21, T 2 <T t , then it is more convenient to write 




(4.15) 


Fig. 4.21 Polytropic 
process for a perfect gas 
on a T-s diagram 



The first part of the expression for s 2 - s, in equation (4.15) is the change of 
entropy in an isothermal process from r, to v 2 , i.e. from equation (4.13) 

s A -j,-Kln^j^ (see Fig. 4.21) 

Also the second part of the expression for s : - in equation (4.15) is the 
change of entropy in a constant volume process from T, to T 2 , i.e. referring to 
Fig. 4.21, 
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4.4 Reversible processes on the T-t diagram 


Example 4.8 


Solution 


It can be seen therefore that in calculating the entropy change in a polytropic 
process from state I to state 2 we have in effect replaced the process by two 
simpler processes: from 1 to A and then from A to 2. It is dear from Fig. 4.21 that 

Any two processes can be chosen to replace a polytropic process in order 
to find the entropy change. For example, going from 1 to B and then from 
B to 2 as in Fig. 4.21. we have 

-0.-s,)-(s,-Jj) 

At constant temperature between p, and p„ using equation (4.13), 


and at constant pressure between T, and T 2 we have 
*a - “ c. In 

Hence, 



or 


.-,-c, ta (5) +Rh ;( £ ) 


(4.16) 


Equation (4.16) can also be derived easily from equation (4.14). 

There are obviously a large number of possible equations for the change of 
entropy in a polytropic process. Each problem can be dealt with by sketching 
the T-s diagram and replacing the process by two other simpler reversible 
processes, as in Fig. 4.21. 


Calculate the change of entropy of 1 kg of air expanding polytropically in a 
cylinder behind a piston from 6.3 bar and 550 °C to 1.05 bar. The index of 
expansion is 1.3. 


The process is shown on a T-s diagram in Fig. 4.22. From equation 3.29, 



1.512 


Fig. 402 Process for 
Example 4.8 on a 
T-s diagram 
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therefore 

Tj -“L-544K 
3 1.512 

where T, - 550 + 273 - 823 K. 

Now replace the process 1 to 2 by two processes, 1 to A and A to 2. Then 
at constant temperature from 1 to A, from equation (4.13) 


'■-'-“©-“’Kis) 

= 0.514 kJ/kgK 
At constant pressure from A to 2 

-.005 tag) 

- 0.416 

Then s 2 - s, - 0.514 - 0.416 = 0.098 kJ/kg K 
i.e. Increase in entropy = 0.098 kJ/kg K 


Note that if in Example 4.8 s A - s, happened to be greater than s A - s t , 
this would mean that s, was greater than s 2 , and the process should appear as 
in Fig 4.23. 


Fig. 4^3 Alternative 
T-s diagram for 
Example 4.8 



Example 4.9 0.05 kg of carbon dioxide (molar mass 44kg/kmol) is compressed from 

1 bar. 15’C, until the pressure is 8.3 bar, and the volume is then 0.004 m\ 
Calculate the change of entropy. Take c 9 for carbon dioxide as 0.88 kJ/kg K, 
and assume carbon dioxide to be a perfect gas. 

Solution The two end states are marked on a T-s diagram in Fig. 4.24. The process is 
not specified in the example and no information about it is necessary. States 1 
and 2 are fixed and hence s 2 - s, is fixed. The process between 1 and 2 could 
be reversible or irreversible; the change of entropy is the same between the end 
states given. With reference to Fig. 4.24, to find s, — s 2 we can first find s A — s 2 
and then subtract s A - s,. First of all it is necessary to find R and then T 2 . 
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4.5 Entropy and irreversibility 


Kir. 4.24 T > diagram 
for Example 4.9 



From equation (2.9) 

R = - = - * 4 - = 189 N m/kg K 
m 44 

From equation (2.6). pV = mRT, therefore. 

^ = ?2 xio ljL aoo4 = 3S1K 
‘ mR 0.05 x 189 
Then from equation (4.13) 

5* - s : = R ln( ^ ) = 0.189 in(^) = 0.4 kJ/kg K 

Also at constant pressure from I to A 

- 5 , - c,ln(0 = 0.88 -0.174 kJ/kg K 

where T, = 15 + 273 = 288 K. Then 

s, - s, = 0.4 - 0.174 = 0.226 kJ/kg K 
Hence for 0.05 kg of carbon dioxide 

Decrease in entropy = 005 x 0.226 = 00113 kJ/K 


4.5 Entropy and irreversibility 

In section 4.4 it is pointed out that, since entropy is a property, the change of 
entropy depends only on the end states and not on the process between the 
end states. Therefore, provided an irreversible process gives enough information 
to li\ the end states then the change of entropy can be found. This 
can best be illustrated by some examples. 

Example 4.10 Steam at 7 bar. dry ness fraction 0.96. is throttled down to 3.5 bar. Calculate 
the change of entropy per unit mass of steam. 
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The Second Law 


Solution At 7 bar, dryness fraction 0.96. using equation (4.11) we have 
s, = ^ + x l s iii * 1.992 + (0.96 x 4.717) 
i.c. s, - 6.522 kJ/kg K 

In section 3.4 it is shown that for a throttling process, /r, = h 2 . From 
equation (2.2) 


hj m h, - - 697 + (0.96 x 2067) - 2682 kJ/kg 

At 3.5 bar and h 2 ■ 2682 kJ/kg the steam is still wet. since h lt > h 2 . From 
equation (2.2), h 2 ■■ kf 2 + therefore 


*2 


hi -*r, 

h«, 


2682 - 584 
2148 


= 0.977 


Then from equation (4.11) 


s 2 - s,. + x,**, - 1.727 + (0.977 x 5.214) - 6.817 kJ/kg K 
Therefore. 


Increase of entropy = 6.817 — 6.522 = 0.295 kJ/kg K 

The process is shown on a T-s diagram in Fig. 4.25. Note that the process 
is shown dotted, and the area under the line docs not represent heat flow; a 
throttling process assumes no heat flow, but there is a change in entropy because 
the process is irreversible. 


Fig. 4.25 Throttling 
process for 
Example 4.10 on a 
T-s diagram 



Example 4.11 Two vessels of equal volume are connected by a short length of pipe containing 

a valve; both vessels arc well lagged. One vessel contains air and the other 
is completely evacuated. Calculate the change of entropy per kg of air in the 
system when the valve is opened and the air is allowed to All both vessels. 

Solution Initially the vessel A contains air and the vessel B is completely cvacuutcd. as 
in Fig. 4.26; finally the air occupies both vessels A and B. In section 3.4 it was 
shown that in an unresisted expansion for a perfect gas. the initial and final 
temperatures arc equal. In this case the initial volume is V A and the final volume 


130 



4.5 Entropy and irreversibility 


Fig. 4.26 Two 
well-lagged 
interconnected vessels 
for Example 4.11 



Fig. 4.27 Process on a 
T-s diagram for 
Example 4.11 



is V A + V t = 2F a . The end states can be marked on a T-s diagram as shown 
in Fig. 4.27. The process 1 to 2 is irreversible and must be drawn dotted. The 
change of entropy is s 2 — s,, regardless of the path of the process between 
states 1 and 2. Hence, for the purpose of calculating the change of entropy, 
imagine the process replaced by a reversible isothermal process between 
states I and 2 Then from equation (4.13) 

(j, - i,)= 0.287 ln(^ 

= 0.287 In 2 = 0.199 kj/kg K 
i.e. Increase of entropy = 0.199 kj/kg K 

Note that the process is drawn dotted in Fig. 4.27, and the area under the line 
has no significance; the process is adiabatic and there is a change in entropy 
since the process is irreversible. 


It is important to remember that the equation (4.7), ds = dQ/T, is true only 
for reversible processes. In the same way the equation dW ■ — /»di' is true only 
for reversible processes. In Example 4.11 the volume of the air increased from 
V A to 2F A , and yet no work was done by the air during the process. 

i.c. d»F-0 yet V 2 - V x - 2V K - V A = V A 

Similarly, the entropy in Example 4.11 increased by 0.199 kj/kg K and yet the 
heat flow was zero. i.e. ds * dQ/T. No confusion should be caused if the T-s 
and/or the p-c diagram is drawn for each problem and the stale points marked 
in their correct positions. Then, when a process between two states is reversible, 
the lines representing the process can be drawn in as full lines, and the area 
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The Second Law 


Fig. 4.28 Irreversible 
adiabatic process for 
steam on a T-s diagram 


Fig. 4.29 Irreversible 
adiabatic compression 
for a perfect gas on a 
T s diagram 


Example 4.12 


under the line represents heat flow on the 7 -s diagram and work done on the 
p-r diagram. When the process between the states is irreversible the line must 
be drawn doited, and the area under the line has no significance on either 
diagram. 

It can be shown from the second law that the entropy of a thermally isolated 
system must cither increase or remain the same. For instance, a system 
undergoing an adiabatic process is thermally isolated from its surroundings 
since no heat flows to or from the system. We have seen that ; n a reversible 
adiabatic process the entropy remains the same. In an irreversible adiabatic 
process the entropy must always increase, and the gain of entropy is a measure 
of the irreversibility of the process. The processes in Examples 4.10 and 4.11 
illustrate this fact. As another example, consider an irreversible adiabatic 
expansion in a steam turbine as shown in Fig. 4.28 as process I to 2. A reversible 
adiabatic process between the same pressures is represented by 1 to 2s in 
Fig. 4.28. The increase of entropy, s 2 — s, = s 2 — s 2t , is a measure of the 
irreversibility of the process. Similarly, in Fig. 4.29, an irreversible adiabatic 
compression in a rotary compressor is shown as process 1 to 2. A reversible 
adiabatic process between the same pressures is represented by I to 2s. As 
before, the increase of entropy shows the irreversibility of the process. 




In an air turbine the air expands from 6.8 bar and 430 C to 1.013 bar and 
150 C. The heat loss from the turbine can be assumed to be negligible. Show 
that the process is irreversible, and calculate the change of entropy per 
kilogram of air. 


132 


4 6 Entropy and irreversibility 


Solution Since the heat loss is negligible the process is adiabatic. For a reversible adiabatic 
process for a perfect gas. using equation (3.21k 


i.c. 

where 


Zi />. \’~" h 

T 2 ~\ Pi ) 

703 / 6.8 V 14 -'" 1 - 4 
T 2 m \ 1-013/ 

T, ~ 430 + 273 - 703 K. 

r ’■ rij" 408 K " 408 ■ 2 ”" 


I35°C 


But the actual temperature is I50°C at the pressure of 1.013 bar. hence the 
process is irreversible. The process is shown as I to 2 in Fig. 4.30; the ideal 
iscntropic process I to Is is also shown. It is not possible for process 1 to 2 to 
be reversible, because in that case the area under line 1 -2 would represent heat 
flow and yet the process is adiabatic. 


Fig. 4 JO T s diagram 
for Example 4.12 



The change of entropy, s 2 — s,, can be found by considering a reversible 
constant pressure process between 2s and 2. Then from equation (4.7). 
ds = dQ, 7; and at constant pressure for I kg of a perfect gas we have dQ = c,dT 
therefore 



- 1.005 In 



0.0363 kJ/kg K 


i.c. Increase of entropy. s } - s, =* 0.0363 kJ/kg K 


Consider now the ease when a system is not thermally isolated from its 
surroundings. The entropy of such a system can increase, decrease, or remain 
the same, depending on the heat crossing the boundary However, if the boundary 
is extended to include the source or sink of heat with which the system is in 
communication, then the entropy of this new system must either increase or 
remain the same. To illustrate this, consider a hot reservoir at T, and a cold 
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Fig. 4JI Two 
thermally-insulated 
interconnected 
reservoirs of energy 


reservoir at T : . and assume that the two reservoirs arc thermally insulated from 
the surroundings as in Fig. 4.31. Let the heat flow from the hot to the cold 
reservoir be Q. There is a continuous temperature gradient from T, to T 2 between 
points A and B. and it can be assumed that heat is transferred reversible from 
the hot reservoir to point A. and from point B to the cold reservoir. It will be 
assumed that the reservoirs are such that the temperature of each remains 
constant. Then we have 

Heat supplied to cold reservoir - + Q 
Hence from equation (4.8) 

Increase of entropy of cold reservoir — + ~ 

h 

Also. 


Heat supplied to hot reservoir - -Q 


therefore 


i.e. 


Increase of entropy of hot reservoir = 


Net increase of entropy of system. As 



Since T, > T z it can be seen that As is positive, and hence the entropy of the 
system must increase. In the limit, when the difference in temperature is infinitely 
small, then As = 0. This confirms the principle that the entropy of an isolated 
system must either increase or remain the same. In section 1.4, criterion (c) for 
reversibility was stated as follows: the difference in temperature between a 
system and its surroundings must be infinitely small during a reversible process. 

In the above example, when T, > 7,. then the heat flow between the reservoirs 
is irreversible by the above criterion. Thus the entropy of the system increases 
when the heat flow process is irreversible, but remains the same when the process 
is reversible. The increase of entropy is a measure of the irreversibility. The 
processes occurring in the above example can be drawn on a T-s diagram as 
in Fig. 4.31 The two processes have been superimposed on the same diagram. 
Process P-R represents the transfer of Q units of heat from the hot reservoir. 


Fig. 4J2 Processes for 
the hot and cold 
reservoirs on a 
T-s diagram 
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and the area under P-R is equal to Q. Process X-Y represents the transfer of 
Q units of heat to the cold reservoir, and the area under X-Y is equal to Q. 
The area under P R is equal to the area under X-Y. and hence it can be seen 
from the diagram that the entropy of the cold reservoir must always increase 
more than the entropy of the hot reservoir decreases. Thus the entropy of the 
combined system must increase. Note that, since in this example both processes 
P-R and X-Y arc reversible, then the irreversibility occurs between A and B 
on Fig. 4.31. That is. the irreversibility is caused by the heat transfer process 
between A and B Whenever heat is transferred through a finite temperature 
difference the process is irreversible and there is an increase of entropy of the 
system and its surroundings. 

In certain processes the irreversibility may occur in the surroundings, then 
the process is internally reversible, and areas on the p-v and T-s diagrams 
relate closely to the work and heat respectively as before. Internal reversibility 
was mentioned earlier in section 1.5. In most problems when a process is assumed 
to be reversible it is internal reversibility which is implied. Conversely, most 
processes in practice which arc said to be irreversible arc internally irreversible 
due to eddying and churning of the working fluid, as in Example 4.13. 

Referring to Fig. 4.31. if a heat engine were interposed between the hot and 
cold reservoirs, some work could be developed. The second law states that heat 
can never flow unaided from a cold reservoir to a hot reservoir, therefore in 
order to develop work from the quantity of energy. Q . after it has been transferred 
to the cold reservoir, it would be necessary to have a third reservoir at lower 
temperature than the cold reservoir. It is clear that when a quantity of heat is 
transferred through a finite temperature difference, its usefulness becomes less, 
and in the limit when the heat has been transferred to the lowest existing 
temperature reservoir then no more work can be developed. Irreversibility 
therefore has a degrading effect on the energy available, and entropy can be 
considered as a measure not only of irreversibility but also of the degradation 
of energy. Note that, by the principle of conservation of energy, no energy can 
be destroyed; by the Second Law of Thermodynamics, energy can only become 
less useful and never more useful. Systems tend naturally to states of lower 
grade energy; any system moving to a state of higher-grade energy without an 
external supply of energy would be violating the second law. The second law 
can be seen to imply a direction or a gradient of usefulness of energy. Work is 
more useful than heat; the higher the temperature of a reservoir of energy 
the more useful is the amount of energy available. Applying this latter conclusion 
to a heat engine it can be deduced that, for a given cold reservoir (e.g. the 
atmosphere i then the higher the temperature of the hot reservoir, the higher 
will be the thermal efficiency of the heat engine. This will be discussed more 
fully in Chapter 5. 


4.6 Exergy 

The theoretical maximum amount of work that can be obtained from a system 
at any state p, and 7\ when operating with a reservoir at the constant pressure 
and temperature p 0 and T p is called the exergy or availability. 
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Non-flow systems 


Consider a system consisting of a fluid in a cylinder behind a piston, the fluid 
expanding reversibly from initial conditions of p, and T, to final atmospheric 
conditions of p 0 and T 0 . Imagine also that the system works in conjunction 
with a reversible heat engine which receives heat reversibly from the fluid in 
the cylinder such that the working substance of the heat engine follows the 
cycle 01 AO as shown in Figs 4.53(a) and 4 33(b). where s, » s„ ami T„ - T A . 


Fig. 4J) Illustration of 
i lie exergy of a system 


PMoa 


H, 


' m 




Note: The only possible way in w hich this could occur would be if an infinite 
number of reversible heat engines were arranged in parallel each operating on 
a Carnot cycle (see Ch. 51 each one receiving heat at a different constant 
temperature and each one rejecting heat at T„. The work done by this engine 
is given by 

-w-le 

therefore 

-m' «<? — r*(s, - s 0 ) 

The heat supplied to the engine is equal to the heal rejected by the fluid in 
the cylinder. Therefore for the fluid in the cylinder undergoing the process 1 
to 0. wc have 

»il ♦ <? 

Therefore the total work output is given by 

- - W . -(* 0 - a, | - Q + Q - r.U, - .„) 

-(«, -■„)- r.u, - *i 

The work done by the fluid «*n the piston is less than the total work done by 
the fluid. - since there is work done on the atmosphere which is at the 
constant pressure />„ (see Problem 3.241 That it 

Work done by fluid on atmosphere. - M*,, - - r, I 
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Note: when a fluid undergoes a complete cycle then the net work done on or 
by the atmosphere is zero. Hence 

Maximum work available = Work done by fluid on piston 

+ Work done by engine 

--W'™ + IK.-W' 

■ (u, - u 0 ) - T 0 (s, - So) - Po(t»o - V t ) 
°(“i + p 0 *>, - 7j,s,) — (u 0 + p 0 v 0 - T 0 s 0 ) 

■ fl t - a o 

The property a - u + p 0 v - T 0 s is called the specific non-fiow exergy. 


Steady-flow systems 

Let fluid flow steadily with a velocity C, from a reservoir in which the pressure 
and temperature remain constant at p, and T, through an apparatus to 
atmospheric pressure of p 0 . Let the reservoir be at a height Z, from the datum, 
which can be taken at exit from the apparatus, i.e. Z 0 = 0. For a maximum 
work output to be obtained from the apparatus the exit velocity, C 0 , must be 
zero. It can be shown as for non-flow systems above that a reversible heat 
engine working between the limits would reject T 0 (s, - s 0 ) units of heat, where 
T 0 is the atmospheric temperature. 

Therefore we have 

Specific exergy - (h, + C\J 2 + Z y g) - h 0 - T 0 (s, - s 0 ) 

In many thermodynamic systems the kinetic and potential energy terms are 
negligible, 

i.e. Specific exergy «(/»,- T 0 s,) - (h 0 - T 0 s 0 ) » b t - b 0 


Effectiveness 

Instead of comparing a process to some imaginary ideal process, as is done in 
the case of isentropic efficiency for instance (sec p. 238), it is a better measure 
of the usefulness of the process to compare the useful output of the process 
with the loss of exergy of the system. The useful output of a system is given by 
the increase of exergy of the surroundings. 

, __ increase of exergy of surroundings 

i.e. Effectiveness, c *=-;--— (4.17) 

loss of exergy of the system 

For a compression or heating process the effectiveness becomes 

increase of exergy of the system 

e =- ; — 

loss of exergy of the surroundings 
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Example 4.13 Steam expands adiabatically in a turbine from 20 bar, 400 P C to 4 bar, 250 °C. 
Calculate: 

(i) the iscntropic efficiency cf the process; 

(ii) the loss of exergy of the system assuming an atmospheric temperature 
of 15 S C; 

(iii) the effectiveness of the process. 

Neglect changes in kinetic and potential energy. 

Solution (i) Initially the steam is superheated at 20 bar and 400 C, hence from tables. 
h x - 3248 kJ/kg and j, - 7.126 kJ/kg K 
Finally the steam is superheated at 4 bar and 250*C. hence from tables 
h 2 = 2965 kJ/kg and s 2 - 7.379 kJ/kg K 
The process is shown as 1 to 2 in Fig. 4.34 
s,=s 2l = 7.126 kJ/kg K 


Fig. 4.34 T-s diagram 
for Example 4.13 



Hence interpolating 

■*—@£S>—- 

* 2841.4 kJ'kg 

, _ . actual work output 

Isenlropic efficiency *- 

iscntropic work 

h x ~ h 2 3248 - 2965 283 

- h 2l ~ 3248 - 2841.4 406.6 

(ii) Lossofexergy = 6, - b 2 = /i, - h 2 + r 0 (s 2 - s,) 

= 283 + 288(7.379 - 7.126) 

-3<5.9 kJ/kg 
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Example 4.14 


Solution 


(»i) 

i.e. 


Effectiveness, c 


i 


-\V h,-/i 


b x -b 2 


6 , -/> 


283 

355.9 


79.6% 


: 

2 


Note: the effectiveness is greater than the iscntropic efficiency; this is because 
the steam at state 2 has a higher exergy than that at state 2s due to the heating 
effect of the irreversibilities in the expansion process. 


Air at 15 a C is to be heated to 40 C by mixing it in steady flow with a 
quantity of air at 90 C. Assuming that the mixing process is adiabatic and 
neglecting changes in kinetic and potential energy, calculate the ratio of the 
mass flow of air initially at 90 C to that initially at 15°C. Calculate also 
the effectiveness of the heating process if the atmospheric temperature is 15 °C. 

Let the ratio of mass flows required be v; let the air at 15 °C be stream 1, the 
air at 90 C be stream 2. and the mixed airslream at 40 C be stream 3. 

Then c,T, + yc,T 2 = (1 + y)c,T s 

or yc,{ T 2 - Ty) = c,( T, - T,) 

i.e. >’(90 - 401 = 40-15 

therefore 



Let the system considered be a stream of air of unit mass, heated from 15 to 40 °C. 
Increase of exergy of system per unit mass of air initially at I5°C 
= b i -h l = (*,-h,)- T^s,-*,) 

= 1.005(40- 15) - 288(s 3 - s,) 

j, - i, - <•>(£) - 1005 = 0.0831 kj/kg K 

therefore 

Increase of exergy of system per unit mass of air initially at IS^C 
= (1.005 x 25)-(288 x 0.0831) 

= 1.195 kJ/kg 

The system, which is the air being heated, is 'surrounded' by the airstream 
being cooled. Therefore, the loss of exergy of the surroundings is given by 
y[b 2 - by) per unit mass of air initially at I5°C. 
i.e. 
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Example 4.15 


Solution 


Loss of cxergy of surroundings per unit mass of air initially at 15°C 
= 0.5{(/i,r 0 (s 2 -s,)} 


0.5^1.005(90 - 40) - 288 x 1.005 
3.65 kJ/kg 


In—) 

3I3J 


Therefore 


Effectiveness - - 0.327 or 32.7% 

3 65 


The low figure for the effectiveness is an indication of the highly irreversible 
nature of the mixing process. 


A liquid of specific heat 6.3 kJ/kg K is heated at approximately constant 
pressure from 15 to 70 °C by passing it through tubes which arc immersed 
in a furnace. The furnace temperature is constant at 1400 3 C. Calculate the 
effectiveness of the heating process when the atmospheric temperature is 
10°C. 


Increase of cxergy of the liquid is 


i.e. 



= (h 2 -/>,)- r 0 (s 2 -s,) 

- 6.3(70- 15)-283 x 6.3 In 



- 34.7 kJ/kg 

Now the heat rejected by the furnace is equal to the heat supplied to the liquid 
(/i 2 -/»,). If this quantity of heat were supplied to a heat engine operating on 
the Carnot cycle its thermal efficiency would be 

(l- - -) 

V 1400 + 273/ 

For the thermal efficiency of a Carnot cycle see p. 126. Therefore work which 
could be obtained from a heat engine is given by the product of the thermal 
efficiency and the heat supplied. 

i.e. Possible work of a heat engine - (h 2 - h,)f 1 - 

\ 1673 


The possible work from a heat engine is a measure of the loss of exergy of the 
furnace. That is 


Loss of cxergy of surroundings = 6.3(70 




283 \ 
1673/ 


= 288 kJ/kg 
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Then Effectiveness 


0.121 or 12.1% 


Problems 


34.7 

288 


The very low value of effectiveness reflects the irreversibility of the transfer of 
heat through a large temperature difference. If the furnace temperature were 
much lower the process would be much more effective, although the heat 
transferred to the liquid would remain the same. 


For further reading on this topic see ref. 4.2. 


Problems 

4.1 1 kg of steam at 20 bar. dryness fraction 0.9, is heated reversibly at constant pressure 
to a temperature of 300*C Calculate the heat supplied, and the change of entropy, and 
show the process on a T-s diagram, indicating the area which represents the heat flow. 

(415 kJ/kg; 08173 kJ/kgK) 

4.2 Steam at 0.05 bar, 100 ’C is to be condensed completely by a reversible constant pressure 
process. Calculate the heat rejected per kilogram of steam, and the change of specific 
entropy. Sketch the process on a T-s diagram and shade in the area which represents 
the heat flow. 

(2550kJ/kg; 8.292kJ/kgK) 

4.3 0.05 kg of steam at 10 bar. dryness fraction 0.84. is heated reversibly in a rigid vessel 
until the pressure is 20 bar. Calculate the change of entropy and the heat supplied. Show 
the area which represents the heat supplied on a T-s diagram. 

(0.0704 kJ/kg K; 36.85 kj) 

4.4 A rigid cylinder containing 0.006 m* of nitrogen (molar mass 28 kg/kmol) at 1.04 bar. 
15 "C, is healed reversibly until the temperature is 90 e C. Calculate the change of entropy 
and the heat supplied. Sketch the process on a T-s diagram. Take the isentropic index, 
y, for nitrogen as 1.4, and assume that nitrogen is a perfect gas. 

(0.001 25 kJ/K; 0.407 kJ) 

4.5 Im 1 of air is heated reversibly at constant pressure from 15 to 300 *C, and is then cooled 
reversibly at constant volume back to the initial temperature. The initial pressure is 
1.03 bar. Calculate the net heat flow and the overall change of entropy, and sketch the 
processes on a T-s diagram. 

< 101.5 kJ; 0.246 kJ/K) 

4.6 1 kg of steam undergoes a reversible isothermal process from 20 bar and 250 °C to a 
pressure of 30 bar. Calculate the heat flow, suting whether it is supplied or rejected, 
and sketch the process on a T-s diagram 

(-135 kJ/kg) 

4.7 1 kg of air is allowed to expand reversibly in a cylinder behind a piston in such a way 
that the temperature remains constant at 260 'C while the volume is doubled. The piston 
is then moved in, and heat is rejected by the air reversibly at constant pressure until 
the volume is the same as it was initially. Calculate the net heat flow and the overall 
change of entropy. Sketch the process on a T-s diagram. 

(-161.9kJ/kg; -0.497 kJ/kg K) 
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4.8 Steam at 5 bar. 25 C. expands isentropically to a pressure of 0 7 bar. Calculate the final 
condition of the steam. 

(0.967) 

4.9 Steam expands reversibly in a cylinder behind a piston from 6 bar dry saturated, to a 
pressure of 0.65 bar. Assuming that the cylinder is perfectly thermally insulated, calculate 
the work done during the expansion per kilogram of steam. Sketch the process on a 
T-s diagram. 

(323.8 kJ/kg) 

4.10 I kg of a fluid at 30 bar. 300'C, expands reversibly and isothcrmally to a pressure of 
0.75 bar. Calculate the heal flow and the work done (ij when the fluid is air, (ii) when 
the fluid is steam. Sketch each process on a T-s diagram. 

(607 kJ/kg; — 607 U/kg; 1035 kJ/kg; -975 kJ/kg) 

4.11 I kg of a fluid at 2.62 bar. -3 : C. is compressed according to a law pv - constant to a 
pressure of 8.2 bar. Calculate the work input and the heat supplied (i) when the fluid 
is air. (ii) yhen the fluid is a refrigerant initially dry saturated with the properties given 
in Table 4.2. Sketch each process on a T-s diagram. 

(88.41 kJ/kg; -88.41 kJ/kg; 22.63 kJ/kg; -669 kJ/kg) 


Table 4.2 Properties of 

refrigerant for Saturation values 


Problem 4.11 

Pm _ 

c i 

fh 


fC) 

(bar! 

(m s /kg| 

(kJ kg) 

(kJ/kg) 

-3.0 

313 

2.62 

810 

0.0757 

0.0248 

9607 

144.29 

292.94 

313.05 


4.12 I kg of air at 1.013 bar. 17 e C, is compressed according to a law pr * 1 = constant, until 
the pressure is 5 bar. Calculate the change of entropy and sketch the process on a T-s 
diagram, indicating the area which represents the heat flow. 

(-0.0885 kJ/kg) 

4.13 0.06 m 1 of ethane (molar mass 30 kg/kmol). at 6.9 bar and 260 ; C, is allowed to expand 
iscntropically in a cylinder behind a piston to a pressure of 1.05 bar and a temperature 
of 107 X. Calculate 7 , R. c,, c„ for ethane, and calculate the work done during the 
expansion Assume ethane to be a perfect gas 

The same mass of ethane at 1.05 bar, 107 X. is compressed to 6.9 bar according to 
a law pt 14 m constant. Calculate the final temperature of the ethane and the heat flow 
to or from the cylinder walls during the compression. Calculate also the change of 
entropy during the compression, and sketch both processes on a p-v and a T-s diugram. 
(1.219; 0.277 kJ/kg K; 1.542 U/kf K; 1.265 kJ/kg K; 54.2 kJ; 377.7 X; 43.4 kJ; 

0.0862 kJ/K) 

4.14 At the start of the compression process in the reciprocating compressor of a refrigeration 
plant the refrigerant is at 1.5 bar. dry saturated. At the end of the compression process, 
which is according to a reversible polytropic law pv 1 - 3 ■ constant, the pressure is 6.5 bar. 
Using the properties of refrigerant given as Tabic 4.3, interpolating where necessary, 
calculate; 

(i) the change of specific entropy during the process; 

(ii) the degree of superheat of the refrigerant after compression. 

(0.06 kJ/kg K; 35 K) 
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Table 43 Properties of 
refrigerant for 
Problem 4.14 


Saturation values 



Superheated values at 6.5 bar 


Pt 

F . 

s . 

f 

r 

s 

rci 

(bar) 

(m 3 /kg) 

(kJ/kg K) 

( e C) 

(m*/kg) 

(W/kg K) 

-20 

1.5 

0.109 

1.12 

50 

0.030 

1.15 

25 

65 

0.027 

1.11 

70 

0.034 

1.21 


4.13 A certain perfect gas for which •/ ■ 1.26 and the molar mass is 26kg/kmol, expands 
reversibly from 727‘C. 0.003m* to 2'C. 0.6m 3 , according to a linear law on 
the T-s diagram. Calculate the work done per kilogram of gas and sketch the process on 
a T-s diagram 

(- 959.3 kJ/kg) 

4.16 1 kg of air at 1.02 bar. 20'C, undergoes a process in which the pressure is raised to 
6.12 bar. and the volume becomes 0.25 m 3 . Calculate the change of entropy and mark 
the initial and final states on a T-s diagram. 

(0.083 kJ/kg K) 

4.17 Steam at 15 bar is throttled to 1 bar and a temperature of 150X. Calculate the initial 
dryness fraction and the change of specific entropy. Sketch the process on a T-s diagram 
and state the assumptions made in the throttling process. 

(0.992; 1.202 kJ/kg K> 

4.18 Two vessels, one exactly twice the volume of the other, are connected by a valve and 
immersed in a constant temperature bath of water. The smaller vessel contains hydrogen 
(molar mass 2 kg/kmol). and the other is completely evacuated. Calculate the change 
of entropy per kilogram of gas when the valve is opened and conditions are allowed to 
settle. Sketch the process on a T-s diagram. Assume hydrogen to be a perfect gas. 

(4.567 kJ/kg K) 

4.19 A turbine is supplied with steam at 40 bar. 400 X, which expands through the turbine 
in steady flow to an exit pressure of 0.2 bar, and a dryness fraction of 0.93. The inlet 
velocity is negligible, but the steam leaves at high velocity through a duct of 0.14 m 2 
cross-sectional area. If the mass flow is 3 kg/s, and the mechanical efficiency is 90%, 
calculate the power output of the turbine Show that the process is irreversible 
and calculate the change of specific entropy. Heat losses from the turbine are negligible. 

(2048 kW; 0.643 kJ/kg K) 

4.20 In j centrifugal compressor the air is compressed through a pressure ratio of 4 to I, 
and the temperature of the air increases by a factor of 1.65. Show that the process is 
irreversible and calculate the change of entropy per kilogram of air. Assume that the 
process is adiabatic. Sketch the process on a T-t diagram. 

(0.105 kJ/kg K) 

4.21 In a gas turbine unit the gases enter the turbine at 550 *C and 5 bar and leave at 1 bar. 
The process is approximately adiabatic, but the entropy changes by 0.174 kJ/kg K. 
Calculate the exit temperature of the gases. Assume the gases to act as a perfect gas. 
and take y - 1.333 and c, » 1.11 kJ/kg K. Sketch the process on a T-s diagram. 

(370.9 X) 
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4.22 A rigid, wdl-laggcd vessel of 0.3 m* capacity contains 0.7614 kg of steam at 6 bar. A valve 
is opened and the pressure falls to 1.4 bar before the valve is shut again. Calculate the 
condition of the steam remaining in the vessel, and the mass of steam which has escaped. 

(0.989; 0.516 kg) 

4.23 A rigid vessel contains 0.5 kg of a perfect gas of specific heat at constant volume 

1.1 kJ/kg K. A stirring paddle is inserted into the vessel and 11 kJ of work are done on 
the paddle by the stirrer motor. Assuming that the vessel is well lagged and that the 
gas is initially at the temperature of the surroundings which are at 17 8 C, calculate the 
effectiveness of the process. 

(3.3%) 

4.24 The identical vessel of Problem 4.23 is heated through the same temperature difference 
by immersing it in a furnace of constant temperature 100 B C. Calculate the effectiveness 
of the process. 

(14.8%) 

4.25 Steam enters a turbine at 70 bar. 500 f C and leaves at 2 bar in a dry saturated state. 
Calculate the isentropic efficiency and the effectiveness of the process. Neglect changes 
of kinetic and potential energy and assume that the process is adiabatic. The atmospheric 
temperature is 17"C. 

(84.4%; 88%) 

4.25 In an open-type feed heater (see p. 249), steam enters at 15 bar, 200 C C. The feedwater 
enters the heater at 130°C and leaves the heater at the saturation temperature 
corresponding to the pressure in the heater of 15 bar. Calculate the mass of steam 
entering per unit mass of feed water entering the heater. 

Calculate also the loss of exergy of the steam per unit mass and the effectiveness of 
the heater. Assume that there is no heat loss from the heater and that the atmospheric 
temperature is 20 e C. State any other assumptions made. 

(0.1536 kg; 734.9 kJ/kg; 88.1%) 


References 

4.1 ROGERS G F C and mavhew y R 1992 Engineering Thermodynamics, Work and 
Heat Transfer, 4th edn Longman 

4.2 HAYWOOD R w 1991 Analysis of Engineering Cycles Pergamon 


144 



The Heat Engine Cycle 


In this chapter the heat engine cyde is discussed more fully and gas power 
cycles are considered. It can be shown that there is an ideal theoretical cycle 
which is the most efficient conceivable; this cycle is called the Carnot cycle. The 
highest thermal efficiency possible for a heat engine in practice is only about 
half that of the ideal theoretical Carnot cycle, between the same temperature 
limits. This is due to irreversibilities in the actual cycle, and to deviations from 
the ideal cycle, which are made for various practical reasons. The choice of a 
power plant in practice is a compromise between thermal efficiency and various 
factors such as the size of the plant for a given power requirement, mechanical 
complexity, operating cost, and capital cost. 


5.1 


The Carnot cycle 

It can be shown from the Second Law of Thermodynamics that no heat engine 
can be more efficient than a reversible heat engine working between the same 
temperature limits (see ref. 5.1). Carnot showed that the most efficient possible 
cycle is one in which all the heat supplied is supplied at one fixed temperature, 
and all the heat rejected is rejected at a lower fixed temperature. The cycle 
therefore consists of two isothermal processes joined by two adiabatic processes. 
Since all processes arc reversible, then the adiabatic processes in the cycle arc 
also isentropic. The cycle is most conveniently represented on a T-s diagram 
as shown in Fig. 5.1. 

Process 1 to 2 is isentropic expansion from T, to Tj. 

Process 2 to 3 is isothermal heat rejection. 

Process 3 to 4 is isentropic compression from T, to T,. 

Process 4 to 1 is isothermal heat supply. 

The cycle is completely independent of the working substance used. 

The cycle efficiency of a heat engine, defined in section 4.1, is given by the 
net work output divided by the gross heat supplied 


i.c. 


Qi 


IQ 

Qx 


n 


(5.1) 




The Heat Engine Cycle 


Fig. 5.1 Carnot cycle 
on a T-s diagram 



In the Carnot cycle, with reference to Fig. 5.1, it can be seen that the gross heat 
supplied. Q,. is given by the area 41BA4. 

Lc. Q x * area 41BA4 = 7,(s B — s A ) 

Similarly the net heat supplied. £ Q . is given by the area 41234, 

Hence we have Carnot cycle efficiency 

„ ir, - r,)(i, - 5 A ) 

,c ““ 

U. = I - ^ (5-2) 

M 

If a sink for heat rejection is available at a fixed temperature T 2 (e.g. a large 
supply of cooling water), then the ratio T 2 /T, will decrease as the temperature 
of the source 7, is increased. From equation (5.2) it can be seen that as T 2 /T x 
decreases, then the thermal efficiency increases. Hence for a fixed lower 
temperature for heat rejection, the upper temperature at which heat is supplied 
must be made as high as possible. The maximum possible thermal efficiency 
between any two temperatures is that of the Carnot cycle. 

Example 5.1 What is the highest possible theoretical efficiency of a heat engine operating 
with a hot reservoir of furnace gases at 2000 C when the cooling water 
available is at 10 C C? 

Solution From equation (5.2) 

T 2 , 10 + 273 , 283 

lc-.- - J- "2000 + 273 “ — 2273 

i.e. Highest possible efficiency ■ I - 0.1246 

= 0.8754 or 87.54% 

It should be noted that a system in practice operating between similar 
temperatures (eg. a steam-generating plant) would have a thermal efficiency of 
about 30%. The discrepancy is due to losses due to irreversibility in the actual 
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plant, and also because of deviations from the ideal Carnot cycle made for 
various practical reasons. 

It is difficult in practice to devise a system which can receive and reject heat 
at constant temperature. A wet vapour is the only working substance which 
can do this conveniently, since for a wet vapour the pressure and temperature 
remain constant as the specific enthalpy of vaporization is supplied or rejected. 
A Carnot cycle for a wet vapour is as shown in Fig. 5.2. Although this cycle is 
the most efficient possible vapour cycle, it is not used in steam plant. The 
theoretical cycle on which steam cycles are based is known as the Rankine 
cycle. This will be discussed in detail in Chapter 8. and the reasons for using 
it in preference to the Carnot cycle will be given. 


Fig. 5.2 Carnot cycle 
for a wet vapour on a 
T-s diagram 



5.2 Absolute temperature scale 

In the preceding chapters a temperature scale based on the perfect gas 
thermometer has been assumed. Using the Second Law of Thermodynamics it 
is possible to establish a temperature scale which is independent of the working 
substance. 

We have, for any heat engine from equation (5.1), 

n 

Also the efficiency of an engine operating on the Carnot cycle depends only on 
the temperatures of the hot and cold reservoirs. Denoting temperature on an 
arbitrary scale by X. we have 

n-*(X,.* 2 ) (5.3) 

where <t> is a function, and .Y, and X 3 arc the temperatures of the hot and cold 
reservoirs. 

Combining equations (5.1) and (5.3) we have 
Qi 

There are a large number of possible temperature scales which .ire all 
independent of the working substance. Any working scale can be chosen by 


= m 


147 



The Heat Engine Cycle 


suitably selecting the value of the function <t>. The function can be chosen that 


IQ-*! 

Qx = 


(5.41 


Also from equation (5.2) we have 


n - 



Hence using equation (5.1) 


n 




or 



(5.5) 


Comparing equations (5.4) and (5.5) it can be seen that the temperature X 
is equivalent to the temperature T. Thus by suitably choosing the function & 
the ideal temperature scale is made equivalent to the scale based on the perfect 
gas thermometer. 


5.3 The Carnot cycle for a perfect gas 

A Carnot cycle for a perfect gas is shown on a T-s diagram in Fig. 5.3. Note 
that the pressure of the gas changes continuously from p 4 to p, during the 
isothermal heat supply, and from p 2 to p 3 during the isothermal heat rejection. 
In practice it is much more convenient to heat a gas at approximately constant 
pressure or at constant volume, hence it is difficult to attempt to operate an 
actual heat engine on the Carnot cycle using a gas as working substance. Another 
important reason for not attempting to use the Carnot cycle in practice is 
illustrated by drawing the cycle on a p-v diagram, as in Fig. 5.4. The net work 
output of the cycle is given by the area 12341. This is a small quantity compared 
with the gross work output of the expansion processes of the cycle, given by 
area 4I2BA4. The work of the compression processes (i.e. work done on the 
gas) is given by the area 234AB2. The ratio of the net work output to the gross 
work output of the system is called the work ratio. The Carnot cycle, despite 
its high thermal efficiency, has a low work ratio. 

Fig. 5J Carnot cycle 
for a perfect gas on a 
T-s diagram 
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FIr. 5.4 Carnot cycle 
on a p-v diagram 



Example 5.2 A hot reservoir at 800 C and a cold reservoir at 15'Care available. Calculate 
the thermal efficiency and the work ratio of a Carnot cycle using air as the 
working fluid, if the maximum and minimum pressures in the cycle arc 
210 bar and 1 bar. 


Solution The cycle is shown on a T s and p-v diagram in Figs 5.5(a) and 5.5(b) 
respectively. 

Using equation (5.2), 

273 -,-0,268 
nCm * r, 800 + 273 

i.c. 7c.,no« = 0.732 or 73.2% 


In order to find the work output and the work ratio it is necessary to find the 
entropy change (s, - s 4 ). 

For an isothermal process from 4 to A. using equation (4.12), 
s A - s 4 = R In^j = 0.287 j = 1.535 kJ/kg K 


At constant pressure from A to 2, we have 


Fig. 5.5 Carnot cycle 
for Example 5.2 on p-v 
and T-s diagrams 



1.321 kJ/kg K 



(at 


(b) 
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therefore 

s, - s 4 = 1.535 - 1.321 = 0.214 kJ/kg K 

Then 

Net work output = (T, - T,Ks, - s 4 ) - area 12341 
- (1073 - 288) x 0.214 - 168 kJ/kg 

Gross work output is 

Work output 4 to 1 + work output I to 2 
From equation (3.12) for an isothermal process. Q + W ■ 0. 
i.c. — W*. | -» — area under line 4-1 on Fig. 5.5(a) 

- (s, - a 4 ) x 7, - 0.214 x 1073 
-229.6 kJ/kg 

For an iscntropic process from I to 2. from equation (3.13), W = (u 2 - u,). 
therefore for a perfect gas 

= 0.718( 1073 - 288) = 563.6 kJ/kg 

Therefore 

Gross work output = 229.6 + 563.6 = 793.2 kJ/kg 

, . net work output 168 

i.c. Work ratio =-=-= 0.212 

gross work output 793.2 


5.4 The constant pressure cyclo 

In this cycle the heat supply and heat rejection processes occur reversibly at 
constant pressure. The expansion and compression processes arc iscntropic. 
The cycle is shown on a T-s diagram and a p-v diagram in Figs 5.6(a) and 
5.6(b). This cycle was at one time used as the ideal basis for a hot-air reciprocating 
engine, and the cycle was known as the Joule or Brayton cycle. Nowadays the 
cycle is the ideal for the closed cycle gas turbine unit. A simple line diagram 
of the plant is shown in Fig. 5.7. with the numbers corresponding to those of 
Figs 5.6(a) and 5.6(b). The working substance is air which flows in steady flow 
round the cycle, hence, neglecting velocity changes, and applying the steady-flow 
energy equation to each part of the cycle, we have 

Work input to compressor = {h, — h t ) - c r (T 2 — T,) 

Work output from turbine = - h 4 ) - c,( 7j - TJ 

Heat supplied in heater “ (h, - h 2 ) ** c r ( T, - T 2 ) 

Heat rejected in cooler = (h 4 - /i,) = r r ( 7; - T,) 


150 



6.4 The constant pressure cycle 


Fig. 5.6 Constant 
pressure cycle on p-v 
and T-s diagrams 


Fig. 5.7 Closed-cycle 
gas turbine unit 





Then from equation (5.1) 

IQ c,(r,-r a )-c,(r 4 -r t ) , t 4 -t, 

<?. c,(T y -T t ) 7,-7, 

Now since processes 1 to 2 and 3 to 4 arc iscntropic between the same 
pressures />, and p x , we have, using equation (3.21), 



where r f is the pressure ratio, /»,/p,. 

i.c. 7, = Ts';-"" and 7, = T l rf amltn 



Hence, substituting in the expression for the efficiency 


1 - 


Ti-7, 


1 - 


I 


(5.6) 


(T 4 -7,)rr^ 

Thus for the constant pressure cycle the cycle efficiency depends only on 
the pressure ratio. In the ideal ease the value of y for air is constant and equal 
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Example 5.3 


Solution 


to 1.4. In practice, due to the eddying of the air as it flows through the compressor 
and turbine which are both rotary machines, the actual cycle efficiency is 
greatly reduced compared to that given by equation (5.6). 

The work ratio of the constant pressure cycle may be found as follows: 


Work ratio « 


Net work output 
Gross work output 


<y(r 3 -7;)-c,(r 2 -7-,) 

c p( t » — rj 


i - 


r,-r 4 


Now, as previously, 


li = _(y -11/7 = Zi 

T x ' T a 


therefore 


and T. = J*- 

Hence substituting 


Work ratio - 


nti-d/fir' 1 ' 1 )] 


i.e. Work ratio = 1 — 


Ty 




(5.7) 


It can be seen from equation (5.7) that the work ratio depends not only on 
the pressure ratio but also on the ratio of the minimum and maximum 
temperatures. For a given inlet temperature, 7,. the maximum temperature, Tj, 
must be made as high as possible for a high work ratio. 

For an open-cycle gas turbine unit the actual cycle is not such a good 
approximation to the ideal constant pressure cycle, since fuel is burned with 
the air, and a fresh charge is continuously induced into the compressor. The 
ideal cycle provides nevertheless a good basis for comparison, and in many 
calculations for an ideal open-cycle gas turbine the effects of the mass of fuel 
and the charge in the working fluid arc neglected. 


In a gas turbine unit air is drawn at 1.02 bar and 15°C, and is compressed 
to 6.12 bar. Calculate the thermal efficiency and the work ratio of the ideal 
constant pressure cycle, when the maximum cycle temperature is limited to 
800 *C. 


The ideal cycle is shown on a T-s diagram in Fig. 5.8. From equation (5.6) 


Thermal efficiency, t\ = 


I 


rf-** 


I.e. n = 



1 - 0.599 
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Fig. 5Jt T-s diagram 

for Example 5.3 



therefore 

Thermal efficiency = 0401 or 40.1% 

The net work output of the cycle is given by the work output of the turbine 
minus the work input in the compressor. 

i.c. Net work output = c r ( T s — T A ) — c,( T 2 — T,) 

From equation (3.21) 



therefore 


T, = 1.669 x T, = 1.669 x 288 = 480.5 K 
where T 2 = 15 *■ 273 = 288 K and 
7, 1073 


7 * 


= 642.9 K 


1669 1.669 

where 7, = 800 + 273 = 1073 K. Therefore 

Net work output = 1.00511073 - 6419) - 1.005(480.5 - 288) 

- 238.8 kJ/kg 

Gross work output - work output of the turbine — c,(7 3 - T 4 ) 
- 1.005C 1073 - 642.9) - 4313 kJ/kg 


Then Work ratio - — 


net work output 238.8 
gross work output 432.3 


- 0.553 


5.5 The air standard cycle 

Cycles in which the fuel is burned directly in the working fluid arc not heat 
engines in the true meaning of the term since the system is not reduced to its 
initial state. The working fluid undergoes a chemical change by combustion 
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and the resulting products are exhausted to the atmosphere. In practice such 
cycles are used frequently and are called internal-combustion cycles. The fuel 
is burned directly in the working fluid which is normally air. The main advantage 
of such power units is that high temperatures of the fluid can be attained, since 
heat is not transferred through metal walls to the fluid. It is seen from 
equation (5.2). rj » 1 - (T 2 /T,), that for a given sink for the rejection of heat 
at T 2 , the temperature of the source. 7,, must be as high as possible. This 
applies to all heal engines. By supplying fuel inside the cylinder as in the 
internal-combustion engine, higher temperatures for the working fluid can be 
attained. The maximum temperature of all cycles is limited by the metallurgical 
limit of the materials used. The fluid in an internal-combustion engine may 
reach a temperature as high as 3000 K. This is made possible by externally 
cooling the cylinder by water or air cooling; also, due to the intermittent nature 
of the cycle, the working fluid reaches its maximum temperature for only an 
instant during each cycle. 

Examples of internal-combustion cycles are the open cycle gas turbine unit, 
the petrol engine, the diesel engine or oil engine, and the gas engine. The open 
cycle gas turbine unit, although an internal combustion cycle, is nevertheless 
in a different category to the other internal-combustion engines; the cycle is a 
steady-flow cycle in which the working fluid flows from one component to 
another round the cycle. It will be assumed, therefore, that the gas turbine unit, 
whether operating on the open or the closed cycle, can be satisfactorily compared 
with the ideal constant pressure cycle, dealt with in section 5.4. Gas turbine 
cycles are considered in more detail in Chapter 9. 

In the petrol engine a mixture of air and petrol is drawn into the cylinder, 
compressed by the piston, then ignited by an electric spark. The hot gases 
expand, pushing the piston back, and are then swept out to exhaust, and the 
cycle recommences with the induction of a fresh charge of petrol and air. In 
the diesel or oil engine the oil is sprayed under pressure into the compressed 
air at the end of the compression stroke, and combustion is spontaneous due 
to the high temperature of the air after compression. In a gas engine a mixture 
of gas and air is induced into the cylinder, compressed, and then ignited as in 
the petrol engine, by an electric spark. Reciprocating internal-combustion 
engines are considered in more detail in Chapter 13. To give a basis of 
comparison for the actual internal-combustion engine the air standard cycle is 
defined. In an air standard cycle the working substance is assumed to be air 
throughout, all processes arc assumed to be reversible, and the source of heat 
supply and the sink for heat rejection are assumed to be external to the air. 
The cycle can be represented on any diagram of properties, and is usually drawn 
on the p-v diagram, since this allows a more direct comparison to be made 
with the actual engine machine cycle. It must be stressed that an air standard 
cycle on a p-v diagram is a true thermodynamic cycle, whereas a record of 
pressure variations in an engine cylinder against piston displacement is a 
machine cycle. 
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5.6 The Otto cycle 

The Otio cycle is the ideal air standard cycle for the petrol engine, the gas 
engine, and the high-speed oil engine. The cycle is shown on a p-v diagram in 
Fig. 5.9. 

Process I to 2 is isentropic compression. 

Process 2 to 3 is reversible constant volume heating. 

Process 3 to 4 is isentropic expansion. 

Process 4 to I is reversible constant volume cooling. 


Fig. 5.9 Otto cycle on 
a p-v diagram 



To give a direct comparison with an actual engine the ratio of the specific 
volumes. c,/r 2 . is taken to be the same as the compression ratio of the actual 
engine. 


i.e. Compression ratio, r, = — 

swept volume + clearance volume 
clearance volume 


(5.8) 


The thermal efficiency of the Otto cycle can be found using equation (5.1), 



The heat supplied. Q,. at constant volume between T 2 and T s is given by 
equation (2.13) per unit mass of air 

Q l -cJT>-T 1 ) 

Similarly the heat rejected per unit mass at constant volume between T 4 and 
7i is given by equation (2.13). c r (T 4 - 7*,). 

The processes 1 to 2 and 3 to 4 are isentropic and therefore there is no heat 
flow during these processes. Therefore 

£(?_ c,(r,-r 2 )-c r (r 4 -r ,) _ { / r 4 -r, \ 

Qi cat,-t 2 ) \t,-t 2 J 
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Now since processes I to 2 and 3 to 4 arc iscntropic. then using equation (3.20). 



where r r is the compression ratio from equation (5.8). 
Then T y -T A r\’ 1 and T 2 » T x r\~ l 
Hence substituting 


T a -T x 

(T 4 -r,)rr l 



(5.9) 


It can be seen from equation (5.9) that the thermal efficiency of the Otto cycle 
depends only on the compression ratio. r r . 


Example 5.4 Calculate the ideal air standard cycle efficiency based on the Otto cycle for 
a petrol engine with a cylinder bore of 50 mm. a stroke of 75 mm. and a 
clearance volume of 21.3 cm '. 

Solution Swept volume = j x SO 2 x 75 = 147 200 m y = 147.2 cm 3 

Therefore 

Total cylinder volume = 147.2 + 21.3 = 168.5 cm 1 

168 S 

i.e. Compression ratio. r r = TjT " 7.914/1 
Then using equation (5.9) 

n = I - = I - -- 1 = I - 0.437 = 0.563 or 56.3% 

r;-* 7.914° 4 


5.7 The diesel cycle 

The engines in use today which are called diesel engines are fur removed from 
the original engine invented by Diesel in 1892. Diesel worked on the idea of 
spontaneous ignition of powdered coal, which was blasted into the cylinder by 
compressed air. Oil became the accepted fuel used in compression-ignition 
engines, and the oil was originally blasted into the cylinder in the same way 
that Diesel had intended to inject the powdered coal. This gave a cycle of 
operation which has as its ideal counterpart the ideal air standard diesel cycle 
shown in Fig. 5.10. 

As before the compression ratio, r,. is given by the ratio v t /v 2 . 

Process 1 to 2 is iscntropic compression. 

Process 2 to 3 is reversible constant pressure heating. 

Process 3 to 4 is iscntropic expansion. 

Process 4 to 1 is reversible constant volume cooling. 
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Fig- 5.10 Diesel cycle 
on a p ~v diagram 



From equation (5.1) 



At constant pressure from equation (2.12) per kg of air 
0, =c,(7,-7 2 ) 

Also at constant volume from equation (2.13). per kilogram of air the heat 
rejected is c e ( T A — 7,). 

There is no heal (low in processes 1 to 2 and 3 to 4 since these processes 
arc iscntropic. Hence by substituting in the expression for thermal efficiency 
the following equation may be derived: 


n= 1 — 


V- I 

tf-Urr'y 


(5.10) 


where fi = v s /r 2 = cut-off ratio. 

Equation (5.101 shows that the thermal etlkicncy depends not only on the 
compression ratio but also on the heat supplied between 2 and 3, which fixes 
the ratio. r,/c 2 . Equation (5.10) is derived by expressing each temperature in 
terms of T t and r r or (S . The derivation is not given here because it is believed 
that the best method of working out the thermal efficiency is to calculate each 
temperature individually round the cycle, and then apply equation (5.1), 
»/ “ £(?/<?i. Thin is illustrated in Example 5.5. 


Example 5.5 A diesel engine has an inlet temperature and pressure of 15 C and I bar 
respectively. The compression ratio is 12/1 and the maximum cycle 
temperature is 1100 C. Calculate the air standard thermal efficiency based 
on the diesel cycle. 


Solution Referring to Fig. 5.11. 7, = 15 + 273 = 288 K and 7, » 1100 + 273 - 1373 K. 
From equation (3.20) 


i.e. 7, = 17 x 288 = 778 K 
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Fig. 5.11 Diesel cycle 
on a p-v diagram for 

Example 5.5 



At constant pressure from 2 to 3, since pc » AT for a perfect gas. then 
T 2 v 2 


c, 1373 

LC, — m - 

c, 778 
Therefore 


1.765 


^4 = ^ = |2 x 

c, p 2 c, v 2 o s 
Then using equation (3.20) 


.765 


6.8 


l.C. 


^ = ‘ = 6.8 0 * 4 = ZI53 


T. = — - 638 K 
2.153 


Then from equation (2.12). per kilogram of air 

Qi - c,(7*, - T 3 ) = 1.005(1373 - 778) = 598 kJ/kg 
Also, from equation (2.13), per kilogram of air. the heat rejected is 
c.{T 4 - T,) - 0.718(638 - 288) - 251 kJ/kg 
Therefore from equation (5.1) 


^ ^ 598 - 251 _ o.58 or 58% 


e. 


598 


5.8 The dual-combustion cycle 
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Modern oil engines, although still called diesel engines, arc more closely derived 
from an engine invented by Ackroyd-Stuart in 1888. All oil engines today use 
solid injection of the fuel; the fuel is injected by a spring-loaded injector, the 
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Fig. 5.12 Dual 
combustion cycle on a 
p-v diagram 


Example 5.6 


fuel pump being operated by a cam driven from the engine crankshaft (sec 
section 13.10). The ideal cycle used as a basis for comparison is called the 
dual-combustion cycle or the mixed cycle, and is shown on a p-v diagram in 
Fig. 5.12. 

Process I to 2 is isentropic compression. 

Process 2 to 3 is reversible constant volume heating. 

Process 3 to 4 is reversible constant pressure heating. 

Process 4 to 5 is isentropic expansion. 

Process 5 to 1 is reversible constant volume cooling. 



The heat is supplied in two parts, the first part at constant volume and the 
remainder at constant pressure, hence the name ‘dual-combustion’. In order to 
fix the thermal efficiency completely, three factors are necessary. These arc the 
compression ratio, r, = v l fv 2 , the ratio of pressures, k = p 2 /p 2 . and the ratio 
of volumes, p = c 4 /c 3 . 

Then it can be shown that 


1 


1 _ k ± _- 

[(fc-U + Tfctf-Ulrr 1 


(5.11) 


Note that when k - I (i.e. p 3 - p 2 ). then the equation (5.11) reduces to the 
thermal efficiency of the diesel cycle given by equation (5.10). The efficiency of 
the dual-combustion cycle depends not only on the compression ratio but also 
on the relative amounts of heat supplied at constant volume and at constant 
pressure. Equation (5.11) is much too cumbersome to use. and the best method 
of calculating thermal efficiency is to evaluate each temperature round the cycle 
and then use equation (5.1). r\ = £Q/(),. The ^ cat supplied. Q lt is found by 
using equations (2.13) and (2.12) for the heat added at constant volume and 
at constant pressure respectively, 


• e. Qi “ - T z ) + c,(T 4 - T s ) 


The heat rejected is given by c,(T 5 - T,). 


An oil engine takes in air at 1.01 bar. 20 C and the maximum cycle pressure 
is 69 bar. The compressor ratio is 18/1. Calculate the air standard thermal 
efficiency based on the dual-combustion cycle. Assume that the heat added 
at constant volume is equal to the heat added at constant pressure. 
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Fif.5.13 Dual 
combustion cycle for 
Example 5.6 



Solution 


The cycle is shown on a p -r diagram in Fig. 5.13. Using equation (3.20). 

2?-(j-iy , -i8 o4 -3.i 8 

i.e. T 2 = 3.18 x 7, - 3.18 x 293 - 931 K 

where 7, - 20 + 273 = 293 K. 

From 2 to 3 the process is at constant volume, hence 


Pi = Js 
Pi t 2 


since 


3 

T> 


Pi? 2 

Ti 


and 


r 3 *c. 


i.e. 


T, = — x 7, 


69 x 931 


Pi Pi 

To find p 2 , use equation (3.19), 

6-faY.i8»--s7j 

Pi \»j/ 

i.e. p, - 57’x 1.01 - 57.8 bar 


Then substituting 


T, 


69 x 931 
57.8 


112 K 


Now the heat added at constant volume is equal to the heat added at constant 
pressure in this example, therefore 

c r( “ T 2 ) ■ c,(7i — T>) 

i.e. 0.718(1112 — 931) ■ 1.005(7* - 1112) 
therefore 


i.e. 


T* 

T* 


0.718 x 18 1 
1.005 
1241.4 K 


+ 1112 
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To rind T s it is necessary to know the value of the volume ratio, v t fv A . 
At constant pressure from 3 to 4 

e, 7, 1112 

Therefore 


|8 x « 

y 4 v 4 v 2 v 4 MI6 
Then using equation (3.20) 


16.14 



- 16.14° 4 ■ 3.04 


i.e. 


1241,4 

3.04 


408 K 


Now the heat supplied. Q,. is given by 

Q,=c r (T 3 -T 2 ) + c,(T A -T 3 ) or Q, = 2c t (T s - T 2 ) 

since in this example the heat added at constant volume is equal to the heat 
added at constant pressure. Therefore 

Q, =2 x 0.718 x (1112 -931) = 260 kJ/kg 

The heat rejected is given by 

c r (T, - T,) = 0.718(408 - 293) = 82.6kJ/kg 

Then from equation (4.3) 

y Q 260 - 82.6 

= = -= 1 - 0.318 = 0.682 or 68.2% 

<?. 260 

It should be mentioned here that the modem high-speed oil engine operates 
on a cycle for which the Otto cycle is a better basis of comparison. Also, since 
the Otto cycle calculation for thermal efficiency is much simpler than that of 
the dual-combustion cycle, then this is another reason for using the Otto cycle 
as a standard of comparison. 


5.9 Mean effective pressure 

The term work ratio is defined in section 5.3, and is shown to be a useful 
criterion for practical power plants. For internal-combustion engines work ratio 
is not such a useful concept, since the work done on and by the working fluid 
takes place inside one cylinder. In order to compare reciprocating engines 
another term is defined called the mean effective pressure. The mean effective 
pressure is defined as the height of a rectangle having the same length and area 
as the cycle plotted on a p -r diagram. This is illustrated for an Otto cycle in 
Fig. 5.14. The rectangle ABCDA is the same length as the cycle 12341, and area 
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Fig. 5.14 Mean 
effective pressure on a 
p-v diagram 



A BCD A is equal to area 12341. Then the mean effective pressure, p m , is the 
height AB of the rectangle. The work output per kilogram of air can therefore 
be written as 

- W - area ABCDA - pjv t - c 2 ) (5.12) 

The term (c, — c 2 ) is proportional to the swept volume of the cylinder, hence 
it can be seen from equation (5.12) that the mean effective pressure gives a 
measure of the work output per swept volume. It can therefore be used to 
compare similar engines of different size. The mean effective pressure discussed 
in this section is for the air standard cycle. It will be shown in Chapter 13 that 
the indicated mean effective pressure of an actual engine can be measured from 
an indicator diagram and used to evaluate the indicated work done by the engine. 


Example 5.7 Calculate the mean effective pressure for the cycle of Example 5.6. 

Solution In Example 5.6 the heat supplied, Q t , and the cycle efficiency were found to 
be 260 kJ kg and 68.2% respectively. From equation (4.2) 


- W 



therefore 

- w - nQi - 0.682 X 260 - 177 kJ/kg 

Now from the definition of mean effective pressure, and equation (5.12), we have 
-tt-pjr.-r,) 

Using equation (2.5). pr = RT and equation (5.8). r r « p,/p 2 ■ 18, then 

CjN _ 17 _ \1RT\ " 1 7 x 287 x 293 
18/ " 18*' “ 18 p, " 18 x 1.01 x 10 s 

i.e. p, - pj - 0.786 m J /kg 
Then substituting. 

- W = p m x 0.786 or p. = - W70.786 kJ /m J 

* • 177 xlO 3 

i.e. Mean effective pressure = ————- = 2.25 bar 

I0 5 x 0.786 
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5.10 The Stirling and Ericsson cycles 

It has been shown that no cycle can have an efficiency greater than that of the 
Carnot cycle working between given temperature limits 7, and 7 a . Cycles which 
have an efficiency equal to that of the Carnot cycle have been defined and are 
known as the Stirling and Ericsson cycles and they arc superior to the Carnot 
cycle in that they have higher work ratios. 

The Stirling cycle is shown in the p-i> diagram in Fig. 5.15(a) and is 
represented diagrammatically in Fig. 5.15(b): it must be emphasized that this 
is not a physical description of a Stirling engine but one which may help to 
give an understanding of the way the processes which make up the cycle are 
related. 


Fig. 5.15 Stirling 
engine and the Stirling 
cycle 


Regcncrjtor 



‘Schematic representation of the Stirling engine 
la) 



(b) 


Heat is supplied to the working fluid from an external source, process 2-3, 
as the gas expands isothermally (7 a — 7 3 ), and heat is rejected to an external 
sink, process 4-1, as the gas is compressed isothermally (7, = 7 4 ). The two 
isothcrmals are connected by the reversible constant volume processes 1-2 and 
3-4 during which the temperature changes arc equal to (7 a - 7,). The heat 
rejected during process 3-4, r r (7 a - 7,). is used to heat the gas during 
process I -2, c,( 7 a - 7,) = c r ( 7 3 - 7 4 ) and this is assumed to take place ideally 
and reversibly in a regenerator. The regenerator requires a matrix of material 
which separates the heating and cooling gases, but allows the temperatures to 
change progressively by infinitesimal and corresponding amounts during the 
processes. This regenerative process takes place at constant volume and is 
internal to the cycle. 

The efficiency of the Stirling cycle is obtained by considering the heat transfers 
between the system and the bodies external to it, i.e. a high-temperature heat 
supply and a low-temperature sink to which heat is rejected. 

Heal supplied from the hot source, using equations (3.11) and (3.12), 

(? 2 -» “ - ln^—^ per uni* mass of gas 
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Similarly 

Heat rejected to the coldsink ■= W 4 



therefore 

»-«r,u,(6)-«r, ■.(&) 

and as the cycle efficiency, n - JC/Ga-i. therefore 

n m * 

For the constant volume process 1-2, 

— = — and for process 3-4 — = I* = 5 
Pi T t p 4 7i T, 

therefore 



= ^ and * 
Pi Pa P 3 Pa 

therefore 


n 



the Carnot efficiency 


This result can be deduced without formal proof as the heat supply and rejection 
processes take place at constant temperatures. 


Work ratio 


net work output 
gross work output 


-^2-3 + 

-w 2 > 


-M 

Q 2 3 


cycle efficiency, t) 


since -W>, = Q 2 y 

The practical interpretation of the ideal cycle will not be described in detail 
here and the reader is advised to consult the specialist literature for the 
mechanical arrangements employed and the performance assessments (sec 
refs 5.2 and 5.3). Figure 5.15(b) gives a simplified representation of the engine 
and shows the necessity for two pistons, a working piston and a displacing piston, 
which in fact work in different parts of the same cylinder and not as represented. 
It is necessary to the ideal cycle for the pistons to move discontinuous!)- and 
this is only approximated to by the mechanisms employed. The result is that 
the processes of the ideal cycle are not achieved and there is a considerable 
'rounding ofT of the ideal p-r diagram as the heating and cooling processes 
merge to depart considerably from the constant volume heating concept. 


164 



Problems 


The attractions of the Stirling engine are that it can utilize any form of heat 
from conventional or indigenous fuel, solar or nuclear sources, provided the 
temperature created is high enough. The engines arc quiet, with an efficiency 
equal to or better than the best internal combustion engines and with little 
vibration due to the nature of the drive needed to give the differential movements 
between the working and displacing pistons. The possible range of application 
of the Stirling engine is wide and includes marine use. electricity generation for 
peak loads and as a stand-by unit, automotive purposes, particularly in 
comparison with the diesel engine, and for situations when unconventional fuels 
or heat sources can. or must, be used The most important applications up to 
now have been as an air engine and as a refrigerator; with the Stirling cycle 
reversed, it is capable of reaching the low temperatures of the cryogenic regions. 

The Ericsson cycle is similar to the Stirling cycle except that the two 
isothcrmals are connected by constant pressure processes, as shown in Fig. 5.16. 

Fig. 5.16 Ericsson p4 

cycle on a p r diagram 



Problems 


5.1 What is the highest cycle efficiency possible for a heat engine operating between 800 
and 15 e C? 

(73.2%) 

5.2 Two reversible heat engines operate in series between a source at 527'C and a sink at 
17 C. If the engines have equal efficiencies and the first rejects 400 kj to the second, 
calculate: 

(i) the temperature at which heat is supplied to the second engine; 

(ii) the heat taken from the source; 

(iii) the work done by each engine. 

Assume that each engine operates on the Carnot cycle. 

(208.7 X; 664.4 U; 264.4 kJ; 159.2 kJ) 

5.3 In a Carnot cycle operating between 307 and 17 X the maximum and minimum pressures 
are 62.4 bar and I 04 bar. Calculate the cycle efficiency and the work ratio. Assume 
air to be the working fluid. 

(50%; 0.286) 

5.4 A closed-cycle gas turbine unit operating with maximum and minimum temperatures 
of “60 and 20 X has a pressure ratio of 7/1. Calculate the ideal cycle efficiency and 
the work ratio 

(417%; 0.505) 
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5.5 In an air standard Otto cycle the maximum and minimum temperatures arc 1400 and 
15 J C. The heat supplied per kilogram of air is 800 kJ. Calculate the compression ratio 
and the cycle efficiency. Calculate also the ratio of maximum to minimum pressures 
in the cycle. 

(5.27/1; 48.5%: 30.65/1) 

5.6 A four-cylinder petrol engine has a swept volume of 2000 cm 1 . and the clearance volume 
in each cylinder is 60 cm 1 . Calculate the air standard cycle efficiency. If the introduction 
conditions are I bar and 24 'C. and the maximum cy cle temperature is 1400 C. calculate 
the mean effective pressure based on the air standard cycle. 

(59.1%: 5 28 bar) 

5.7 Calculate the cycle efficiency and mean effective pressure of un oir standard diesel 
cycle with a compression ratio of 15/1. and maximum and minimum cycle temperatures 
of 1650 : C and 15 : C respectively. The maximum cycle pressure is 45 bar. 

(59.1%; 8.38 bar) 

5.8 In a dual-combustion cycle the maximum temperature is 2000 C C and the maximum 
pressure is 70 bar. Calculate the cycle efficiency and the mean effective pressure when 
the pressure and temperature at the start of compression arc I bar and 17 B C respectively. 
The compression ratio is 18/1. 

(63.6%; 10.46 bar) 

5.9 An air standard dual-combustion cycle has a mean effective pressure of 10 bar. The 
minimum pressure and temperature are I bar and 17 r C respectively, and the compression 
ratio is 16/1. Calculate the maximum cycle temperature when the cycle efficiency is 
60%. The maximum cycle pressure is 60 bar. 

(1259 C) 


References 

5.1 ROGERS O F C and mayhew y r 1992 Engineering Thermodynamics. Work and 
Heat Transfer. 4th edn Longman 

5.2 walker O 1980 Stirling Engines Oxford Univ. Press 

5J I Mech E Conference 1982 Stirling Engines - Progress Towards Reality MEP 


166 



Mixtures 


A pure substance is defined as a substance having a constant and uniform 
chemical composition, and this definition can be extended to include a 
homogeneous mixture of gases when there is no chemical reaction taking place. 
The thermodynamic properties of a mixture of gases can be determined in the 
same way as for a single gas The most common example of this is dry air. 
which is a mixture of oxygen, nitrogen, a small percentage of argon, and traces 
of other gases. The properties of air have been determined and it it considered 
as a single substance. 

The mixtures to be considered in this chapter arc those composed of perfect 
gases, and perfect gases and vapours. The properties of such mixtures arc 
important in combustion calculations. Air and water vapour mixtures are 
considered later in the chapter with reference to surface condensery but for 
moist atmospheric air there is a special nomenclature and this is considered in 
Chapter 13 on psychrometry and air-conditioning 


6.1 Dalton's law and the Gibbs-Dalton law 

Consider a dosed vessel of volume V at temperature T. which contains o mixture 
of perfect gases at a known pressure. If some of the mixture were removed, then 
the pressure would be less than the initial value. If the g&s removed were the 
full amount of one of the constituents then the reduction in pressure would be 
equal to the contribution of that constituent to the initial total pressure. Hach 
constituent contributes to the total pressure by an amount which is known ns 
the partial pressure of the constituent The relationship between the partial 
pressures of the constituents is expressed by Dalton's law. as follows: 

The pressure of a mixture of gases Is equal to the sum of the partial pressure 
of the constituents. 

The partial pressure of each constituent Is that pressure which the gas would 
exert If It occupied alone that volume occupied by the mixture at the same 
temperature. 




Mixtures 


Fig. 6.1 Gas A mixing 
wilh gas B 



Gu A Gas B Mixlurc of A + B 

Mass - m A Mast - «, Matt - m - + «i B 


This is expressed diagraramatically in Fig. 6.1. The gases A and B, originally 
occupying volume V at temperature T, are mixed in the third vessel which is 
of the same volume and is at the same temperature. 

By the conservation of mass 


m = m A + m B 

(6.1) 

By Dalton’s law 


P - Pa + Pb 

(6.2) 


Dalton’s law is based on experiment and is found to be obeyed more accurately 
by gas mixtures at low pressures. As shown in Fig. 6.1 each constituent occupies 
the whole vessel. The example given in Fig. 6.1 and the relationships in equations 
(6.1) and (6.2) refer to a mixture of two gases, but the law can be extended to 
any number of gases. 

i.e. . m = m A + m„ + + etc. or m = Ym, (6.3) 

where m, is the mass of a constituent. 


Table 6.1 Analyses of 
air 


Constituent 

Chemical 

symbol 

Analysis 


Molar mass 

By volume (V.) 

By mass (•/•) 

(kg/kmol) 

Oxygen 

o, 

20.95 

23.14 

31.999 

Nitrogen 

N, 

78.09 

7553 

28013 

Argon 

Ar 

0.93 

1.28 

39.948 

Carbon dioxide 

CO, 

0.03 

0.05 

44.010 


Similarly 

P = Pa + P.+ Pc + «*. or p-J>, (6.4) 

where p, is the partial pressure of a constituent. 

Air is the most common mixture and since it will be referred to frequently, 
its composition is as given in Table 6.1. The mean molar mass of air is 
28.96 kg/kmol. and the specific gas constant R is 0.2871 kJ/kg K. For 
approximate calculations the air is said to be composed of oxygen and 
'atmospheric nitrogen’ (sec Table 6.2). Note: volumetric analysis is the analysis 
by volume; gravimetric analysis is the analysis by mass. 
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6.1 Dalton's law and tha Gibbs-Dalton law 


Table 6.2 Approximate 
analyses for air 


Analysis 


Molar mass 


Constituent 

By volume (%) 

By mass (%) 

(kg/kmol) 


Oxygen 

21.0 

23.3 

32.0 


Nitrogen 

79.0 

76.7 

28.0 


Example 6.1 A vessel of volume 0.4m J contains 0.45 kg of carbon monoxide and 
1 kg of air, a( 15 # C. Calculate the partial pressure of each constituent and 
the total pressure in the vessel. The gravimetric analysis of air is to be taken 
as 23.3% oxygen and 76.7% nitrogen. Take the molar masses of carbon 
monoxide, oxygen and nitrogen as 28, 32 and 28 kg/kmol. 

23.3 

Solution Mass of oxygen present = x 1 = 0.233 kg 

Mass of nitrogen present = x 1 = 0.767 kg 
From equation (2.9) 

« = * 
m 

and from equation (2.6) 
pV -= mRT 
mRT 
P mV 

or for a constituent 
m,RT 


Hence 


Pi 


m t V 


The volume V is 0.4 m 3 and the temperature T is (15 + 273) - 288 K. Therefore 
we have for O a 

0.233 x 8.3145 x 288 
Po, ■ — 


32 x 0.4 
43.59 x 10 5 


- 43.59 kN/m 2 


■ 0.4359 bar 


forN 2 p N| 


10 5 

0.767 x 8.3145 x 288 
28 x 0.4 
163.99 x 10 3 


- 163.99 kN/m 2 


10 5 


.6399 bar 
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, ^ 0.45 x 8.3145 x 288 , , 

for CO pco -———-- 96.21 kN/m 2 


28 x 0.4 
96-21 x I0 3 


10 5 


= 0.9621 bar 


The total pressure in the vessel is given by equation (6.4) 
P - IP, - 0.436 + 1.640 + 0.962 - 3.038 bar 
i.e. Pressure in vessel - 3.038 bar 


Dalton’s law was reformulated by Gibbs lo include a second statement on 
the properties of mixtures. The combined statement is known as the 
Gibbs - Dalton law, and is as follows: 

The internal energy, enthalpy, and entropy, of a gaseous mixture are respectively 
equal to the sums of the internal energies, enthalpies, and entropies, of the 
constituents. 

Each constituent has that internal energy, enthalpy, and entropy, which it 
would have if it occupied alone that volume occupied by the mixture at the 
temperature of the mixture. 

This statement leads to the equations 

mu = m A u A + m 8 u B + etc or mu = £m,U| (6.5) 

and mh = m A h A + m B h B + c tc or mh = (6.6) 

and ms = m A s A + m B s B + etc or ms = £m,5, (6.7) 


6.2 Volumetric analysis of a gas mixture 


The analysis of a mixture of gases is often quoted by volume as this is the most 
convenient for practical determinations. 

Consider a volume V of a gaseous mixture at a temperature T, consisting of 
three constituents A, B, and C as in Fig. 6.2(a). Let each of the constituents be 
compressed to a pressure p equal to the total pressure of the mixture, and let 
the temperature remain constant. The partial volumes then occupied by the 
constituents will be V A , V B , and V c . From equation (2.6) pV - mRT, therefore, 
referring to Fig. 6.2(a) 


'"a 


P_S 
«A T 


Fig. 6.2 Illustration of 
partial volume 


m = m A + m m + me m 


P-P* + P* + P c - 2 


c-3 



la) 


K 

v* 


P 

P 

p 

«A 


me 

"a 

"» 

"c 


<b) 
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6.3 Tha molar mass and specific gas constant 


and referring to Fig. 6.2(b) 



Equating the two values for m A . we have 


R k T 


i-e. P*V-pV K or V A = P -±V 

P 

In general therefore. 

V,mbv (6.8) 

ZK-Z^—Za 

P P 

Now from equation (6.4), p = £p,. ihercforc 

( 69 ) 

Therefore the volume of a mixture of gases is equal to the sum of the volumes 
of the individual constituents when each exists alone at the pressure and 
temperature of the mixture. This is the statement of another empirical law. the 
law of partial volumes (sometimes called Amagat's law or Leduc’s law). 

The amount of substance is defined in section 2.3 and is given by 
equation (2.7) as n = m/m. By Avogadro's law, the amount of substance of any 
gas is proportional to the volume of the gas at a given pressure and temperature. 
Referring to Fig. 6.2(a), the volume V contains an amount of substance n of 
the mixture at p and T. In Fig. 6.2(b). the gas A occupies a volume V A at p and 
T. and this volume contains an amount of substance n A . Similarly there are 
amounts of substance n B of gas B in volume V B , and ric of gas C in volume V c . 
Now from equation (6.9), 

ZK-V or V A + F. + V c = V 

Therefore the total amount of substance in the vessel must equal the sum of 
the amounts of substance of the individual constituents, 

i.c. n A + n B + rtc « n or n - (6.10) 


6.3 The molar mass and specific gas constant 

For any gas in a gas mixture occupying a total volume of V at a temperature 
T. from equation (2.8) pV = nRT. and the definition of partial pressure, we have 

p t V = n,kT (6.11) 
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therefore 

i.c. V£p t - RTY. 1 , 

From equation (6.4), p = £p |t hence. 
pV - RtY.ii, 

Also from equation (6.10), n - £n„ therefore 
pV-nfiT 

The mixture therefore acts as a perfect gas. and this is the characteristic equation 
for the mixture. A molar mass is defined by the equation, m ■ m/n, where m is 
the mass of the mixture and n is the amount of substance of the mixture. 
Similarly, a specific gas constant is defined by the equation R » R/m. It can 
be assumed that a mixture of perfect gases obeys all the perfect gas laws. 

To find the specific gas constant for the mixture in terms of the specific gas 
constants of the constituents, consider equation (2.6) both for the mixture and 
for a constituent, 

i.c. pV = mRT and p,V = m,R,T 

n«n Zp,y = lm,R,T 

therefore 

►'IP.-Tlm.fi, 

Now from equation (6.4), p — £p,. therefore 
pV^TYm.R, or pV - mRT - 


i.e. mR = Y m i R > or R = Y.~ R ( 

m 


( 6 . 12 ) 


where mjm is the mass fraction of a constituent. 


Example 6.2 The gravimetric analysis of air is 23.14% oxygen. 75.53% nitrogen, 1.28% 
argon, 0.05% carbon dioxide. Calculate the specific gas constant for air and 
the molar mass. Take the molar masses from Table 6.1 on p. 148. 

Solution From equation (2.9), R m R/m, therefore 


R °- = 3rS =02S98U/kgK 

"S' 02968 kJ/kgK 

r = ^11^1 = 0.2081 kJ/kg K 
* 39.948 6 


d _ 8 3145 
Rco * ^To 


0.1889 kJ/kg K 
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6.3 The molar mass and specific gas constant 


Then using equation (6.12). R = £(m ( /m)K,. we have 

R = (0.2314 x 0.2598) + (0.7553 x 0.2968) + (0.0128 x 0 2081) 
+ (0.0005 x 0.1889) = 0.2871 kj/kg K 
i.e. Specific gas constant for air « 0.2871 kJ/kg K 
From equation (2.9), m « R/R. therefore. 

m » = 28.960 kg/kmol 


i.e. Molar mass of air ■ 28.96 kg/kmol 

When the approximate analysis for air is used (i.e. 23.3% 0 3 and 76.7% N, 
by mass), it is usual practice to take R as 0.287 kJ/kg K and m as 29 kg/kmol. 

From equation (6.11). p,V - n,RT, and combining this with equation (2.8) 
applied to the mixture (Le. pV * nRT), we have 

P,V = n,fiT 
pV nRT 


i.c. 


Pi = n _> 
P n 


This can be combined with equation (6.8), to give 


(6.13) 



This is an important result which means that the molar analysis is identical 
with the volumetric analysis, and both are equal to the ratio of the partial 
pressure to the total pressure. 

Another method of determining the molar mass is as follows. Applying the 
characteristic equation, (2.6), to each constituent and to the mixture we have 
m, = p,y/RJ, and m - pV/RT. 

From equation (6.3), m = therefore 

or P --Y~ 

RT **R,T R l ‘R i 

Using equation (2.9), R « R/m . and substituting, we have 


pm 

T 


or pm - Yp,m, 


ie. m = £-m, 
P 


Also using equation (6.14) 


(6.15) 


(6.16) 


173 




Mixtures 


Example 6.3 


Solution 


Table 6J Solution for 
Example 6.3 


Example 6.4 


and m = (6.17) 

n 

The gravimetric analysis of air is 23.14% oxygen. 75.53% nitrogen. 1.28% 
argon, and 0.05% carbon dioxide. Calculate the analysis by volume and the 
partial pressure of each constituent when the total pressure is 1 bar. 

From equation (6.14) the analysis by volume. VJV, is the same as the 
fraction n,/n Also from equation (2.7), n, - m,/m„ therefore considering 1 kg 
of mixture we have the tabular solution shown in Table 6.3. 



m, 

ift, 

n, m mjm, 

n t /n-VJV 

Constituent 

(kg) 

(kg/kmol) 

(kmol) 

(%) 

Oxygen 

0.2314 

31.999 

0.00723 

0 0)723 X ,00 - 20.95 
0.03452 

Nitrogen 

0.7553 

28.013 

0.02696 

002696 X ,00 - 78.09 
0.03452 

Argon 

0.0128 

39.948 

0.00032 

0 00032 x 100- 0.93 
0.03452 

Carbon 

dioxide 

0.0005 

44.010 

0.00001 

00000, «.00= 0.03 

0.03452 




= 003452 



Fromequation(6.14),p j /p - VJV - n ( /n, therefore, p, - (n 4 /n)p, hence using 
the volume fractions from Table 6.3, 

for O, p 0| - 0.2095 x 1 - 0.2095 bar 

for Nj p Nj - 0.7809 x 1 - 0.7809 bar 

for Ar p K - 0.0093 x 1 - 0.0093 bar 

for CO, p c o, - 0.0003 x I - 0.0003 bar 


A mixture of I kmol CO, and 3.5 kmol of air is contained in a vessel at 
1 bar and 15 “C. The volumetric analysis of air can be taken as 21 % oxygen 
and 79% nitrogen. Calculate for the mixture: 

(i) the masses of CO,. O,. and N,. and the total mass; 

(ii) the percentage carbon content by mass; 

(iii) the molar mass and the specific gas constant for the mixture; 

(iv) the specific volume of the mixture. 

Take the molar masses of carbon, oxygen and nitrogen as 12kg/kmol, 
32 kg/kmol and 28 kg/kmol respectively. 
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6.3 Th* molar maw and specific gaa constant 


Solution 


(i) From equation (6.14). n, - ( VJ V)n, we have 
no, = 0.21 x 3.5 = 0.735 kmol 
and * Ni - 0.79 x 3.5 - 2.765 kmol 
From equation (2.7), m, = n t ih,, therefore 
"Vo. - 1 x 44 = 44 kg 
mo, - 0.735 x 32 - 23.55 kg 
and m Ni - 2.765 x 28 - 77.5 kg 

Total mass, m - mo, + m Nj + mco, 

- 23.55 + 77.5 + 44 - 145.05 kg 

(ii) The molar mass of carbon is 12kg/kmol. therefore there arc 12 kg of 
carbon present in 1 kmol of carbon dioxide, 

i.e. Percentage carbon in mixture «= ——— = 8.27% by mass 
~ 145.05 J 

(iii) From equation (6.10), n » £n„ then • 

n » tico, + "o, + n N, - 1 + 0.735 + 2.765 - 4.5 kmol 
Then using equation (6.17), 

we have 

* “ (i x **} + p?r x 32 ) + (tt x 28 ) - 32 - 2 kg/kmo1 

i.e. Molar mass of mixture = 32.2 kg/kmol 
From equation (2.9X R = fl/m, we have 

*"^r“ a2581 kJ/kgK 

i.e. Specific gas constant for the mixture - 0.2581 kj/kg K 

(iv) From equation (2.5), pv — RT, therefore 

RT 0.2581 x 288 x 10* 




1 x 10 s 


- 0.7435 m 3 /kg 


where T - 15 + 273 - 288 K. 

i.e. specific volume of the mixture at 1 bar and 15 °C is 0.7435 m 3 /kg. 
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Mixturas 


Example 6.5 


Solution 


Example 6.6 


Solution 


A mixture of H a and O a is to be made so that the ratio of H a to O a is 
2 to I by volume. Calculate the mass of O a required and the volume of the 
container, per kilogram of H a . if the pressure and temperature are 1 bar and 
15 5 C respectively. Take the molar masses of hydrogen and oxygen as 
2 kg/kmol and 32 kg/kmol. 


Let the mass of O, per kilogram of H, be x. 
From equation (2.7), n, - mjm t , therefore 



0.5 kmol and 



From equation (6.14). VJV » n,/n. therefore 

and {£*-2 (given) 
v o, "o, v o, 

0.5 , . . 32x0.5 ol 

i.e. —— = 2 therefore x --— - 8 kg 

i.e. Mass of oxygen per kilogram of hydrogen = 8 kg 

The total amount of substance in the vessel per kilogram of H a is 


" = + no, = 0.5 + — = 0.5 + - = 0.5 + 0.25 = 0.75 kmol 


Then from equation (2.8), 
P V = nRT 


therefore 


V 


0.75 x 8.3145 x 288 x 10 3 

1 x 10 5 


17.96 m 3 


A vessel contains a gaseous mixture of composition by volume. 80% H a 
and 20% CO. It is desired that the mixture should be made in the proportion 
50% H 2 and 50% CO by removing some of the mixture and adding some 
CO. Calculate per kilomole of mixture the mass of mixture to be removed, 
and the mass of CO to be added. The pressure and temperature in the vessel 
remain constant during the procedure. 

Take the molar mass of hydrogen and carbon monoxide as 2 kg/kmol 
and 28 kg/kmol. 

Since the pressure and temperature remain constant, then the amount of 
substance in the vessel remains the same throughout Therefore the amount of 
substance of mixture removed is equal to the amount of substance of CO added. 

Let x kg of mtxture be removed and >• kg of CO be added. 

For the mixture, from equation (6.16) 
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6.4 Specific heat capacities of a gas mixture 


therefore, 

m - (0.8 x 2) + (0.2 x 28) = 7.2 kg/kmol • 

Then using equation (2.7), rt — m/m, we have 

amount of substance of mixture removed « ~ kmol 


y 

amount of substance of CO added » — kmol 

28 

and x/7.2 - y /28 

From equation (6.14X VJV - njn, therefore 

amount of substance of H 2 in the mixture removed - 0.8 x ^ ^ kmol 
and amount of substance of H 2 initially = 0.8x1= 0.8 kmol 
Hence amount of substance of H 2 remaining in vessel = ^0.8 - ^kmol 
But I kmol of the new mixture is 50% H 2 and 50% CO, therefore 


0.8 - - = 0.5 
9 

i.e. x = (0.8 - 0.5) x 9 = 27 kg 
i.e. Mass of mixture removed = 27 kg 
Also since x/7.2 = y/ 28, therefore 


i.e. 


28 28 x 27 tA _ t 

'-r5 x —-«— ,05k8 

Mass of CO added - 10.5 kg 


6.4 Specific heat capacities of a gas mixture 

It was shown in section 6.1 that as a consequence of the Gibbs-Dalton law 
the internal energy of a mixture of gases is given by equation (6.5), mu - £m,u,. 
Also for a perfect gas from equation ( 214 ), u = c,T. Hence substituting we have 

mej «5>< c .. r 

therefore 

- 2>iC,. 

or c, =* £—(6.18) 
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Mixture* 


Similarly from equation (6.6), mh = £m t h h and from equation (2.18), h - c,T, 
therefore 

mc J = I«,c*T 

therefore 

- I*".** 

or c, - Z—^ < 6 - 19 ) 

m 

From equation* (6.18) and (6.19) 

Using equation (117X c* - - R„ therefore 

Also from equation (6.12). R = £—U |p therefore for the mixture 

in 

c,-c, = R 

The equations (2.20), ( 22 1X and (2.22 X can be applied to a mixture of gases. 



It should be noted that y must be determined from equation 120; there is 
no weighted mean expression as there is for R, c„ and c p . 

Example 6.7 The gas in an engine cylinder has a volumetric analysis of 12% 0O 2 , 11.5% 
0 2 , and 76.5% N 2 . The temperature at the beginning of expansion is 1000°C 
and the gas mixture expands reversibly through a volume ratio of 7 to 1, 
according to a law pc* 15 ■ constant Calculate the work done and the heat 
flow per unit mass of gas. The values of c p for the constituents averaged over 
the temperature are as follows: c p for COj - 1.271 kJ/kg K; c p for 
O, - 1.110 kJ/kg K; c p for N, - 1.196 kJ/kg K. 

Solution From equation (17) m, - n,m ( . therefore a conversion from volume fraction to 
mass fraction is as given in Table 6.4. Then using equation (6.19) and the mass 
fractions from Table 6.4 



therefore 

c p = (0.174 x 1.271) + (0.121 x 1.110) + (0.705 x 1.196) 
= 1.199 kJ/kg K 
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6.4 Specific haat capacities of a gaa mixture 


Table 6.4 Solution for 

Example 6.7 

Constituent 

n, 

(kmol) 

m, 

(kg,kmol) 

ttt/ a n,m, 

(kg) 

mjm 

Carbon dioxide 

0.120 

44 

5.28 

5.28/30.36 -0.174 

Oxygen 

0.115 

32 

3.68 

3 68/30.36 - 0.121 

Nitrogen 

0765 

28 

.21.40 

21.40/30.36-0.705 



m = i 

= 30J6 



From equation (6.12k R - £(m,/m)fl ( , and from equation (2.9), K, - R/m„ 
therefore 



0.174 x 


8.3145 \ 
44 ) 


( 


+ 0.121 x 


8.3145X 
32 ) 


(°- 


+ 0.705 x 


8.3145 \ 
28 ) 


« 0.274 kJ/kg K 

Then from equation ( 2 . 17 ), c 9 - c t = R, we have 
c r = 1.199 - 0.274 = 0.925 kJ/kg K 
The work done per kg of gas can be obtained from equation (3.20) 

w = « T >~ T > ) 

n — 1 


T, can be found using equation (3.28) 

3-er-Gr 


T, 1273 
7°-” " 1.627 


782.6 K 


where T, - 1000 + 273 - 1273 K. Therefore 


0.274(782.6 - 1273) 
1.25-1 


-537.5 kJ/kg 


i.e. Work done by the gas mixture « +537.5 kJ/kg 

Also from equation (2.16k for unit mass. u 2 - u, - c r (T, - 7*,), therefore 
u 2 - u, - 0.925(7816 - 1273) - -453.6 kJ/kg 
Finally, from the non-flow energy’ equation (1.4k Q + W - (u a - u, k 
i.e. Q - 537.5 = -453.6 therefore Q - 83.9 kJ/kg 
i.e. Heat supplied - 83.9 kJ/kg 


Example 6.8 


Calculate for the data of Example 6.7 the change of entropy per kilogram 
of mixture. 
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Mixture 


Fig. 6J T-s diagram 
for Example 6.8 



Solution Referring to Fig. 6.3, the change of entropy between state I and state 2 can be 
found by imagining the process replaced by two other processes. I to A and 
A to 2. This method is described in section 4.4. 

For isothermal process I to A. from equation (4.12) 


j A - s, - R ln^j^ - 0.274 x In 7 - 0.533 kJ/kg K 
For the constant volume process A to 2 

— c .r?- a ©—K3 


s. - s. 


0.450 kJ/kg K 


Then by subtraction. 

J 2 - J, - 0.533 - 0.450 - 0.083 kJ/kg K 


It is often convenient to use amount of substance in problems on mixtures, 
and to define heat capacities expressed in terms of the amount of substance. These 
are known as molar heat capacities, and are denoted by and i ¥ . Molar heat 
capacities are defined as follow’s: 


- me, and i, - me. 

From equation (2.17), c p — c ¥ — R, therefore 
= me, - me, * mR 

Also from equation (2.9), mR ■ R, hence 

From equation (115) 

U - me r T 


( 6 . 20 ) 


( 6 . 21 ) 


Also from equation (17), m - nm. and from equation (6.20), rhe, - d, 
therefore. 


U - ni r T 


( 6 . 22 ) 
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6.4 Specific ho*t capacities of a gas mixtura 


Similarly 


H *= nd p T 

(6.23) 

By the Gibbs-Dalton law. 


(/-Xl/, and //-£/*, 


therefore 


<T- 5>,?„r and nl,T-Zn,l,.T 


i-e. 

fl 

(6.24) 

and 

*i 

(6.25) 


Example 6.9 A producer gas has the following volumetric analysis: 29% CO, 12% H 2 , 
3% CH 4 . 4% COj. 52% N a . Calculate the values of £ r , c,, and c, for 
the mixture. The values of c p for the constituents arc as follows: 
for CO, i, - 29.27 kJ/kmol K; for H 2 , d, « 28.89 kJ/kmol K; for CH 4l 
d, = 35.80 kJ/kmolK; for C0 2 . f p = 37.22 kJ/kmol K; for N a . e, = 
29.14 kJ/kmol K. 

The molar masses may be taken as follows: for H 2 ,2 kg/kmol; for CH 4 , 
16 kg/kmol; for C0 2 , 44 kg/kmol; for N 2 , 28 kg/kmol. 

Solution From equation (6.25), 



Therefore, 

i, - (0.29 x 29.27) + (0.12 x 23.89) + (0.03 x 35.80) 

+ (0.04 x 37.22) + (0.52 x 29.14) 
ix. c, - 29.6707 kJ/kmol K 
From equation (6.21), 

therefore 

- I, - R . 29.6707 - 8.3145 - 21.3562 kJ/kmol K 
ix d v - 21.3562 kJ/kmol K 

The molar mass can be found from equation (6.17), i.e. 

m = £-«» 
n 

= (0.29 x 28) + (0.12 x 2) + (0.03 x 16) + (004 x 44) 
+ (0.52 x 28) 
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Mixtures 


Table 

&5 Properties of 
some common gases 
at 300K 



c p 





m 

R 

Gas 

(kJ/kgK) 


7 

(kJ/kmol K) 

(kg/kmol) 

(kJ/kgK) 

Diatomic 

Carbon monoxide (CO) 

1.0410 

0.7442 

1.399 

29.158 

20.845 

28.010 

0.2968 

Hydrogen (H,) 

14.3230 

10.1987 

1404 

28875 

20 561 

2.016 

4.1243 

Nitrogen (N 2 ) 

10400 

0.7432 

1.399 

29.134 

20.819 

28.013 

0.2968 

Oxygen (Oj) 

0.9182 

0.6584 

1.395 

29.382 

21.068 

31.999 

0.2598 

Monatomic 

Argon (Ar) 

0.5203 

0.3122 

1.666 

20.786 

12472 

39.950 

0.2081 

Helium (He) 

5.1930 

3.1159 

1666 

20788 

12473 

4.003 

2.0771 

Triatomic 

Carbon dioxide (C0 2 ) 

0.8457 

0.6568 

1.288 

37219 

28.906 

44.010 

0.1889 

Sulphur dioxide (S0 2 ) 

0.6448 

0.5150 

1252 

41.306 

32991 

64 060 

0.1298 

Hydrocarbons 

Ethane (C 2 H*) 

1.7668 

1.4903 

1.186 

53.128 

44.813 

30.070 

0.2765 

Methane (CH 4 ) 

2-2316 

1.7132 

1.303 

35.795 

27.480 

16.040 

0.5184 

Propane (C 3 H B ) 

1.6915 

1.5029 

1.126 

74.578 

66.263 

44.090 

0.1886 


i.e. m = 25.16 kg/kmol 
Then from equation (6.20) 


_c, 29.6707 

C '~ m 25.16 


1.1793 kJ/kgK 


and 



Gas mixture 
P.T 

k-K» + k, 

»i - «»+ m, 
" “ "a * "a 


(b( 


6.5 


Ffc 6.4 Mixing of two 
gases initially separate 


Values of y, c,, c„ f,, m, and R at 300 K for some of the more common 
gases are shown in Table 6.5. 

Adiabatic mixing of perfect gases 

Consider two gases A and B separated from each other in a closed vessel by a 
thin diaphragm, as shown in Fig. 6.4(a). If the diaphragm is punctured or 
removed, then the gases mix as in Fig. 6.4(b). and each then occupies the total 
volume, behaving as if the other gas were not present. This process is equivalent 
to a free expansion of each gas, and is irreversible. The process can be simplified 
by the assumption that it is adiabatic; this means that the vessel is perfectly 
thermally insulated and therefore there will be an increase in entropy of the 
system. In section 4.5 it is shown that there is always an increase in entropy 
of a thermally isolated system which undergoes an irreversible process. 
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6.6 Adiabatic mixing of parfacl gaaaa 


Example 6.10 


Solution 


It is shown in section 3.5 that in a free expansion process the internal 
energy initially is equal to the internal energy finally. In this case, from 
equation (6.22) 

u \ “ 

and C/g-fatt+ *«%>? 

Extending this result to any number of gases. 

Vi-1 n,e,T, and U 2 -T£n& 

Then (/, o U 2 

ie. 1^7;- Tl.nA. 

LC. (6.26) 

I "A 


A vessel of 1.5 m 3 capacity contains oxygen at 7 bar and 40 °C. The vessel 
is connected to another vessel of 3 m 3 capacity containing carbon monoxide 
at 1 bar and I5°C. A connecting valve is opened and the gases mix 
adiabatically. Calculate: 

(i) the final temperature and pressure of the mixture; 

(ii) the change in entropy of the system. 

For oxygen. = 21.07 kJ/kmol K; for carbon monoxide. = 20.86 kJ/ 
kmol K. 

(i) From equation (2.8) 



Therefore 


"o, 


7 x 10 s x 1.5 
8.3145 x 313 x 10* 


- 0.4035 


where T Qt - 40 + 273 - 313 K 


and 

nco-- 1 * l0 — 3 —s-0.1253 where 7™ - 15 + 273 - 288 K 

8.3145 x 288 x 10 3 00 

Before mixing 

V x - - (0.4035 x 21.07 x 313) + (0.1253 x 20.86 x 288) 

i.c. C/, - 3413.8 kJ 
After mixing 

(/, = TZWr.) “ T{(0.4035 x 21.07) + (0.1253 x 20.86)} 
i.e. 11.118x7 
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Mixture* 


For adiabatic mixing. U l = U 2 , therefore 

3413 8 

3413.8 * 11.118 x T therefore T *-- = 307K 

11.118 

i.e. Temperature of mixture — 307 — 273 - 34 °C 

From equation (18). 

nRT 

p-— 

Therefore 

(0.4035 + 0.1253) x 8.3145 x 307 x 10 s , . 

,m -ifs;«)'«'io*- 3bar 

Le. Pressure after mixing => 3 bar 
(ii) The change of entropy of the system is equal to the change of entropy 
of the oxygen plus the change of entropy of the carbon monoxide; this follows 
from the Gibbs-Dalton law. 

Referring to Fig. 6.5, the change of entropy of the oxygen can be calculated 
by replacing the process undergone by the oxygen by the two processes 1 
to A and A to 1 


Fig. 63 T-s diagram 
for oxygen for 
Example 6.10 



For an isothermal process from 1 to A, from equation (4.13), we have 
s A -j,-Rln(£) or S A - S, - 

Le. S A - S, - nR - 0.4035 x 8.3145 x ln( - 3 686 kJ/K 

At constant volume from A to 1 

or S A -S 2 ««c,lnQf) 

S A - S 2 - ni. In- 0.4035 x 21.07 x ln^~^ - 0.1683 kJ/K. 
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0.6 Adiabatic mixing of parfact g 


therefore 

S* - S, - 3.686 - 0.168 - 3.518 kJ/K 

Referring to Fig. 6.6, the change of entropy of the carbon monoxide can be 
found in a similar way to the above, 

Le. Sj-S.-fS.-S.)+ ($,-*■) 


Fig. 6.6 T-s diagram 
for carbon monoxide for 
Example 6.10 



therefore 


S,-S, =n/?ln(^) + «.lnQ|) 

= 1 0.1253 X 8.314 x ,n (y] j 


1 ° 


+ <0.1253 x 20.86 x 


■©} 


therefore 

S,-S, - 0.590 kJ/K 

Hence the change of entropy of the whole system is given by 

(S: - S,) w - <S 2 - S,lo 4 + (S, - SjIco 


i.e. Change of entropy of system - 3.518 + 0.590 - 4.108 kJ/K 

Another form of mixing is that which occurs when streams of fluid meet 
to form a common stream in steady flow. This is shown diagrammatically in 
Fig. 6.7. The steady-flow energy equation can be applied to the mixing section, 
and changes in kinetic and potential energy arc usually negligible. 

i.e. m A /i Ai + m B h B + Q + ** m A /i Aj + 

For adiabatic flow Q = 0. and also W = 0 in this case, therefore 

"U^A, + "•b^B, = ^A^A, + 
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Mixture* 


Fig. 6.7 Mixing of two 

fluid streams 



From equation (2.18), h - c,7; hence 

m A c,.T A + m%c H T % - *AC n T + ihiC H T 

For any number of gases this becomes 

£(.A,c„7;)-r£(.A,c»> 


iJt. 


J l(*c„T,) 
H*.C h ) 


1621 ) 


Also, since from equation (6.20), c f - mc f , and m = m/n from equation (2.7), 
then 

nc, = mc. 

Hence. T - 3> |C » 7 i ) (6.28) 


Equation (6.27) or (6.28) represents one condition which must be satisfied 
in an adiabatic mixing process of perfect gases in steady flow. In a particular 
problem some other information must be known (e.g. the final pressure or 
specific volume) before a complete solution is possible. To find the change of 
entropy in such a process the procedure is as described above for adiabatic 
mixing by a free expansion. The entropy change of each gas is found and the 
results added together. 


6.6 Gas and vapour mixtures 

Consider a vessel of fixed volume which is maintained at a constant temperature 
as shown in Fig. 6.8(a). The vessel is evacuated and the absolute pressure is 
therefore zero. In Fig. 6.8(b) a small quantity of water is introduced into the 
vessel and it evaporates to occupy the whole volume. For a small quantity of 
water introduced, the pressure in the vessel will be less than the saturation 
pressure corresponding to the temperature of the vessel. At this condition of 
pressure and temperature the vessel will be occupied by superheated vapour. 
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6.6 Gas and vapour mixtures 


Fig. 6.8 Liquid 
introduced into an 
evacuated vessel 


Example 6.11 


Solution 




As more water is introduced the pressure increases and the water continues to 
evaporate until such a condition is reached that the volume can hold no more 
vapour. Any additional water introduced into the vessel after this will not 
evaporate but will exist as water, the condition being as in Fig. 6.8(c), which 
shows the vapour in contact with its liquid. Per kilogram of water introduced, 
the vessel can be thought of as containing either (1 — x) kg of water plus x kg 
of dry saturated vapour, or as containing I kg of wet steam of dryness fraction x. 

During the entire process of evaporation the temperature remains constant. 
If the temperature is now raised by the addition of heat, then more vapour will 
evaporate and the pressure in the vessel will increase. Eventually the vessel will 
contain a superheated vapour as before, but at a higher pressure and temperature. 

The vessel in Fig. 6.8 is considered to be initially evacuated, but the water 
would evaporate in exactly the same way if the vessel contained a gas or a 
mixture of gases. As stated in the Gibbs-Dalton law, each constituent behaves 
as if it occupies the whole vessel at the temperature of the vessel. When a little 
water is sprayed into a vessel containing a gas mixture, then the vapour formed 
will exert the saturation pressure corresponding to the temperature of the vessel, 
and this is the partial pressure of the vapour in the mixture. (It must be 
remembered that the vapour is only saturated when it is in contact with its liquid.) 

When a mixture contains a saturated vapour, then the partial pressure of 
the vapour can be found from tables at the temperature of the mixture. This 
assumes that a saturated vapour obeys the Gibbs-Dalton law; this is only a 
good approximation at low values of the total pressure. 


(a) A vessel of 0.3 m J capacity contains air at 0.7 bar and 75 C. The vessel is 
maintained at this temperature as water is injected into it. Calculate the 
mass of water to be injected so that the vessel is just filled with saturated 
vapour. 

(b) If injection now continues until a total mass of 0.7 kg of water is 
introduced, calculate the new total pressure in the vessel. 

(c) The vessel is now heated until all the water in it just evaporates. Calculate: 

(i) the total pressure for this condition; 

(ii) the heat to be supplied. 

(a) The subscripts s, w, and a will be used for steam, water, and air respectively. 

At 75°C. the saturation pressure p, = 0.3855 bar and v $ - 4.133 m J /kg. 
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Therefore 


Mass of vapour occupying 0.3 nv* = —— = 0.0726 kg 

4.133 

i.e. Mass of water to be injected = 0.0726 kg 

(b) By Dalton's law. equation (6.2k p « p, + p t . 

i.e. Total pressure in vessel - 0.7 + 0.3855 = 1.0855 bar 

Note that the dry vapour is assumed to act as a perfect gas, hence the vapour 
and the air are assumed to occupy the same volume while each exerts its partial 
pressure. 

When a total mass of 0.7 kg of water has been injected into the vessel it will 
exist partly as dry saturated vapour (say m 4 kg) and partly as water (say m. kg, 
where = (0.7 — m,)) in such proportions that the mixture occupies the total 
volume of 0.3 m\ therefore 

(m, x 4.133) + (0.7 - m,) x 0.001 026 = 0.3 

where 0.001 026 m 3 /kg is the specific volume of water. 

i.e. m,(4.133 - 0.001 026) = 0.3 - (0.7 x 0.001026) 

4.132 x m, = 02993 therefore m, — — 0.0724 kg 


Air 

♦ 

dry tat. 
steam 


m’ 

2SES 

_ 

"00007 m’ 


Fig. 6.9 Conditions in 
vessel for part (bj of 
Example 6.11 


Note that the volume of water is negligibly small compared to the volume of 
the air-vapour mixture 

m. =0.7-0.0724 = 0.6276 kg 

The volume occupied by the dry vapour = 0.0724 x 4.133 = 0.2993 m\ The 
vessel may be assumed to contain air, dry saturated steam, and water, as shown 
in Fig. 69. 

Since 7, • T 2 . we can write 

therefore 


i.e. 


07 -6593 - 070,7 h" 

Total pressure 3 p. + p. = 0.7017 0.3855 = 1.0872 bar 


(c) (i) The water can be completely evaporated by raising the temperature 
to a value such that the total volume is occupied by saturated steam and air. 
This condition is reached when the steam has a specific volume i/ f , such that, 
0.7 x v t = 0 3. 

i.e. r t = ^ = 0.4286 m 3 kg 



6 6 Gas and vapour mixturaa 


Example 6.12 


From tables the saturation pressure at c $ « 0.4286 m\'kg is. by interpolating. 


, 0.4623 - 0.4286 \ 
V0.4623 — 0.4139/ 


x (4.5 - 4.0) - 4.35 bar 


The air now occupies the volume of 0 3 m* while exerting its partial pressure 
/V at the new temperature. The new temperature is that saturation temperature 
corresponding to the pressure of 4.35 bar. 

From tables by interpolation at 4.35 bar 

i - 143.6 + ~ x 4.3 - 146.6 °C therefore T - 146.6 + 273 - 419.6 K 
0.5 


Then for the air 


|p* ■ ^ therefore p tt - 0.7 x —- « 0.8439 bar 
where T t = 75 + 273 - 348 K. 

i.c. Total pressure in vessel = 4.35 + 0.8439 *= 5.194 bar 
(iil From the non-flow energy equation 
(> + »*'= U x - V x 


In this case W = 0. therefore Q = (U 2 — U t )- Then 
and U 2 = m t u t) + 

For a perfect gas. from equation (2.15), V = mc t T, therefore 


Q = ~ + "hc,(T 2 - T,) 

Then taking u, and u. from tables, and substituting for 
p a V 0.7 x IQ 5 x 0.3 
R.T 0.287 x 348 x 10 J 


m. 


0.2102 kg 


we have 

Q » (0.7 x 2556.8) - (0.0724 x 2475.3) 

- (0.6276 x 313.5) + 0.2102 x 0.718(419.6 - 348) 
i.c. Heat supplied - 1789.8 - 179.2 - 196.8 + 10.8 - 1424.6 kJ 


The products of combustion of a fuel have a volumetric analysis of 
CO a 8%. H.O 15%. 0 2 5.5%. and N 2 71.5%. If the total pressure is 1.4 bar, 
calculate the temperature to which the gas must be cooled at constant pressure 
for condensation of the H 2 0 just to commence. 
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Solution From equation (6.14) 

Partial pressure of H 2 0 = -xp = 0.15 x 1.4 - 0.21 bar 

n 

The saturation temperature corresponding to 0.21 bar is 61.15 °C, i.e. the gas 
must be cooled to 61.15 C C for condensation of the H.O to commence. 


6.7 The steam condenser 

The condenser is an essential part of any steam power plant. The temperature 
at which condensation occurs is in the order of 25 to 40 C. the corresponding 
saturation pressures being 0.031 66 and 0.07375 bar. The shell and tube type 
condenser is a vessel in which this low pressure is maintained by a pump, and 
the steam condenses on the outside of tubes through which cold water is flowing. 
This type is called a surface condenser. There will be some leakage of air into 
the condenser, both through the glands and from air dissolved in the feedwater 
which comes out of solution and is carried into the condenser by the steam. 
This air impairs the condenser performance since it reduces the heat transfer 
from the steam to the cooling water. 

The condenser contains a mixture of steam, air. and water. The air must be 
pumped out of the condenser continually to maintain the vacuum, and the air 
which is pumped out carries with it some of ihc steam. This results in a loss 
of feedwater to the boiler. This loss has to be made up by the addition of cold 
water. Another effect of the presence of air is that the condensate is undercooled 
(i.e. cooled to a temperature below the saturation temperature), which means 
that more heat has to be supplied to the water in the boiler than if no 
undercooling had occurred. 

The pressure in the condenser is approximately constant throughout and 
steam and air enter the condenser in fixed proportions when steady conditions 
prevail. As some of the steam is condensed the partial pressure of the remaining 
steam decreases, and hence the partial pressure of the air increases to maintain 
the same total pressure. At reduced partial pressures the steam has a saturation 
temperature which is below that of the incoming steam. Hence condensation 
proceeds at progressively lower temperatures. 

.Some condensers arc designed to make up for the deficiencies of the simple 
type. Two of these arc indicated in Figs 6.10(a) and 6.10(b). In Fig. 6.10(a) 
most of the condensation is carried out on the main bank of tubes and the air 
is drawn over another, smaller, bank which is shielded from the main bank and 
is called the air cooler. Here further condensation takes place at a lower 
temperature with a subsequent saving in feedwater, and a smaller pump is 
required for the condenser. In Fig. 6.10(b) Ihc air-cooling lubes are in the centre 
of the condenser and the air is pumped away from this icgion. The incoming 
steam passes all round the bank of tubes and some is drawn upwards to the 
centre. In doing so it meets the undcrcoolcd condensate which has been formed 
and reheales it. hence reducing the amount of undercooling. 
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Fig. 6.10 Two 

arrangement! for air 
extraction in a condenser 


Example 6.13 


Solution 


6.7 Tha ateam condenaar 



Steam and air 



A surface condenser is required to deal with 20000 kg of steam per hour, 
and the air leakage is estimated at 0.3 kg per 1000 kg of steam. The steam 
enters the condenser dry saturated at 38 °C. The condensate is extracted at 
the lowest point of the condenser at a temperature of 36 °C. The condensate 
loss is made up with water at 7 J G It is required to find the saving in 
condensate and the saving in heat supplied in the boiler, by fitting a separate 
air extraction pump which draws the air over an air cooler. Assume that the 
air leaves the cooler at 27 C G The pressure in the condenser can be assumed 
to remain constant. 


At entry, mass of air per kilogram of steam = 0.3/1000 kg. 

At 38 3 C the saturation pressure is 0.06624 bar and v % = 21.63 m 3 /kg. 

For 1 kg of steam the volume is 21.63 m 3 , and this must be the volume 
occupied by 0.3/1000 kg of air when exerting its partial pressure. 


Partial pressure of air 


m,*, 7 0.3 x 0.287 x 311 x 10 3 
V 1000 X 21.63 x 10* 


= 1.2 x 10" 5 bar 


This is negligibly small and may be neglected. 

Condensate extraction: the saturation pressure at 36 C C is 0.0594 bar. and 
i' g - 23.97 m*/kg. The total pressure in the condenser is 0.06624 bar. hence 

0.066 24 * 0.0594 + p. ' therefore p. - 0.006 84 bar 


The mass of air removed per hour is 

20000 x 03 /k 

-■ 6 kg, h 

1000 


Hence the volume of air removed per hour is 


mRT 

P 


6 x 0.287 x 309 x 10 3 
0.00684 x 10 s 


= 778 nr'/h 
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The mass of steam associated with the air removed is therefore given by 
778 


23.97 


3145 kg/h 


Separate extraction: the saturation pressure at 27 C C is 0035 64 bar and 
9 t - 38.81 mVkg. 

The air partial pressure is 0.066 24 - 0.035 64 - 0.0306 bar. Therefore the 
volume of air removed is 


mRT 6 x 0.287 x 300 x 10 5 


0.0306 x 10 5 


- 168.9 m J /h 


therefore 


Steam removed - --= 4.35 kg/h 

38.81 

Hence the saving in condensate by using the separate extraction method is 
given by 3145 - 4.35 = 28.1 kg/h. 

Also, the saving in heat to be supplied in the boiler is approximately 
28.1 x 4.182(36 - 7)/3600 = 0.95 kW. where the mean specific heat of the water 
is 4.182 kJ/kg K. 


Example 6.14 


Solution 


For the data of Example 6.13 calculate the percentage reduction in air pump 

capacity by using the separate extraction method. If the temperature rise of 
the cooling water is 5.5 K, calculate the mass flow of cooling water required. 

Air pump capacity without air cooler = 778 m 3 /h 

Air pump capacity with the air cooler = 168.9 m s /h 

Therefore 


Percentage reduction in capacity 


/ 778- 168.9 \ 
V 778 ) 

- 78.3% 


x 100 


The system to be analysed is shown in Fig. 6.11. Let suffixes s. a. and c 
denote steam, air. and condensate respectively. Applying the steady-flow energy 
equation and neglecting changes in kinetic energy, we have 

Q + m,\ + AA, ■ (AA. + AAj) + 

A, = m„ » 6 kg/h; A, = 20000 kg/h; A, * 4.35 kg/h 
A - 20000 - 4.35 - 20000 kg/h approx. 

— h it - c p (T, - T 2 ) (from equation (2.18)) 
i.c. Q - (4.35 x 2550.3) + {6 x 1.005(38 - 27)) 

+ (20000 x 150.7) - (20000 x 2570.1) 
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Fig. 6.11 Condenser 
sysiem for Example 6.14 



therefore 

Q = —48.38 x 10 6 kJ/h = - 13439 kW 
where h t = h t at 36°C = 150.7 kJ/kg. 

i.e. Heat rejected = +13 439 k W * 

The mass of cooling water required for a 5.5 K rise in temperature is 
48.38 x 10 6 /(5.5 x 4.182) = 11 x 10‘kg/h. approximately. 


Unless a very large natural supply of cooling water is available for large 
steam plants, means must be found to cool the cooling water after use. This 
can be done by passing the cooling water through a cooling tower; cooling 
towers are considered in Section 15.5. 


Problems 

(For tulun of m, R, l f , t,. etc. which arc necessary in the following problems, refer to 
Table 6.5 on p. 162; take values of m to the nearest whole number) 

8.1 A mixture of carbon monoxide and oxygen is to be prepared in the proportion of 7 kg 
to 4 kg in a vessel of 0.3 m ’ capacity. If the temperature of the mixture is 15 C, determine 
the pressure to which the vessel is subject. If the temperature » raised to 40°C, what 
will then be the pressure in the vessel? 

(29.94 bar; 32.54 bar) 

6.2 For the mixture of Problem 6.1 calculate the volumetric analysis, the molar mass and 
the characteristic gas constant. Calculate also the total amount of substance in the 
mixture. 

(33 3% O,; 66.7% CO; 29.3 kg/kmol; 0.283 kJ/kg K; 0.375 kmol) 
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An exhaust gas is analysed and is found to contain, by volume, 78% N a , 12% CO a , 
and 10 % O a . What is the corresponding gravimetric analysis? Calculate the molar mass of 
the mixture, and the density if the temperature is 550"C and the total pressure is 
I bar. 

(72% N a , 17.4% CO,. 10 . 6 % O a ; 30.33 kg/kmol; 0.443 kg/m J ) 

A vessel of 3 m 1 capacity contains a mixture of nitrogen and carbon dioxide, the analysis 
by volume showing equal quantities of each. The temperature is 15 X and the total 
pressure is 3.5 bar Determine the mass of each constituent. 

(6.14 kg N a ; 9.65 kgCO a ) 

6.5 The mixture of Problem 6.4 is to be changed so that it is 70V. CO a and 30% N a by 
volume. Calculate the mass of mixture to be removed and the mass of CO a to be added 
to give the required mixture at the same temperature and pressure as before. 

(6.31 kg: 7.72 kg CO a ) 

6.6 In a mixture of methane (CH 4 ) and air there are three volumes of oxygen to one volume of 
methane. From initial conditions of I bar and 95 X the gas is compressed reversibly 
and adiabatically through a volume ratio of S. Assuming that air contains only oxygen 
and nitrogen, calculate: 

(i) the values of c r c„ i,. R and •/ for the mixture; 

(ii) the final pressure and temperature of the mixture: 

(iii) the work input per unit mass of mixture 

(1.057 kJ/kg K. 0.761 kJ kg K. 29.60 kJ/kmol K. 21.31 kJ/kmol K. 

0.297 kJ/kg K, 1.389; 9.35 bar. 415.3 X; 243.8 kJ/kg) 

6.7 A mixture is made upof 25 V. N,, 35% O a . 20 % CO : . and 20 % CO by volume. Calculate: 

(i) the molar mass of the mixture: 

(ii) c, and c r for the mixture; 

(iiiI 7 for the mixture; 

(iv) the partial pressure of each constituent when the total pressure is 1.5 bar; 

(v) the density of the mixture at 1.5 bar and I5°C. 

(32.6 kg/kmol; 30.84. 2153 kJ/kmol K; 1.37; 0J75. 0.525, 0.3,0.3 bar; 104 kg/m*) 

6.8 Two vessels are connected by a pipe in which there is a valve. One vessel of 0.3 m* 
contains air at 7 bar and 32 X. and the other of 003 m* contains oxygen at 21 bar and 
I5X. The valve is opened and the two gases are allowed to mix. Assuming that the 
system is well lagged, calculate: 

(i) the final temperature of the mixture; 

(it) the final pressure of the mixture; 

(iii) the partial pressure of each constituent; 

(iv) the volumetric analysis of the mixture; 

(v) the values of c p , c„ R. m. and y for the mixture; 

(vi) the increase of entropy of the system per kilogram of mixture; 

(vii) the change in internal energy and enthalpy of the mixture per kilogram if the vessel 
is cooled to 10 X. 

Assume that air consists only of oxygen and nitrogen. 

(27.9 C; 8 27 bar; 3.31. 4 96 bar; 60% N a . 40% O a ; 0.987, 0.709 kJ/kg K; 
0.278 kJ, kg K; 29.91 kg mol; 1.392; 0.183 kJ/kg K: 1169, 17.67 kJ/kg) 

6.9 Air and carbon monoxide arc mixed in the proportion 3 to I by mass. The CO is 
supplied at 4 bar and 15'C.and the air is supplied at 7 bar and 32 X. The two constituents 
arc passed in steady flow through non-return valves to mix adiabatically at a pressure 
of I bar. Calculate: 

(i) the final temperature of the mixture: 


6.3 


6.4 
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(ii) the partial procure of each constituent of the mixture; 

(iii) the increase of entropy per kilogram of mixture; 

(iv) the volume flow of mixture for a flow of I kg/min of CO; 

(v) the velocity of the mixture if the area of the pipe downstream of the mixing section 
is 0.1 m* 

(27.7 C: 0.256. 0.156. 0588 bar; 0.689 kJ/kg K; 3.49 m'/min; 0.582 m/s) 

6.10 Ammonia in air is a toxic mixture when the ammonia is 0.55% by volume. Calculate 
how much leakage from an ammonia comprcs»or can be tolerated per 1000 m * of space. 
The pressure is i bar and the temperature is 15‘C. The molar mass of ammonia (Nil,) 
is 17 kg/kmol. and it may be assumed to act as a perfect gas in this case. 

(3.91 kg) 

6.11 A vessel of 03 m J capacity contains a mixture of air and steam which is 0.75 dry If the 
pressure is 7 bar and the temperature is 116.9 *C. calculate the mass of water present, 
the mass of dry saturated vapour, and the mass of air. 

10 102 kg; 0.307 kg; 1.394 kg) 

6.12 If the vessel of problem 6.11 is cooled to 100 ’C calculate: 

(i) the mass of vapour condensed: 

(ii) the final pressure in the vessel; 

(iii) the heat rejected. 

(0.128 kg; 5.99 bar; 297 kJ) 

6.13 A closed vessel of volume 3 m’ contains air saturated with water vapour at 38 C and 
a vacuum pressure of 660 mm of mercury . The vacuum falls to 560 mm of mercury and 
the temperature falls to 26 7 ; C. Calculate the mass of air that has leaked in and the 
quantity of vapour that has condensed. Take the barometric pressure as 760 mm Hg. 

(0.583 kg; 0.0627 kg) 

6.14 The air in a cylinder fitted with a piston is saturated with water vapour. The volume is 
0.3 m J , the pressure is 3.5 bar and the temperature is 60.1 4 C. The mixture is compressed 
to 5.5 bar. the temperature remaining constant. Calculate: 

(i) the masses of air and vapour present initially; 

(ii) the mass of vapour condensed on compression. 

(1.036 kg; 0.0392 kg; 00148 kg) 

6.15 The temperature in a vessel is 36 C and the proportion by mass of air to dry saturated 
steam is 0.1. What is the pressure in the vessel in bar and in mm of mercury vacuum? 
The barometric pressure is 7W mm Hg. 

(00631 bar; 712.7 mm Hg) 

6.16 A surface condenser is fitted w ith separate air and condensate outlets. A portion of the 
cooling surface is screened from the incoming steam and the air passes over these screened 
tubes to the an extraction and becomes cooled below the condensate temperature. The 
condenser receives 20000 kg h of steam dry saturated at 36.2*C. At the condensate 
outlet the temperature is 34.6 C. und at the air extraction the temperature is 29 C. The 
volume of air plus vapour leaving the condenser is 3.8m’/min Assuming constant 
pressure throughout the condenser calculate: 

(i) the mass of air removed per 10000 kg of steam; 

(ii) the mass of steam condensed in the air cooler per minute; 

(in) the heat rejected to the cooling water. 

Neglect the partial pressure of the air at inlet to the condenser. 

(163 kg; 0.5 kg/min; 134$1 kW) 
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The ideal cycles previously considered use fluids which remain unchanged 
chemically as they pass through the various processes of the cycle. In practical 
engines and power plants the source of heat is the chemical energy of substances 
called fuels This energy is released during the chemical reaction of the fuel with 
oxygen. The fuel elements combine with oxygen in an oxidation process which 
is rapid and is accompanied by the evolution of heat 

The combustion process takes place in a controlled manner in some form 
of combustion chamber after initiation of combustion by some means (c.g. in 
a petrol engine the combustion is started by an electric spark*. The most 
convenient source of oxygen supply is that of the atmosphere which contains 
oxygen and nitrogen aod traces of other gases. Normally no attempt is made 
to separate out the oxygen from the atmosphere, and the nitrogen, etc 
accompanies the oxygen into the combustion chamber. 

Nitrogen does not oxidize easily and is inert as far as the combustion process 
is concerned, but it acts as a moderator in that it absorbs some of the heat of 
combustion and so limits the maximum temperature reached As combustion 
proceeds the oxygen is progressively used up and the proportion of nitrogen 
plus products of combustion (o the available oxygen increases. For a given 
amount of fuel there it a definite amount of oxygen, and therefore air. which 
is required for the complete combustion of a given fuel. To ensure complete 
combustion it is usual to supply air in excess of the amount required for 
chemically correct combustion. 11 k oxygen not consumed in the reaction passes 
into the exhaust with the products of combustion. 

Internal-combustion engines are run on liquid fuels which are grouped as 
‘petrols' (known as gasoline in the L'SAk and diesel oils, or gaseous fuels, 
commonly used in combined beat and power plant; gas turbines arc run mainly 
on kerosene although natural gas is now commonly used. Engines burning solid 
fuels have been built but are mainly experimental In the many and diverse 
applications in industry, solid, liquid, and gaseous fuels are used. Generalization 
is not possible on the selection of fuels, since the fuel used and its necessary 
firing equipment depend on the particular application, the practical circumstances, 
and economic considerations. 




7.1 Basic chamistry 


7.1 Basic chemistry 

It is necessary lo understand the construction and use of chemical formulae, 
before combustion problems can be considered. This involves elementary 
concepts which have been met before by most students, but a brief explanation 
will be given here. 

Atoms. Chemical elements cannot be divided indefinitely and the smallest particle 
which can take part in a chemical change is called an atom. If an atom is split 
as in a nuclear reaction, the divided atom does not retain the original chemical 
properties. 

Molecules. Elements arc seldom found to exist naturally as single atoms. Some 
elements have atoms which exist in pairs, each pair forming a molecule (e.g. 
oxygen), and the atoms of each molecule arc held together by strong inter-atomic 
forces. The isolation of a molecule of oxygen would be tedious, but possible; 
the isolation of an atom of oxygen would be a different prospect. 

The molecules of some substances arc formed by the mating up of atoms of 
different elements. For example, water (which is chemically the same as ice and 
steam) has a molecule which consists of two atoms of hydrogen and one atom 
of oxygen. 

The atoms of different elements have different masses and these values are 
important when a quantitative analysis is required. The actual masses arc 
infinitesimally small, and the ratios of the masses of atoms arc used. These 
ratios arc given by the relative atomic masses quoted on a scale which defines 
the atomic mass of isotope 12 of carbon as 12 (see Ch. 2, p. 40). The relative 
atomic mass of a substance is the mass of a single entity of the substance relative 
to a single entity of carbon-12. Table 7.1 gives the relative atomic masses of 
some common elements rounded off to give values accurate enough for most 
purposes. 


Table 7.1 Relative 
atomic and molecular 
masses of some 
common substances 


Element 

Oxygen 

Hydrogen 

Carbon 

Sulphur 

Nitrogen 

Atomic symbol 
Relative atomic 

O 

H 

C 

S 

N 

mass 

16 

1 

12 

32 

14 

Molecular grouping 
Relative molecular 

O: 

H, 

C 

s 

n 2 

mass (rounded) 

32 

2 

12 

32 

28 

Accurate values 

31.999 

1016 

12 

31030 

28.013 


Relatii't molecular masses arc based on the relative masses of the atoms which 
constitute the molecule. In chemical formulae one utom of an element is 
represented by the symbol for the element, i.e. an atom of hydrogen is written 
as H. and other examples arc given in Table 7.1. If a substance exists as a 
molecule containing, say, two atoms, as for hydrogen, it is written as H 3 . 
Two molecules of hydrogen is written as 2H 2 . etc. Table 7.1 includes relative 
molecular masses, rounded off. and. for comparison, the accurate values. 
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Table 12 Compounds ' 

and ihcir relative _ . _ Relative 

molecular masses Compound Formula molecular mass 


Water, steam 

H,0 

(2 x 1) + (1 x 16) 


18 

Carbon monoxide 

CO 

(1 x 12)4-11 x 16) 


28 

Carbon dioxide 

co 2 

(1 x 12)+(2 x 16) 


44 

Sulphur dioxide 

SO, 

(1 x 32) 4-(2 x 16) 


64 

Methane 

CH 4 

(1 x 12) -f (4 x 1) 


16 

Fthane 

C,H. 

(2 x 12) 4- (6 x 1) 


30 

Propane 

C,H, 

(3 x 12)4 (8 x 1) 


44 

n-Butanc 

C 4 H ia 

(4 x 12)4-00 x 1) 


58 

Fthylene 

c,h 4 

(2 x 12) 4- (4 x 1) 


21 

Propylene 

c,h 4 

(3 x 12) 4 (6 x 1) 


42 

n- Pentane 

C,H„ 

(5 x 12)4-02 x 1) 


72 

Benzene 

c.h 4 

(6 x 12)4-(6 x 1) 


78 

Toluene 

C,H, 

(7 x 12) 4- (8 x 1) 

■> 

92 

n-Octanc 

C,H„ 

(8 x 12) 4 (18 x 1) 

- 

114 


Some of the other substances met in combustion work arc given in 
Table 7.2 to illustrate the calculations of the relative molecular mass from the 
relative atomic masses of the elements. 

7.2 Fuels 

The most important fuel elements are carbon and hydrogen, and most fuels 
consist of these and sometimes a small amount of sulphur. The fuel may contain 
some oxygen and a small quantity of incombustibles (c.g. water vapour, nitrogen, 
or ash). 

Coal is the most important solid fuel and the various types arc divided into 
groups according to their chemical and physical properties. An accurate chemical 
analysis by mass of the important elements in the fuel is called the ultimate 
analysis, the elements usually included being carbon, hydrogen, nitrogen, and 
sulphur. The main groups arc shown in Table 7.3, and their ultimate analyses 
arc given. The analyses arc typical but may vary from one sample to another 
within the group, and hence can be taken only as a guide. Another analysis of 
coal, also shown in Table 7.3 called the proximate analysis, gives the percentages 
of inherent moisture, volatile matter, and combustible solid (called fixed carbon). 
The fixed carbon is found as a remainder by deducting the percentages of the 
other quantities. The volatile matter includes the water derived from the chemical 
decomposition of the coal (not to be confused with free, or inherent moisture), 
the combustible gases (c.g. hydrogen, methane, ethane, etc.), and tar (i.c. a 
complex mixture of hydrocarbons and other organic compounds). The 
procedures for both analyses are given in ref. 7.1; see also ref. 7.2 and a concise 
treatment in ref. 7.3. 

Most liquid fuels arc hydrocarbons which exist in the liquid phase at 
atmospheric conditions. Petroleum oils arc complex mixtures of sometimes 
hundreds of different fuels, but the necessary information to the engineer is the 
relative proportions of carbon, hydrogen, etc. as given by the ultimate analysis. 
Table 7.4 gives the ultimate analyses of some liquid fuels. 
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Table 7J Analysis of 
solid fuels 


Table 7 A Analyses of 
liquid fuels 


Ultimate analysis 

Fuel 

Rank 

Percentage by 

mass of dry fuel 



C 

H 

0 

N 

s 

Mineral 

matter 

Anthracite 

10! 

88.2 

17 

1.7 

1.0 

1.2 

5.2 

Medium-rank coal 

401 

81.8 

4.9 

4.4 

1.8 

1.9 

5.2 

Low-rank coal 

902 

75.0 

4.6 

10.7 

1.6 

11 

6.0 

Coke 

— 

900 

0.4 

1.9 

— 

— 

7.7 

Proximate analysis on a mineral matter-free basis 







Percentage by mass of fuel 






Inherent 


Volatile 


Fixed 

Fuel 


moisture 


matter 


carbon 

Anrhtacitc 


2 


6 



92 

Medium-rank coal 


3 


39 



58 

Low-rank coal 


10 


42 



48 


Fuel 

Carbon 

Hydrogen 

Sulphur 

Ash. etc. 

100-octanc petrol 

85.1 

14.9 

0.01 

_ 

Motor petrol 

85.5 

14.4 

0.1 

— 

Benzole 

91.7 

8.0 

03 

— 

Kerosene (paraffin) 

86.3 

13.6 

0.1 

— 

Diesel oil 

86.3 

12.8 

0.9 

— 

Light fuel oil 

86.2 

12.4 

1.4 

— 

Heavy fuel oil 

86.1 

11.8 

11 

— 

Residual fuel oil 

88.3 

9.5 

1.2 

1.0 


Table 7 S Analysis by 
volume of a typical 
natural gas 


Methane 

CH* 

Kthane 

c 2 h 4 

Propane 

CjH t 

Butane 

c 4 h 10 

Nitrogen 

N, 

Carbon dioxide 
CO, 

926% 

3.6% 

0.8% 

0.3% 

2.6% 

0.1% 


Gaseous fuels arc chemically ihc simples! of the three groups. The main 

gaseous fuel in use occurs naturally but other gaseous fuels may be manufactured 
by the various treatments of coal. Carbon monoxide is an important guscous 
fuel which is a constituent of other gas mixtures, and is also a product of the 
incomplete combustion of carbon. A typical analysis of a natural gas is given 
in Tabic 7.5. The table gives the analyses by volume, each constituent having 
been measured by volume at atmospheric pressure and temperature. The 
volumetric analysis is the same as the molar analysis (see equation (6.14)). 

Fuels are tested according to standardized procedures and for further 
information ref. 12 should be consulted. 
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7.3 Combustion equations 

Proportionate masses of air and fuel enter the combustion chamber where the 
chemical reaction takes place, and from which the products of combustion pass 
to the exhaust. By the conservation of mass the mass flow remains constant 
(i.e. total mass of products equals total mass of reactants), but the reactants 
are chemically different from the products, and the products leave at a higher 
temperature. The total number of atoms of each clement concerned in the 
combustion remains constant, but the atoms arc rearranged into groups having 
different chemical properties. This information is expressed in the chemical 
equation which shows: 

(i) the reactants and the products of combustion; 

(ii) the relative quantities of the reactants and products. 

The two sides of the equation must be consistent, each having the same number 
of atoms of each element involved. It should not be assumed that if an equation 
can be written, that the reaction it represents is inevitable or even possible. For 
possibility and direction the reaction has to be considered with reference to 
the Second Law of Thermodynamics. For the present the only concern is known 
combustion equations. 

The equation shows the number of molecules of each reactant and product. 
The amount of substance, introduced in section 2.3. is proportional to the 
number of molecules, hence the relative numbers of molecules of the reactants 
and the products give the molar, and therefore the volumetric, analysis of the 
gaseous constituents. 

As stated earlier the oxygen supplied for combustion is usually provided by 
atmospheric air, and it is necessary to use accurate and consistent analyses of 
air by mass and by volume. It is usual in combustion calculations to take air 
as 23.3% 0 2 , 76.7% N, by mass, and 21% 0 2 . 79% N 2 by volume. The small 
traces of other gases in dry air are included in the nitrogen, which is sometimes 
called ‘atmospheric nitrogen'. 

Consider the combustion equation for hydrogen: 

2H 2 + Oj -• 2HjO (7.1) 

This tells us that 

(i) hydrogen reacts with oxygen to form steam or water; 

(ii) two molecules of hydrogen react with one molecule of oxygen to give two 
molecules of steam or water. 

i.e. 2 volumes H 2 + I volume 0 2 -• 2 volumes H 2 0 

The H 2 0 may be a liquid or a vapour depending on whether the product has 
been cooled sufficiently to cause condensation. The proportions by mass arc 
obtained by using relative atomic masses. 

i.e. 2H 2 + 0 2 - 2H 2 0 

therefore 

2 x (2 x l) + (2 x 16)-2 x {(2 x |)+ 16 } 
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le. 4 kg H 2 + 32 kg 0 2 - 36 kg H,0 
or 1 kg H 2 + 8 kg 0 2 -♦ 9 kg H 2 0 

The same proportions are obtained by writing equation (7.1) as H 2 + $0 2 -♦ H 2 0, 
and this is sometimes done. 

It will be noted from equation (7.1) that the total volume of the reactants 
is 2 volumes H 2 + 1 volume 0 2 = 3 volumes. The total volume of the product 
is only 2 volumes. There is therefore a volumetric contraction on combustion. 

Since oxygen is accompanied by nitrogen if air is supplied for the combustion, 
then this nitrogen should be included in the equation. As nitrogen is inert as 
far as the chemical reaction is concerned, it will appear on both sides of the 
equation. 

With 1 kmol of oxygen there are 79/21 kmol of nitrogen, hence equation (7.1) 
becomes 


2H 2 + 0 2 + ^N 2 -2H 2 0 + ^N 2 


(7.2) 


Similar equations can be found for the combustion of carbon. There are two 
possibilities to consider: 

(i) The complete combustion of carbon to carbon dioxide 

C + 0 2 -C0 2 (7.3) 

and including the nitrogen 

C + 0, + ^N,-CO, + ^N, (7.4) 

Considering the volumes of reactants and products 

79 

0 volume C + I volume O, + — volumes N 2 

79 

-* 1 volume CO ; + — volumes N 2 

The volume of carbon is written as zero since the volume of a solid is negligible 
in comparison with that of a gas. 

By mass 

!2kgC + (2x 16)kgO,+ |y(2x 14)kgN, 

-{l2 + (2x l6))kgCO, + ^(2x !4)kgN, 
ix. 12 kg C + 32 kg O, + 105.3 kg N, - 44 kg CO, + 105.3 kg N, 


or lkgC + jjkg0 1 + i^k g N 2 -£kgCO J + ^kgN, 
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(ii) The incomplete combustion of carbon. This occurs when there is an 
insufficient supply of oxygen to burn the carbon completely to carbon dioxide, 

i.e. 2C + 0,-2C0 (7.5) 


2C + 0i+ n N> 


79 

2CO + -N, 


(7.6) 


By mass 

(2 x 12)kgC + (2 x 16)kgO, + ^(2x 14)kgN, 
-2(12+ !6)kgCO + ^(2 x 14) kg N a 


i.e. 

or 


24 kg C + 32 kg 0 2 + 105.3 kg N, - 56 kg CO + 105.3 kg N* 
lkgC + |kgO J + l^kgN a -^kgCO + ^kgN a 


If a further supply of oxygen is available then the combustion can continue 
to completion 


2CO + Oj + ^Nj 


2C0 1 + ^N 2 


(7.7) 


By mass, 

56 kg CO + 32 kg 0 2 + 105.3 kg N a - 88 kg C0 2 + 105.3 kg N 2 


or lkgCO + ^kgO. + ^kgNj-^kgCOj + i^kgN, 


7.4 Stoichiometric air-fuel ratio 

A stoichiometric mixture of air and fuel is one that contains just sufficient 
oxygen for the complete combustion of the fuel. A mixture which has an excess 
of air is termed a weak mixture, and one which has a deficiency of air is termed 
a rich mixture. The percentage of excess air is given by the following: 

Percentage excess air 

actual A/F ratio - stoichiometric A/F ratio 
B ... , _ 17.8) 

stoichiometric A/F ratio 

where A denotes air and F denotes fuel. 

For gaseous fuels the ratios are expressed by Volume and for solid and liquid 
fuels the ratios arc expressed by mass. Equation (7.8) gives a positive result 
when the mixture is weak, and a negative result when the mixture is rich. For 
boiler plant the mixture is usually greater than 20% weak; for gas turbines it 
can be as much as 300% weak. Petrol engines have to meet various conditions 
of load and speed, and operate over a wide range of mixture strengths. The 
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following definition is used: 

, stoichiometric A/F ratio 

Mixture strength =--—-—:- 

actual A F ratio 


(7.9) 


The working values range between 80% (weak) and 120% (rich) (see 
section 13.6). 

Where fuels contain some oxygen (c.g. ethyl alcohol C,H ft O) this oxygen is 
available for the combustion process, and so the fuel requires a smaller supply 
of air. 


7.5 Exhaust and flue gas analysis 

The products of combustion are mainly gaseous. When a sample is taken for 
analysis it is usually cooled down to a temperature which is below the saturation 
temperature of the steam present. The steam content is therefore not included 
in the analysis, which is then quoted as the analysis of the dry products. Since 
the products are gaseous, it is usual to quote the analysis by volume. An analysis 
which includes the steam in the exhaust is called a wet analysis. The following 
examples illustrate the principles covered in this chapter up to this point. 

Example 7.1 A sample of dry anthracite has the following composition by mass. 

C 90%; H 3%; O 2.5%; N 1%; S 0.5%; ash 3% 

Calculate: 

(i) the stoichiometric A/F ratio; 

(ii) the A/F ratio and the dry and wet analysis of the products of combustion 
by mass and by volume, when 20% excess air is supplied. 

Solution (i) Each constituent is taken separately and the amount of oxygen required for 
complete combustion is found from the relevant chemical equation. Carbon: 

C + O,-CO, 12 kg C +32 kg 0,-44 kg CO, 

i.e. Oxygen required - 0.9 x ■ 2.4 kg/kg coal 

where the carbon content is 0.9 kg per kilogram of coal 

44 

Carbon dioxide produced = 0 9x- = 3.3 kg CO, 

Hydrogen (H): 

H, + i0,-H,0 2 kg H, + 16 kg O, — 18 kg H,0 

or I kg H, + 8kgO, — 9kgH,0 

i.e. Oxygen required = 0.03 x 8 = 0.24 kg/kg coal 

and Steam produced = 0.03 x 9 = 0.27 kg/kg coal 
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Sulphur: 

S + O, - S0 2 32 kg S + 32 kg O, - 64 kg S0 2 

or 1 kg S + lkg0 2 - 2kgS0 2 

i.e. Oxygen required — 0.005 kg/kg coal 

Sulphur dioxide produced - 2 x 0.005 - 0.01 kg/kg coal 

These results ore tabulated in Table 7.6; the oxygen in the fuel is shown as a 
negative quantity in the column ’oxygen required'. 


Table 7.6 Solution for 
fcxamplc 7.1 (i) 


Constituent 

Mass fraction 

Oxygen required 
(kg/kg coal) 

Product mass 
(kg/kg coal) 

Carbon (C) 

0.900 

2400 

3.30 (C0 2 ) 

Hydrogen (H) 

0.030 

0.240 

0.27 (H a O> 

Sulphur (SI 

0.005 

0.005 

0.01 (SO,) 

Oxygen (O) 

0.025 

-0.025 

— 

Nitrogen (N) 

0.010 

— 

0.01 (Nj) 

Ash 

0.030 

2620 



From Table 7.6: 

0 2 required per kilogram of coal = 262 kg 
therefore 

262 

Air required per kilogram of coal ■ ^ ^ «■ 11.245 kg 

where air is assumed to contain 23.3% 0 2 by mass. 
i.e. stoichiometric air-fuel ratio « 11.245. 

(ii) For an air supply which is 20% in excess, using equation (7.8), 

Actual A/Fratio « 11.245 + x 11.245^ = 1.2 x 11.245 

- 13.494/1 

Therefore 

N 2 supplied - 0.767 x 13.494 - 10.350 kg 
Also 0 2 supplied - 0.233 x 13.494 * 3.144 kg 
In the products, then, we have 

N, = 10.350 + 0.01 = 10.360 kg 
and excess 0 2 r- 3.144 - 2620 = 0.524 kg 


204 



7.6 Exhaust and flue gas analysis 


The products arc entered in Table 7.7 and the analysis by volume is obtained. 
In column 3 the percentage by mass is given by 100 times the mass of each 
product divided by the total mass of 14.464 kg. In column 5 the amount of 
substance per kilogram of coal is given by equation (2.7). n, = The total 
of 0.4764 in column 5 gives the total amount of substance of wet products per 
kilogram of coal, and by subtracting the amount of substance of H 2 0 from 
this total, the total amount of substance of the dry products is obtained as 
0.4616. Column 6 gives the proportion of each constituent of column 5 expressed 
as a percentage of the total amount of substance of the wet products. Similarly 
column 7 gives the percentage by volume of the dry products. 


Table 7.7 Solution for 
Example 7.1 (ii) 







Wet 

Dry 


m, 




n,/n 

n,/n 

Product 

(kg/kg coal) 

(%) 

(kg, kmol) 

- "1,/m, 

(%l 

(%) 

1 

2 

3 

4 

5 

6 

7 

co 2 

3.300 

2182 

44 

00750 

15.74 

16.25 

H,0 

0.270 

1.87 

18 

00150 

3.15 


SO, 

0010 

007 

64 

0.0002 

004 

004 

o 2 

0.524 

3.62 

32 

00164 

3.44 

3.55 

N 2 

10.360 

71.63 

28 

0J700 

77.63 

SO. 16 


14464 

100.01 


0.4766 

(wet) 

10000 

moot) 





(0.4616) 

(dry) 




Example 7.2 The analysis of a supply of gas is as follows: H. 49.4%; CO 18%; CH 4 
20%; C 4 H, 2%; 0 2 0.4% N, 6.2%; C0 2 4%. Calculate: 

(i) the stoichiometric A/F ratio; 

(ii) the wet and dry analysis of the products of combustion if the actual 
mixture is 20 % weak. 

Solution (i) The example is solved by a similar tabular method to Example 7.1; a specimen 
calculation is shown more fully as follows. 

CH 4 + 20,-CO, + 2HjO 

i.c. 1 kmol CH 4 + 2 kmol 0 2 - 1 kmol CO, ♦ 2 kmol H,0 

There arc 0.2 kmol of CH 4 for 1 kmol gas. hence 

0.2 kmol CH 4 +(0.2 x 2) kmol 0 2 -0.2 kmol CO, +(0.2 x 2)kmolH ; 0 

Therefore the oxygen required for the Cll 4 in the gas is 0.4 kmol/kmol gas. 
The results arc summarized in Table 7.8; the oxygen in the gas. (0.004 kmol/kmol 
of gas) is included in column 4 as a negative quantity. From Table 7.8. 

Air required = = 4.062 kmol/kmol gas 
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Table 7.8 Results Tor 
Example 7.2 


Table 7.9 Solution for 
Example 7.2 


Example 7.3 



kmol/ 

kmol 

fuel 

Combustion equation 

O, kmol; 
kmol fuel 

Products 

kmol/kmol 

fuel 

co, 

H,0 

1 

2 

3 

4 

5 

6 

H, 

0.494 

2H,+ 0,-2H,0 

0247 

Mas 

0.494 

CO 

0.18 

2CO + O, - 2CO, 

009 

0.18 

— 

ch 4 

02 

CH 4 + 20, - CO, 4- 2H,0 

0.4 

0.2 

04 

c 4 h, 

002 

C 4 H, + 60, -*4CO, 4 4H,0 

0.12 

0.08 

0.08 

o, 

0004 

— 

-0.004 

— 

— 

N, 

0.062 

— 

— 

— 

— 

CO, 

0.04 

— 

— 

004 

— 



Total 

0 853 

0.50 

0.974 


where air is assumed to contain 21% oxygen by volume, 

i.e. Stoichiometric A/F ratio * 4.062 by volume 

(ii) For a mixture which is 20% weak, using equation (7.8). 

Actual A/F ratio - 4.062 + (0.2 x 4.062) 

= 1.2 x 4.062 = 4.874 by volume 

Associated nitrogen = 0.79 x 4.874 = 3.851 kmol/kmol gas 

Excess oxygen = (0.21 x 4.874) - 0.853 

= 0.1706 kmol/kmol gas 

Total amount of nitrogen in products 

= 3.851 + 0.062 = 3.913 kmol/kmol gas 

The analysis by volume of the wet and dry products is then as shown in Table 7.9 


Product 

kmol/kmol 

fuel 

% by vol. (dry) 

% by vol. (wet) 

CO, 

0.50 

10.90 

9.0 

H,0 

0.974 

— 

17.5 

o, 

0.171 

3.72 

308 

N, 

3.912 

J1A 

204 

Total wet 
— H,0 
Total dry 

5.557 

0.974 

4.583 

100.02 

99.98 


Ethyl alcohol is burned in a petrol engine. Calculate: 

(i) the stoichiometric A/F ratio; 

(ii) the A/F ratio and the wet and dry analyses by volume of the exhaust 
gas for a mixture strength of 90%; 
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(iii) the A/F ratio and the wet and dry analyses by volume of the exhaust 
gas for a mixture strength of 120 %. 


Solution (i) The equation for the combustion of ethyl alcohol is as follows: 

C,H ft O + 30, - 2CO, + 3H,0 


Since there are two atoms of carbon in each mole of C,H ft O then there must 
be 2 mol of CO, in the products, giving two atoms of carbon on each side of 
the equation. Similarly, since there are six atoms of hydrogen in each mole of 
ethyl alcohol then there must be 3 mol of H,0 in the products, giving six atoms 
of hydrogen on each side of the equation. Then balancing the atoms of oxygen, 
it is seen that there arc {(2 x 2) + 3} = 7 atoms on the right-hand side of the 
equation, hence seven atoms must appear on the left-hand side of the equation. 
There is one atom of oxygen in the ethyl alcohol, therefore a further six atoms 
of oxygen must be supplied, and hence 3 mol of oxygen are required as shown. 
Since the O, is supplied as air. the associated N, must appear in the equation. 


i.c. 


C,H ft O + 30, + 



2CO, + 3H,0 + 



N 


l 


1 kmol of fuel has a mass of (2 x 12) + (6 + 16) = 46 kg: 3 kmol of oxygen 
have a mass of (3 x 32) = 96 kg. 

Therefore 



required per kg of fuel = — = 2.087 kg 

46 


Therefore 


Stoichiometric A/F ratio 


2-087 

0.233 


8.957/1 


(ii) Considering a mixture strength of 90% then, from equation (7.9), 

09 = sl °i c hi° mctr i c A/F ratio 
actual A/F ratio 

Therefore 

Actual A/F ratio *» 9.952/1 

0.9 


This means that 1/0.9 times as much air is supplied as is necessary for complete 
combustion. The exhaust will therefore contain (1/0.9)- 1 -0.1/0.9 of the 
stoichiometric oxygen. 
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i.c. Ihc products arc 

2 kmol C0 2 + 3 kmol H.O + 0.333 kmol 0 2 + 12.540 kmol N, 
The total amount of substance - 2 + 3 + 0.333 + 12.540 

- 17.873 kmol 

Hence wet analysis is 


7-=— x 100- 11.19% CO,; 

—x 100 = 

16.79% H,0 

17.873 * 

17.873 

0.333 _ 

11540 


—— x 100= 1.86% O,; 

-x 100 = 

70.16% N, 

7.873 2 

17.873 



The total dry amount of substance = 2 + 0.333 + 12.540 

* 14.873 kmol 

Hence the dry analysis is 

uk * ,0 ° - l345% 224% °" 

12.540 


(iii) Considering a mixture strength of 120%. then from equation (7.9), 
stoichiometric A/F ratio 


1.2 

Therefore 


actual A/F ratio 


Actual A/F ratio 


8.957 

1.2 


- 7.47/1 


This means that 1/1.2 of the stoichiometric air is supplied. The combustion 
cannot be complete, as the necessary oxygen is not available. It is usual to 
assume that all the hydrogen is burned to H,0. since hydrogen atoms have a 
greater affinity for oxygen than carbon atoms. The carbon in the fuel will burn 
to CO and CO., but the relative proportions have to be determined. Let there 
be a kmol CO. and h kmol CO in the products. Then the combustion equation is 
as follows: 

ClH ‘ 0 + il{ J0 ' + ( 3 x S) N 'i 

-* aCO z + bCO + 3H .O + ^ x3x^|nj 
T o find a and b a balance of the carbon and the oxygen atoms can be made. 
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i.e. Carbon balance: 2 = a + b 

Oxygen balance: I + (^2x^x3^ = 2d + /j + 3 

Subtracting the equations gives 

a = I and then 6 = 2—1 = 1 


i.e. the products are 

(I kmolCOj) + (I kmol CO) + (3 kmol H 2 ) + (9.405 kmol N : ) 
- I + I + 3 + 9.405 - 14.405 kmol 


Hence wet analysis is 


—x 100 - 6.94% CO a ; 

—!— X 100 - 6.94% CO 

14.405 

14.405 

' w 100 - ■’ft Rl% H • 

9.405 

v too 65 79% N 

14.405 

14.405 2 


The total dry amount of substance =1 + 1 +9.405 

= 11.405 kmol 

Hence dry analysis is 

—— x 100 = 8.77% CO,; —— x 100 = 8.77% CO 

11.405 ' 11.405 


9.405 

11.405 X 


100 = 82.46% N, 


Example 7.4 For the stoichiometric mixture of Example 7.3, calculate: 


(i) the volume of the mixture per kilogram of fuel at a temperature of 65 °C 
and a pressure of 1.013 bar; 

(ii) the volume of the products of combustion per kilogram of fuel after 
cooling to a temperature of 120*C at a pressure of I bar. 

Solution (i) As before 


C 2 H„0 + 30} + 



N, 


2COj + 3H}0 + 



Therefore 


Total amount of substance reactants = 



= 15.286 kmol 
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Example 7.5 

Solution 


From equation (2.8), pV = nRT, therefore 
15.286 x 10* x 8.3145 x 338 


V - 


- 424.06 vnVkmol of fuel 


10 5 x 1.013 
where T - 65 + 273 - 338 K. 

In 1 kmol of fuel there are (2 x 12) + (6 + 16) * 46 leg, therefore 

42406 
46 


Volume of reactants per kilogram of fuel — 


-9.219 m* 


(ii) When the products arc cooled to 120°C the H,0 exists as steam, since 
the temperature is well above the saturation temperature corresponding to the 
partial pressure of the H 2 0. (This must be so since the saturation temperature 
corresponding to the total pressure is 99.6 °C. and saturation temperature 
decreases with pressure.) The total amount of substance of the products is 


2 + 3 + 


K)- 


16.286 kmol 


From equation (2.8), pV — nRT, therefore 
v _ 16.286 x 10* x 8.3145 x 393 ^ 
10 s x 1 

where T = 120 + 273 = 393 K. 

Le. Volume of products per kg of fuel = 


532.15 m*/kmol offuel 


532.15 

46 


1.57 m* 


If the products in Example 7.4 are cooled to I5X at constant pressure, 
calculate the amount of water which will condense per kilogram of fuel. 

At 15°C since some condensation has taken place, the steam remaining is dry 
saturated, being in contact with its liquid. The saturation pressure at I5°C is 
0.01704 bar, and this is the partial pressure of the dry saturated steam. 

Then using equation (6.14) 

V n p 
For the steam 


», 0.01704 


0.01704 


From Example 7.4 the total amount of substance of dry products is 
(16286 - 3) - 13.286 kmol. therefore 

-^--0.01704 therefore n, - ( ° - 017Q4 * 13 ‘ 286 ) - 0.2303 

*,+ 13.286 1 V 1-001704 ) 

Le. amount of substance of dry saturated steam remaining at 15 X is 0.2303 kmol. 
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Example 7.6 

Solution 


therefore amount of substance of water condensed is (3 — 0.2303) = 2.77 kmol. 
Also I kmol of H*0 contains (2+ 16)= 18 kg, therefore mass of water 
condensed is (2.77 x 18) kg/kmol fuel 

i.e. Mass of water condensed per kilogram of fuel = *** = 1.084 kg 

46 


Any problem in combustion can be solved using the amount of substance. 
The following examples illustrate the method for a solid and for a gaseous fuel; 
these examples should be compared with the method used in Examples 7.1 
and 7.2. 


The gravimetric analysis of a sample of coal is given as 80% C, 12% H, and 
8% ash. Calculate the stoichiometric A/F ratio and the analysis of the 
products by volume. 

I kg of coal contains 0.8 kg C and 0.12 kg H 

0.8 

1 kg of coal contains — kmol C and 0.12 kmol H 

Let the oxygen required for complete combustion be x kmol, the nitrogen 
supplied with the oxygen is then x x 79/21 = 3.76.x kmol. 

For 1 kg of coal the combustion equation is therefore as follows: 


Then 


+ 0.12H + xO* + 3.76x N 2 


oCOj + 6HjO + 3.76 xN 2 


Carbon balance: 

Hydrogen balance: 
Oxygen balance: 


— = d or a = 0.067 kmol 

0.12 = 2b or b - 0.060 kmol 
2x = 2 a + b 


i.c. x - a + 6/2 - 0.067 + 0.030 - 0.097 kmol 

The mass of I kmol of oxygen is 32 kg. therefore the mass of O* supplied per 
kilogram of coal is 32 x 0.097 kg, 

32 x 0097 

Stoichiometric A/F ratio = ———— = 13.3/1 


Total amount of substance of products » a + b + 3.76x 


Hence wet analysis is 


= 0.067 + 0.06 + (3.76 x 0.097) 
= 0.492 kmol 


0.067 

0492 

0.365 

0.492 


x 100* 13.6% CO*; 
x 100 * 74.2% N* 


0.06 

_x ,00 *12. 2 % H * 
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Example 7.7 A gas engine is supplied with natural gas of the following composition: CH 4 
93%; C,H* 3%; N, 3%; CO 1%. If the A/F ratio is 30 by volume, 
calculate the analysis of the dry products of combustion. It can be assumed 
that the stoichiometric A/F ratio is less than 30. 

Solution Since we are told that the actual air-fuel ratio is greater than the stoichiometric 
it follows that excess air has been supplied. The products will therefore consist 
of CO,. H,0,0,. and N,. The combustion equation can be written as follows: 

0.93CH 4 + 0.03C,H o + 0.01 CO + 0.03N, 

+ (0.21 x 30)0, + (0.79 x 30)N, 

-• oCO, + M1,0 + cO, + t/N, 

Then Carbon balance: 0.93 + (2 x 0.03) + 0.01 - a or a « 1 

Hydrogen balance: (4 x 0.93) + (6 x 0.03) * 2b or b — 1.95 
Oxygen balance: 0.01 + (0.21 x30)*=2ta + /> + 2r 

Therefore 

c - {6.31 - 2 - (2 x 1.95)}/2 = 0.205 

Nitrogen balance: 0.C3 + (0.79 x 30) - d or d - 23.73 

t.e. Total amount of substance of dry products - I + 0.205 + 23.73 

= 24.935 kmol 

Then analysis by volume is 

—— x 100 = 4.01 CO,; x 100 - 0.82% O, 

24.935 24.935 


—:— x 100*95.17% N, 
24.935 2 


7.6 Practical analysis of combustion products 

The experimental investigation of a combustion process requires the analysis 
of the products of combustion. The most basic method is to take a sample of 
the gas and analyse it chemically as in an Orsat apparatus for example (sec 
ref. 7.2). Modern instrumentation now provides a quicker, more accurate, and 
continuous means of analysis. Some of the methods used arc summarized below, 
but manufacturers' catalogues should be consulted for details of actual 
instruments since improvements are continually being made to the measuring 
systems. 

Non-dispersive infra-red (NDIR) 

In this method the concentration of the constituent gas is measured by recording 
its ‘optical’ absorption in the infra-red spectrum. The mixture is continuously 
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examined by being drawn through a lube, the inside of which is subject to 
radiation from an infra-red source, each gas absorbing on a particular waveband 
of the radiation. Full descriptions of infra-red analysis and other methods are 
given in ref. 7.4. 

One particular instrument is shown diagrammatically in Fig. 7.1. The gas 
being analysed is passed through tube A and dry air is passed through tube B. 
The chambers C and D contain pure samples of the constituents to be detected. 
Radiation from nichrome elements is passed through tubes A and B and thence 
to chambers C and D where it is absorbed. The subsequent heating of the gases 
in C and D causes an increase in pressure in the two chambers; C and D arc 
separated by a thin metal diaphragm which, together with an insulated, 
perforated plate, forms a capacitor. 


Fig. 7.1 Non-dispcrxive 
infra-red gas analyser 


Radiator 



If the constituent being sought is not present in tube A then equal amounts 
of radiation will be absorbed in C and D. which will be heated equally and 
there will be no pressure difference across the diaphragm. If the constituent is 
present in A, it will absorb some of the radiation admitted, and the rest will 
pass on to chamber C. The radiation absorbed in C will then be less than in D 
so that a greater pressure will be reached in D than in C, and the diaphragm 
will be displaced. This displacement causes a change in capacitance of the 
capacitor and a current is produced which is amplified to give a reading on a 
microammeter. The microammeter scale is calibrated to give the corresponding 
concentration of the constituent in the gas being analysed. 

To avoid zero errors the radiation is cut off from both tubes simultaneously 
and allowed to fall on them simultaneously, by means of a vane which rotates 
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at a low frequency. The pressure changes are then related to the temperature 
changes produced by the differential absorption in C and D. 

To provide a continuously recording instrument as shown in the right-hand 
part of Fig. 7.1, a ’null' balance recorder is employed. The principle is that the 
pressure difference created should be nullified by cutting off from the vessel B 
a sufficient amount of radiation to balance that absorbed in A. This is done 
by means of a shutter driven by a servo-motor which receives a signal from 
the detector unit. A recording pen is linked to the balancing shutter mechanism 
and records on a circular chart. 

Another NDIR instrument uses photoacoustic detection: a sample is drawn 
into a closed cell where infra-red light of the correct frequency is absorbed by 
the gas to be measured; the pressure increases and decreases because the light 
is pulsing and the pressure wave is delected by a microphone in the cell wall; 
the acoustic information is processed by a computer and can be printed or 
plotted as required; an optical filter carousel is then turned so that infra-red 
light of a low frequency enters the cell so that the next constituent can be 
measured. The instrument is manufactured by Briiel and Kjacr of Denmark. 

The NDIR instruments arc calibrated against accurately prepared samples 
of gus mixtures. This method is suitable for carbon monoxide, carbon dioxide, 
sulphur and nitrogen compounds, methane and other hydrocarbons, and organic 
vapours. Oxygen, hydrogen, nitrogen, argon, chlorine, and helium, do not absorb 
infra-red radiation and so will not be detected by this type of instrument. 


C0 2 and 0 2 recorders 

Boiler-house engineers require a continuous indication of the quality of the 
combustion process in the plant under their control. This enables comparisons 
to be made and a falling-off in efficiency becomes immediately apparent. For 
continuous firing a continuous record is required, and digital instruments arc 
available with in-built microchips which enable boiler efficiency to be obtained 
directly from individual readings of temperature, and percentage by volume of 
CO 2 and 0 2 . The variations and applications of these instruments are many, 
and arc made to suit particular requirements. The general principles only will 
be dealt with here. 

C0 2 measurement by thermal conductivity variations 

The CO, content of a flue gas is an important criterion of efficient and economic 
combustion, and is important in observing the regulations governing smoke 
emission. 

When a heated wire is placed in a gaseous atmosphere it loses heat by 
radiation, convection and conduction. If the losses by radiation and convection 
are kept constant, the total heat loss is dependent on the heat loss by conduction, 
which vanes with the constituents of the gas since each has a different and 
characteristic thermal conductivity. If a constant heat input is supplied to the 
wire there is an equilibrium temperature for each mixture, and if the CO, 
content alone is varied, then its concentration will be indicated by a measurement 
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Fig. 12 

analyser 


of ihc temperature of the wire. In an actual instrument the heat loss from the 
wire is mainly by conduction, the other means (e g. convection, radiation, end 
cooling, diffusion) account for about I % each of the total loss. The convection 
loss is reduced by mounting the wire vertically. The instrument is calibrated 
against mixtures of known composition. 

The sample of gas is passed over an electrically heated platinum wire in a 
cell which forms one arm of a Wheatstone bridge. In another arm of the bridge 
is a similar cell containing air. A difference in CO, content between the two 
cells causes a difference in temperature between the two wires and hence a 
difference in resistance. The out-of-balance potential of the bridge is measured 
by a recording potentiometer, calibrated to give the CO, content directly. 

Oxygen measurement by magnetic means 
Gases may be classified in two groups: 

(i) diamagnetic gases which seek the weakest part of a magnetic field; 

(ii) paramagnetic gases which seek the strongest part of a magnetic field. 

Most gases arc diamagnetic, but oxygen is paramagnetic, and this property 
of oxygen can be utilized in measuring the oxygen content of gas mixtures. 
Referring to Fig. 7.2 the gas sample is introduced into the analysis cell and 
passes through the annulus as shown. The horizontal cross-tube carries two 
identical platinum windings, coils 1 and 2, which arc connected in adjacent 
arms of a Wheatstone bridge, and arc heated by the applied voltage. The winding 
at A is traversed by a magnetic field of high intensity from a large permanent 
magnet. When the gas sample passes the end of the tube the oxygen is drawn 
into the cross-tube. It is heated and its paramagnetic property decreases due 


Paramagnetic 


Gn out 
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to the increase in temperature as it passes through the tube. The induction of 
fresh cool oxygen continues, hence a continuous flow is established. The result 
is that the two windings are cooled by different amounts, the resistance changes 
and the bridge goes out of balance. The resulting electromotive force (emf) is 
measured by a potentiometer, and since this is proportional to the oxygen 
content, the reading gives the oxygen content of the mixture. 

Zirconia cell 

An absolute method of measurement of oxygen may be obtained using a zirconia 
cell; the output of the cell is directly related to the oxygen concentration of the 
gas sample (see ref. 7.5). 


Flame ionization detector (FID) 

This is a method used for detecting the hydrocarbon (HC) content of the exhaust 
from internal combustion (IC) engines; Fig. 7.3 shows a diagram of a typical 
system. The sample to be analysed is mixed with a special burner fuel which 
may be hydrogen, hydrogen plus helium, or hydrogen plus nitrogen. A polarizing 
voltage exists between the burner and the collector which causes a migration 
of ions in the flame and so a current to flow in the collector circuit. The current 
is proportional to the rate of ion formation which depends on the HC 
concentration in the gases and is detected by a suitable electrometer and 
displayed as an analogue output The FID gives a rapid, accurate, and 
continuous reading of total HC concentration for levels as low as one part in 10 9 . 


Fig. 7 3 Flame 
ionization detector 



Chemiluminescent analyser 

This method is preferred to ND1R for the analysis of the oxides of nitrogen 
found in the exhaust of IC engines; a diagram of a chemiluminescent analyser 
is shown in Fig. 7.4. The nitrous oxides. NO,, are converted to NO before 
analysis by passing the gas sample over a heated catalyst such as stainless steel, 
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graphile, or molybdenum at about 600 : C. The sample is now mixed with ozone 
where the reaction gives N0 2 and 0 2 ; some of the NO z contains an excess of 
energy within its atoms and this N0 2 then changes to the ground state with 
the emission of light*(chemiluminescence) which is amplified then measured 
by a photomultiplier tube and the signal displayed as an analogue reading of 
the NO, content of the original sample. 


Results of the analysis 

An analysis will show whether or not the combustion is complete. For instance 
the presence of CO will indicate that the combustion is not complete, and if 
an oxygen reading is obtained this will mean that excess air has been supplied. 
Both CO and O. may appear in the analysis as a result of incomplete combustion 
and dissociation (see section 7.7). Quantitatively the dry product analysis can 
be used to calculate the A/F ratio. This method of obtaining the A/F ratio is 
not so reliable as direct measurement of the air consumption and fuel 
consumption of the engine. More caution is required when analysing the 
products of combustion of a solid fuel since some of the products do not appear 
in the flue gases (eg. ash and unburnt carbon). The residual solid must be 
analysed as well in order to determine the carbon content, if any. With an 
engine using petrol or diesel fuel the exhaust may include unburnt particles of 
carbon and this quantity will not appear in the analysis. The exhaust from 
internal combustion engines may contain also some CH 4 and H 2 due to 
incomplete combustion. The CH 4 content is approximately 0.22% of the dry- 
products and the H ; content is of the order of half the CO content. 
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Example 7.8 


Solution 


Considerable care is required in combustion calculations as inaccuracies are 
caused due to taking small differences between quantities and then using these 
as ratios. The use which can be made of the dry analysis is illustrated by the 
following problems. 

An analysis of the dry exhaust from an engine running on benzole shows a 
C0 2 content of 15%. but no CO. Assuming that the remainder of the exhaust 
contains only oxygen and nitrogen, calculate the A/F ratio of the engine 
and the dry' and wet volumetric analyses of the products of combustion. 
The ultimate analysis of benzoic is 90% C and 10% H. 

There are many different methods used in combustion analysis. The following 
method is recommended: its algebraic approach makes it less confusing than 
some other methods; it also lends itself more easily to a computer solution. 
Consider 1 kg of fuel: 

— s;o.l5CO. + uO, +(l -0.15 -fllN.J + 6H,0 

where A is the A/F ratio on a mass basis; If the amount of substance of 
dry exhaust gas per kilogram of fuel, kmol kg; a the fraction by volume of 
oxygen in the dry exhaust gas; h the amount of substance of steam per kilogram 
of fuel, kmol/kg. A brief explanation of the above equation is given below. 
Left-hand side of the equation. There are (0.9/121 kmol C and 0.1 kmol H in 
I kg of fuel. A kg of air per kg of fuel contains 0.233/1 kg of oxygen and hence 
contains (0.233/32) kmol of oxygen; similarly there are (0.767/28) kmol of 
nitrogen in A kg of air for every kilogram of fuel. 

Right-hand side of the equation. There arc 0.15 kmol CO ? for I kmol of dry 
exhaust gas (given in the example k hence there are 0.15 B kmol CO, per kilogram 
of fuel since there are R kmol dry exhaust gas per kilogram of fuel. 

Similarly, there arc &ikmol oxygen in the products per kilogram of fuel; 
the nitrogen in the dry exhaust gas is obtained by difference, i.c. (1 - 0.15 - a). 

There are four unknowns in the above equation and four equations may be 
obtained from the mass balances on carbon, oxygen, nitrogen and hydrogen. 

Carbon balance: 0.9/12 = 0.15/? therefore If = 0.5 
Hydrogen balance: 0.1 = Ih therefore/>» 0.05 
Oxygen balance: 0.233/1/32 » 0.158 ♦ Da + h/2 

U a = 0.014564 - 0.2 [I] 

Nitrogen balance: 0.767/1/28 = 8(0.85 - a) 

ix. a =» 0.85 - 0.05479/1 [2] 

Solving equations [1] and [2] for A we have 

0.01456/1 - 0.2 = 0.85 - 0.05479/1 

therefore 


i.e. 
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A = 15.14 
A/F ratio — 15.14 



7.6 Practical analysis of combustion products 


Example 7.9 


Solution 


The value of a can then be found from cilhcr equation [ 1 ] or equation [2] as 
0.02. Hence the complete dry exhaust gas volumetric analysis is given by 15% 
CO,, 20% O,. 65% N,. The wet volumetric analysis can be found by totalling 
the amount of substance of wet products and taking the appropriate ratios. 


i.c. Total amount of substance of wet products 


■ (0.5 x O.I5)CO a + (0.5 x 0.2)0, + (0.5 x 0.65)N, + 0.05 H, 
- 0.55 kmol/kg fuel 

Then the wet volumetric analysis is as follows: 


0.5_x_O.I5 

0.55 


x 100 = 


13.64% CO,. 


0.5 x 0,2 
0.55 


x 100 = 


18 18% O,. 


0.5 x 0,65 
0.55 


x 100 


59.09% Nj. 


-x 100 = 9.09% H, 

055 ! 


The analysis of the dry exhaust gas from an internal combustion engine gave 
12% COj. 2% CO. 4% CH*. 1% H,. 4.5% 0 2 , 76.5% N 2 . Calculate the 
proportions by mass of carbon to hydrogen in the fuel, assuming it to be a 
pure hydrocarbon, and the A/F ratio used. 


Let the unknown mass fraction of carbon in the fuel be x kg per kilogram of 
fuel. Then we can write the combustion equation as follows: 


— C + (I -*>H 


/0.233 0.767 

■f -4| ■ O, + 


28 ') 


\ 32 

- #{0.12CO 2 + 0.02CO + 004CH 4 
+ 0.01 H, + 0.0450, + 0.765N*} + «H,0 


As in Example 7.8 there arc four unknowns and four possible equations. 


Carbon balance: 
Hydrogen balance: 


Oxygen balance: 


Nitrogen balance: 


x/12 - #(0.12 + 0.02 + 0.04) 
or — 2.16 # 

(I - x) ■ (4 x 0 04)# + (2 x 0011# + 2a 

a - 0.5 - 0.5x - 0.09# 

0.233-4 J' 0.02 ^ \ a 

+ — + 0.045] + - 

a m 0.01456.4 - 0.35# 

0.767,4/28 = 0.765# 

A = 27.927# 


[I] 

m 

[3] 

[4] 


Equating [2] and [3] we have 


0.5 - 0.5x - 0.09# = 0.01456,4 - 0.35# 
A = 34.341 — 34.34 lx + 17.857# 



Combustion 


Then using equation [4] 

34.341 - 34.34lx -f I7.857B = 27.927 B 
B = 3.41 - 3.41 x 

Substituting in [1J 

x - 7.366 - 7.366x 

i.e. x - 0.8805 

The composition of the fuel is therefore 88.05% C, 11.95% H. 
Also. B = 3.41 x 0.1195 * 0.4075 
Then in equation [4], 

A - 27.927 x 0.4075 - 11.38 
i.e. A/F ratio - 11.38 


7.7 Dissociation 

It is found that during adiabatic combustion the maximum temperature reached 
is lower than that expected on the basis of elementary calculation. One important 
reason for this is that the exothermic combustion process can be reversed to 
some extent if the temperature is high enough. The reversed process is an 
endothermic one. i.e. energy is absorbed. In a real process the reaction proceeds 
in both directions simultaneously and chemical equilibrium is reached when 
the rate of break-up of product molecules is equal to their rate of formation. 
This is represented for the combustion of carbon monoxide and hydrogen 
respectively by the equations 

2C0 + 0 a ^2C0 2 and 2H 2 + 0,^2H,0 

Both of these reactions can take place simultaneously in the same 
combustion process. The proportions of the constituents adjust themselves to 
satisfy the equilibrium conditions and their actual values depend on the 
particular pressure and temperature. The presence of CO and H 2 means that 
there is further energy to be released on their reaction with 0 2 so the maximum 
temperature reached cannot be as high as that expected on the basis of complete 
combustion. As the combustion proceeds and the temperature level falls, due 
to expansion and/or subsequent heat loss, the amount of dissociation decreases 
(it is significant at temperatures >I500K) and combustion proceeds to 
completion. However, since the energy is released at lower temperatures and, 
in a positive expansion cylinder, at a lower effective compression ratio the 
efficiency of the process is reduced. 

The condition of equilibrium during a reversible combustion process can be 
studied by means of a conceptual device known as the ‘Van't Hoff equilibrium 
box' as shown in Fig. 7.5. Consider the general reversible combustion process 

a kmol A + b kmol B^c kmol C + d kmol D 
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Fig. 7.5 Van'i Hoff 
equilibrium box 


7.7 Dissociation 



which occurs al a fixed temperature T and a pressure, p. in the equilibrium 
box. The reactants A and B arc each initially at p , and T and the products C 
and D are each finally at />, and T. As the process is reversible jomc energy 
transfer will take place in the form of work and this is allowed for by the 
inclusion of isothermal compressors and expanders. The equilibrium box 
contains a mixture of gases A. B. C and D at total pressure p and temperature 
T and to allow reversible mass flow of the constituents the pressure of each 
constituent at entry to the box must be equal to its partial pressure in the box. 
The pressure adjustments arc made by the isothermal expanders and 
compressors and each constituent enters or leaves through a semi-permeable 
membrane. Some substances permit one gas to pass through but prevent other 
gases, e.g. a glowing aluminium sheet allows hydrogen to pass through but not 
other gases. It is assumed here that such substances arc available for gases A. 
B. C and D 

The process may proceed equally well in either direction but it is illustrated 
here as going from left to right in the equation and in Fig. 7.5. With a reversal 
of the process the heat and work transfers would be reversed in direction. 

The work input during an isothermal expansion by a perfect gas between 
states I and 2 is given by 

W = mRT\n(^ = nflTIn^ 


and this can be applied to each of the compressors and expanders in the system 
of Fig. 7.5 


W A « work input on A » affTIn^ —^ - 
W B = work input on B = />£ 7*ln^ —^ = 
W c = work input on C = c/fTln^—^ =* 
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Combustion 


W D = work input on D* d/fTln^—^ = -/?71n^—^ 

Therefore the net work output of the system 
- w - - w; - w B - w c - w D 


Suppose that in a second similar system in the same surroundings the pressure 
in the equilibrium box is p then it will have a net work output. - IF'. given by 

where p' « p' A + Pb + Pc + Pd 


It is proposed that - IV / - If' and this statement is to be investigated. 
Suppose - IF > - If’, then the second system can be reversed, as shown in Fig. 
7.6, and a single system formed by using the work output from the first system, 
- If. to provide the work input for the second system reversed. 


Fig. 7.6 Hypothetical 
(impossible) 
combination of two 
systems 


T 



T 



T 



system 


The result is a single system givinga net output of work (- IF) - ( - If') while 
exchanging heat with a single source at temperature T. This is a contradiction 
of the Second Law of Thermodynamics, thus the proposition that IF * If' is 
not true so that If = II". therefore 

PcPt _ (Pc>W = K 
PtP-“ (Pa*W 
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7.7 Dissociation 


where K is the thermal equilibrium or dissociation constant and has been shown 
to be independent of the pressure in the equilibrium box. A standard 
thermodynamic equilibrium constant. K". can be defined in dimensionless form 
by referring each partial pressure to a pressure of 1 bar. 


i.e. 


-■w-w-w-w 


or in general 


ln/C*-£ln<P 1 /pT (7.10) 

I 

where y, is the stoichiometric coefficient, taken as positive for the products and 
negative for the reactants. The thermodynamic equilibrium constant K" is a 
function of temperature and values of In K” are tabulated against temperature 
for each reaction equation, see ref. 7.6. As the partial pressures of the constituents 
are proportional to the molar proportions then K* is an indication of the ratio 
of products to reactants and so is a measure of the amount of dissociation. If 
K" is large then the proportion of product is high and the amount of dissociation 
is small. 

The above general expression for K“, equation (7.10). will now be applied 
to particular important reactions. For example the combustion of carbon 
monoxide to carbon dioxide can be written as 

CO + JO, = CO; 

with molar proportions for CO. O. and CO. of I. 0.5. and 1. Thus K can be 
written as 



For the combustion of hydrogen the equation is 

h 3 + jo.^h.o 


with molar proportions I. 0.5. and I. The equilibrium constant then becomes 

1C 9 - ! 

Ph,(PoX 12 


(7.12) 


In the combustion of hydrocarbon fuels both of the above reactions may 
occur simultaneously and another equilibrium constant can be defined by 
dividing 


Ph. qCP*)”* by PcoSP*) 1 ' 2 

Ph.IPo,) 1 '* ' PcuiPo ,) 112 


giving K o m P*£Pco (7.13) 

Pm,Pco, 

which is also tabulated, see ref. 7.6. and can be used to form another equation 
in the analysis. 
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Combustion 


It is readily seen that dissociation as described introduces an added complexity 
into the analysis of the combustion process but the complication does not end 
there. The conditions of equilibrium must be satisfied at any particular 
temperature and also the energy balance for the process must be satisfied. 
The temperature reached will depend on the amount of fuel burned, the 
proportions of the constituents and their thermodynamic properties, all of which 
arc also dependent on pressure or temperature. Thus several conditions have 
to be satisfied before any particular state in the process can be determined and 
it is necessary to establish a sufficient number of equations to complete the 
analysis. This is discussed more fully in section 7.8 and for the immediate purpose 
it will be assumed that the energy requirements have been met in the process 
and only the dissociation effects are required. 

The analysis of combustion may be extended to include the formation ol 
nitric oxide, JN 2 + }0 2 = N0. which occurs at high temperature and the 
dissociation of H 2 0 vapour into hydrogen and hydroxyl. + 0H=2H 2 0, 
as well as into its constituent gases. There may also be the dissociation of 
molecules of oxygen, hydrogen and nitrogen into atoms. These aspects of 
combustion are detailed and involve small proportions of the charge. It has 
been stated previously that recombination occurs as the temperature falls so 
that combustion is completed with a loss in efficiency of the cycle such that 
less work output is obtained than expected. The completion of combustion 
requires the absence of low-temperature quenching conditions, which may arrest 
the process, and a sufficiency of time for the reaction to be completed. 

The importance of the analysis of combustion increases with advancing engine 
technology as typified in the petrol engine. This engine includes the extremes 
of combustion conditions starting from a complex chemical fuel and a mixture 
of air, water vapour and residual exhaust gas. The pressure and temperature 
levels passed through are large and-the duration of a cycle is only a fraction 
of a second. The cylinders arc water-cooled usually and sudden exhausting of 
gas is provided for. Under these conditions the exhaust gas can have a complex 
analysis and some of the constituents are responsible for the polluting of the 
atmosphere with undesirable and irritating results. 


Example 7.10 A combustible mixture of carbon monoxide and air which is 10% rich is 
compressed to a pressure of 8.28 bar and a temperature of 282 °C. The mixture 
is ignited and combustion occurs adiabatically at constant volume. When 
the maximum temperature is attained analysis shows 0.228 kmol of CO 
present for I kmol of CO supplied. Show that the maximum temperature 
reached is 2695 C. 

Solution For stoichiometric conditions 

CO + *0 2 + (3.76 x jN a )-CO a + (3.76 x $N 2 ) 

CO + 0 50, + 1.88N, - C0 2 + I .88N, 

100 

Actual A/Fratio = stoichiometric A/F ratio x — 

= stoichiometric A/F ratio/1.1 
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7.7 Dissociation 


Therefore the actual reactants are 
CO + (0.50, + l.88Nj)/l.l 

With dissociation there will be some break up of C0 2 giving CO and 0 2 
in the products such that 

CO + (0.5O : + 1.88N,)/1.1 = aC0 2 + bCO + c0 2 + (1.88/1.1 )N 2 


The question states that b - 0.228. therefore 

CO + 0.4550, + I.709N, - flCO; + 0.228CO + cO; + 1.709N; 

Carbon balance: l = a + 0.228 therefore a «= 0.772 
Oxygen balance: I + (2 x 0.455) - 2a + 0.228 + 2c therefore c » 0.069 
For the reaction CO + $0,c^C0; 

_ Pco,(?")*'* 

PcolPo/' 2 

and Pro, = —Pj. Pco - — Pi. Po, - — P: 

n : n 2 n 2 


therefore 



where p 2 = the total pressure at the required temperature and n 2 = total amount 
of substance of products 

n 2 = a + b + c+ 1.709 = 0.772 + 0.228 + 0.069 + 1.709 
= 2.778 kmol 

At ignition 

P, - 8.28 bar and 7* a - 273 + 282 = 555 K 
p, V = n t RT x and P 2 V = n 2 RT 2 and V = constant 
therefore 


P: 



where n, - amount of substance of reactants * 1 + 0.455 + 1.709 = 3.164. 
Then, assuming that T 2 - 273 + 2695 = 2968 K. wc have 


p; = 8.28 x x = 38.88 bar 
3.164 555 


Substituting in equation [ 1 ], 

l\ 277g>l 1 = 3.446 
0.228 V (0.069 x 38.88 J 
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Example 7.11 


Solution 


Fig. 7.7 

Pressure-volume 
diagram Tor 
Example 7.11 


therefore 

In K* - 1.237 

From tables, ref. 7.6, it is seen by interpolation that In K* - 1.235 for this 
reaction at 2968 K showing the assumed value to be true. The corresponding 
pressure was calculated at 38.88 bar. 

A mixture of heptane (C\H 16 ) and air which is 10% rich is initially at a 
pressure of I bar and temperature 100 C C, and is compressed through a 
volumetric ratio of 6 to I. It is ignited and adiabatic combustion proceeds 
at constant volume. The maximum temperature reached is 2627 °C and at 
this temperature the equilibrium constants arc 

?2i2*2 - 7.01 and - 4.49 

Pco.Ph, PcoiPo,) 

If the constituents of the gas arc C0 2 . CO. H 2 0. H 2 , O a and N 2 show 
that approximately 30% of the carbon has burned incompletely. 

The processes are shown in Fig. 7.7 and for a 10% rich mixture 

C ? H 16 + j? {110 2 + (11 x 3.76)N 2 } 

- ciCOj + feCO + cH 2 0 + dH 2 + e0 2 + (10 x 3.76)N 2 

C ? H 16 + 10O 2 + 37.6N 2 

- aC0 2 + feCO + cH 2 0 + dH 2 + e0 2 + 37.6N 2 



Then. 

Carbon balance: 
Hydrogen balance: 

Oxygen balance: 


u + fe ■ 7 

c + d-8 

fee 

u + - + - + e= 10 


Cl] 

[ 2 ] 

[3] 


Amount of substance initially, n, = I + 10 + 37.6 = 48.6; amount of substance 
finally. n 3 = u+-fe + c + */ + e + 37.6. Also. 

Pi K = «, &T, and p 3 V y = n 3 £T S 
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7.7 Dissociation 


and combining these gives 

h _ ii.Yl.ll _ _L x 5 X — - a958 bar/kmol 
n, n, T, 48.6 1 373 

where T, - 273 + 100 - 373 K. and T 2 - 273 + 2627 - 2900 K. 
The partial pressures arc given by equation 6.14 as 


a 

Pco, - ~Pi 
n * 

b 

PCO°~Pi 

c 

Ph,o “ — Pi 

n i 

d e 

Ph, m — Pi Po, “— Pj 

n, n j 

The example gives 


(VoPHjO _ ? 

Pco.Ph, 

gc°,(g‘). , . 4 49 

PcoiPo,) 112 

therefore 


£- 70 . 



and 


—fe) W 

bt™\pj 


4.49 


[4] 

[5] 


The proportion of carbon burned incompletely is given as 0.3, so that 0.3 of 
the initial 7 atoms of carbon burn to give b CO. 

i.c. 6/7 “ 0.3 therefore b = 2-1 

Then from equation [ 1 ], a = 7 — 2.1 = 4.9. Substituting in [4] gives 




7.01 x i? 


16.36 


From equation [2] 

c + d-8 therefore 16.36d + d-8 

and c - 16.36 x 0.461 » 7.539 

From equation [3] 

IO-u-5-j- 10-4.9-H 



7.539 

2 


0.280 


substituting in equation [5] gives 

_!_ Y a .45! 

bc l!l \psJ 2.1 \0.28 x 0.958/ 

which gives sufficient agreement to the 4.49 quoted showing that approximately 
30% of carbon was burned to CO. 
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7.8 Internal energy and enthalpy of reaction 

Previous consideration of the combustion process has not included the energy 
released during the process and final temperatures attained. It is evident, 
however, that such a process must obey the First Law of Thermodynamics. 
Applications of this law to other processes have been for pure substances, or 
those that can be considered to be so. with the stipulation that their 
thermodynamic state is defined by two independent properties. In the type 
of process now considered there is the potential chemical energy of the fuel to 
be included which is released during the change from reactants to products. 

It is an experimental fact that the energy released on the complete 
combustion of unit mass of a fuel depends on the temperature at which the 
process is carried out. Thus such quantities quoted are related to temperature. 
It will be shown that if the energy release is known for a fuel at one temperature 
it can be calculated at other temperatures. 

The combustion process is defined as taking place from reactants at a state 
identified by the reference temperature T 0 and another property, either pressure 
or volume, to products at the same state. If the process is carried out at constant 
volume then the non-flow energy equation, Q + W = (U 2 — (/ 1 ), can be applied 
to give 

Q-Uk-Uw. or -<2 = (/».-</,. (7.14) 

where W = 0 for constant volume combustion, V x = U %a the internal energy 
of the reactants which is a mixture of fuel and air at 7^, and U 2 = U p 0 the 
internal energy of the products of combustion at T 0 . 

The change in internal energy does not depend on the path between the two 
states but only on the initial and final values and is given by the quantity, -Q t 
the heat transferred to the surroundings during the process. This is illustrated 
in Fig. 7.8 and also the property diagram of Fig. 7.9, 


Fig. 7.8 Combustion at 
reference conditions 



The heat supplied, Q, is called the internal energy of reaction at T 0 and is 
denoted by Al/ 0 , 

i-C. Q - A(/ 0 - l/p. - l/.. (7.15) 

The molar internal energy of reaction at a standard pressure of 1 bar is defined 
as A u* = A U 0 /n, where n is the amount of substance of the fuel. 

As the internal energy of the reactants includes the potential chemical energy, 
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Fig. 7.9 U-T diagram 
for combustion at a 
reference temperature 



and since heat is transferred from the system, it is evident that as defined AU„ 
is a negative quantity. 

For real constant volume combustion processes the initial and final 
temperatures wiU be different from the reference temperature T 0 . For analytical 
purposes the change in internal energy between reactants at state 1 to products 
at state 2 can be considered in three stages: 

(a) the change for the reactants from state I to the reference temperature 7^,; 

(b) the constant volume combustion process from reactants to products at t 0 ; 

(c) the change for the products from 7^, to state 2. 

The complete process can be conceived as taking place in a piston-cylinder 
device as indicated in Fig. 7.10. . 

Fig. 7.10 Combustion 
between states I and 2 


Internal 
energy 

</«. 

Thus the change in internal energy between states 1 and 2, {U 3 - L/,). can 
be written more explicitly as, (U fl — l/, ). to show the chemical change involved 
and this can be further expanded for analytical purposes: 

Vr, - U %i - (Vr, - U f .) + Wr. - U K ) + (U %0 - l/.,) 
therefore 

Ur, - «/*, = (l/ f| - U r ,) + A U 0 + (f/*. - U K ) (7.16) 

Products Reactants 

(c) (b) (a) 
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The non-flow energy equation applied to a process involving combustion 
and work gives 

It can be seen that the expression for U Pf - has been conveniently split 
up to give a term U Pl - U K which requires the product mixture to be regarded 
as a single substance or a summation of single substance constituents, a similar 
term for the reactants and the quantity A U 0 previously defined. The values of 
internal energy for the constituents of the mixtures remain to be determined. 
These are functions of temperature and the most accurate method is to use 
tabulated values such as those of ref. 7.6. In some cases it is a good approximation 
to calculate changes in internal energy assuming the gaseous constituents to be 
perfect using an average value of c r for the temperature range involved. If the 
temperature range is 7, to T 2 then the value of c t at 7 - (7, + 7*)/2 can be 
used, this assumes a linear change in c, with temperature, but if the temperature 
range is large the result may not be accurate enough and tabulated values of 
the properties arc required. The tables of ref. 7.6 give the values of u and h, 
with h - 0 at the normal reference temperature of 25 °C - 298.15 K; u and h 
are virtually independent of pressure. 

The changes in internal energy for the reactants (l/* 0 — U Pl ) and for the 
products (l/ P| - U Pt ) can be calculated from the following expressions: 

“I (717) 

R 

where L* denotes the summation for all the constituents of the reactants denoted 
by i, u, is the tabulated value of the internal energy for the constituent at the 
required temperature T 0 or 7,. and n, the amount of substance of the constituent 

Alternatively if a mass base is used for the tabulated values or calculation 


R 

(7.18) 

where u, is the internal energy per unit mass. 

In terms of the specific heats which are average values for the required 
temperature range 

U«. - W«. - 1 To - T, ) - <To - T,) Y. m,e,. 

R R 

(7.19) 

and similar expressions for the products are 


U r ,-u r .- 1 -<u 

(7.20) 


(7.21) 

V r , - V r . - X m,c,( T, - r 0 ) - ( T, - 7J) £ -n,c, 

p r 

(7.22) 


Note that n,d Ti - m,c t( . 
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7.8 lnt*m«l energy and enthalpy of reaction 


The process has been analysed on (he basis of a non-flow process which 
involves combustion at constant volume. A similar analysis can be made for a 
steady-flow or constant pressure combustion process in which the changes in 


enthalpy are important 

//„, - - (« P| - H P# ) + AW 0 + (H*. - tf„ ( ) (7.23) 

Products Reactants 

where AH 0 - enthalpy of reaction at T 0 and 

A H 0 - H p # - H and is always negative (7.24) 

The molar enthalpy of reaction is defined as A h° - A H 0 /n at 1 bar where n is 
the amount of substance of the fuel. 

The expressions for the change in enthalpy of reactants and products arc 

(7.25) 

I 

= (7.26) 

R 

and if mean specific heats are used 

«R, - »*, - 71) - (T 0 - T|)£ m ( c r (7.27) 

X R 

Hp.-Hp.-I «.(*-, ~ *«.» (7.28) 

P 

«p.-Hp, = InCi..-*J (7.29) 

P 

and if mean specific heats are used 

«P. - «p. - I «.c fc (T. - T„) - (T 2 - To) £ m,c R (7.30) 

P P 

Note that n ( 2, - m,c*. 


Values of molar enthalpy. Ah°, referred to a pressure of I bar are given in 
ref. 7.6 for some common reactions. 

For example. 

Reaction Ah° 

at 25 °C (298.15 K) 
(kJ/kmol) 

C(sol) + 0,-00, -393 520 

C0 + *0,-C0, -282990 

C 6 H 6 (vap) + 7*0, - 6C0, + 3H,0(liq) -3301 397 

It will be noted that the state of the fuel is given if it is solid (sol), liquid 
(liq) or vapour (vap) if this is required. If H,0 is a product of the combustion 
then it is necessary to know the state, liquid or vapour, at the end of the process 
by which All® was determined. If Ah 0 is known for a particular fuel with the 
H,0 formed in the liquid state the value of Ah 0 with the H,0 in the vapour 
state can be calculated. 
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Example 7.12 For benzene vapour (C 6 H e ) at 25 D C bh 0 is - 3 30! 397 kJ/kmol with the 
H ; 0 in the liquid phase. Calculate A/? 0 for the H 2 0 in the vapour phase. 

Solution If the H.O remains as a vapour the heal transferred to the surroundings will 
be less than that when the vapour condenses, by the amount due to the change 
in enthalpy of the vapour during condensation at the reference temperature. 

A/i 0 ( vap) - A/i 0 (liq) + 

where is the mass of H.O formed for 1 kmol of fuel; h 'u is the change in 
enthalpy of steam between saturated liquid and saturated vapour at the reference 
temperature T 0 and is 2441.8 kJ/kg at 25 C. 

For the reaction 

C*H* + 7j0 2 -6C0 2 + 3H 2 0 

Therefore 3 kmol of H 2 0 arc formed on combustion of I kmol of C ft H h ; 3 kmol 
of H.O « 3 x 18= 54 kg H 2 0. 

Aholvap)- -3 301 397 + (54 x 2441.8) 

- -3 169 540 kJ/kmol 


In the equations for the change in internal energy and enthalpy for reactants 
and products, and for Al/ 0 and AH 0 . if a chance in state takes place (e.g. from 
liquid fuel to vapour), a term describing this process must be included. 

Nothing has been said of the air-fuel ratio for combustion during the 
determination of A U Q or A// 0 . Consideration will show that this docs not 
matter provided there is sufficient air to ensure complete combustion. Excess 
oxygen, like the nitrogen present, starts and finishes at the reference temperature 
7^ and so suffers no change in internal energy or enthalpy, thus not affecting 
AV 0 or A H 0 . 

From the definition of the enthalpy of a perfect gas 

H = U + pV = U + ntfr 

So if we arc concerned only with gaseous mixtures in the reaction then for 
products and reactants 

Wf, = Ur m + n r R 0 T 0 and + n K R„T 0 

where n P and arc the amounts of substance of products and reactants 
respectively, and the temperature is the reference temperature T 0 . 

Then, using equations (7.15) and (7.24). we have 

A H 0 « Al/ 0 + (n f - n„)*r 0 (7.31) 

If there is no change in the amount of substance during the reaction, or if 
the reference temperature is absolute zero, then A// 0 and A U 0 will be equal. 


Example 7.13 Calculate the specific internal energy of reaction for the combustion of 
benzene (C 6 H 6 ) vapour at 25 'C given that A/I 0 = - 3 169 540 kJ/kmol and 
the H 2 0 is in the vapour phase. 
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7.8 Internal energy and enthalpy of reaction 


Solution The combustion equation is 

C ft H* + 7lOj - 6CO, + 3H,0(vap) 
n, » 1 + 7.5 * 8.5. n r = 6 + 3 = 9 
From equation (7.311 

AU 0 = A//„ — (»i r - n u )RT 0 

- -(3 169 540 x I) - j(9- 8.5) x 8.3145 x 298 

where T 0 = 273 + 25 - 298 K 

i.e. A U 0 = -3169 540-1239 = -3 170779 kJ 

(note that Al/ 0 is negligibly different from A//„) 


Ikmol of C*H fc ■ (6 x 12) + (6 x l) = 78kg 


therefore 


A u 0 = - 


3170779 

78 


= -40651 kJ/kg 


Change in reference temperature 

It has already been mentioned that the internal energy and enthalpy of rcactiod 
depend on the temperature at which the reaction occurs. This is due to the 
change in enthalpy and internal energy of the reactants and products with 
temperature. 

It can be seen from the property diagram of Fig. 7.11 that the enthalpy of 
reaction at temperature T. A// r can be obtained from A H 0 at T 0 by the 
relationship 


-A// r - — Aif 0 + (//„, — (7.32) 

where // B| // B# ■ increase in enthalpy of the reactants from To to 7‘ 

and H ?I - ll, t = increase in enthalpy of the products from T 0 to T 


Fig. 7.11 H-T 
diagram for combustion 
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Example 7.14 For carbon monoxide at 60°C, Ah is given as -282990 kJ/lcmol. Calculate 
Ah at 2800 K given that the molar enthalpies of the gases concerned are 
as given in Table 7.10. 


Table 7.10 Molar 
enthalpies of gases 
for Example 7.14 



Molar enthalpy/!kJ/kmol) 

Gas 

At 60*C 

At 2800 K 

Carbon monoxide 

1018 

86115 

Oxygen 

1036 

90144 

Carbon dioxide 

1368 

140440 


Solution The reaction equation is 

co + $o 2 -co 2 

Also, taking values from Table 7.10. and using equations (7.25) and (7.28) 
//*. = (1 x 1018) + (0.5 x 1036) = 1536 kJ 
//,,«=(! x 86 115) + (0.5 x 90144)= 131 187 kJ 
// P . = 1 x 1368 - 1368 kJ 
// Pr = 1 x 140440 = 140440 kJ 
Then using equation (7.32) 

— A// r = -A// 0 + (W Br -tfO —(Wp,-Hp.) 

= (1 x 282990)+ (131 187 - 1536) - (140440 - 1368) 

= 273569 kJ 

i.c. Ah = —273 569 kJ/kmol CO 


The property diagram and real processes 

The property diagram of V against T has already been referred to and is shown 
in Fig. 7.12(a); a diagram of // against T is shown in Fig. 7.12(b). The diagrams 
can be used effectively to demonstrate real processes of interest. The solid lines 
indicate the property variations with T if the constituents arc gaseous. If reactants 
or products contain a liquid component then the property lines will be modified 
as shown by the dotted lines. It can be seen by inspection that the effect of 
condensation of the H : 0 in the products is to increase AU 0 and A H 0 . 

In processes 1 - A. 7* A = T 0 and there is a maximum energy transfer to the 
surroundings AL', or AH T . 
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7 8 Internal energy and enthalpy of reaction 


Fig. 7.12 U-T and 
H-T diagrams for 
combustion 




In processes I B the interna! energy, or enthalpy, initially and finally is the 
same so that the increase in temperature is a maximum and the combustion 
process is adiabatic. 

In 1 -C the processes arc general with heat transfer and possibly work transfer. 

Process I-A' in Fig. 7.12(a) corresponds to the constant volume bomb 
calorimeter test and in Fig. 7.12(b) 1-A' corresponds to the steady-flow 
combustion Boys’ calorimeter test. Both of these tests are discussed later in 
section 7.12. 

In a general non-flow or stcadv-flow process the initial state (1) and final 
state (2) will be different and neither will be at the reference temperature T 0 . 
The quantities of interest are U 2 — t/j.and H 2 — W, for the respective processes. 
It can be seen readily from Fig. 7.13 that 

U 2 - V x = -(l/, - u : ) = - { - Al/„ - ft/*. - U %I ) - ((/ Pj - C/p.)} 

Vi - V t - U Pl - C/ t , = (C/p, - U p.) + Atfo + (U*. - (/r.) 


Fig. 7.13 
Energy-absolute 
temperature diagram 
between stages 1 and 2 



This is equation (7.16) repeated. A corresponding expression is obtained for 
H 2 - H t . 

The principles dealt with in this section will now be applied to typical 
problems. 
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Example 7.15 A combustible mixture of carbon monoxide and air which is 10% rich is 
compressed to a pressure of 8.28 bar and a temperature of 282 °C. The mixture 
is ignited and combustion occurs adiabatically at constant volume. Calculate 
the maximum temperature and pressure reached assuming that no 
dissociation takes place. At the reference temperature of 25 °C, Ah% for CO is 
-282990 kJ/kmol. 

Solution For stoichiometric conditions 

CO + \0 2 + (3.76 x i)N, - CO, + (3.76 x J)N, 

CO + 0.50, + 1.88N, -♦ CO, + 1.88N, 
and for a mixture strength of 110 % 

Actual A/Fratio - stoichiometric A/F ratio x 

» stoichiometric A/F ratio/1.1 
Therefore, for the actual conditions, 

CO + (0.50, + 1.88N,)/1.1 -oCO, + bCO + 1.71 N, 

Then, 

Carbon balance: l = a + b [1] 

Oxygen balance: 1 + (0.5 x 2)/l.l = 2 a + b 

Le. 1.909 = 2 a + b [2] 

From equation [1] and [2] 

a — 0.909 and 6-0.091 

therefore 

CO + 0.4550, + 1.709N, -♦ 0.909CO, + 0.09ICO + 1.709N, 

Also for the reaction 

CO + iO,-CO, 

(i, b I + 0.5 = 1.5 and n r - 1 
therefore 

A(/ 0 - A// 0 - (n f - n t )Ar 0 

= ( — 282990 x 1) — {(1 - 1.5) x 8.3145 x 298) 

- -282990 + 1239 - -281 751 kJ 
ie. AuS- -281751 kJ/kmol 
The non-flow process is defined by 
Q + W-lU 2 -U t ) 

Also Q = 0; W = 0 at constant volume; l/, = I/*, U 2 = U p,. therefore 

(c/ Pa -cr Ra )-o 
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7.8 Internal energy end enthalpy of reaction 


(t/ P| - U r .) + (U P .- U t .) + (Ur. - l/..) = 0 

(Ur t - Ur.) + Al/ 0 + (€/i. - </«.) - 0 [3] 

The values of molar internal energies for the various gases can be read from 
the tables of ref. 7.6. Then 

At 298.15 K U^ - -2479 - (0.455 x 2479) - (1.709 x 2479) 

- —7844 kJ 

At 555 K U K - 2984.6 + (0.455 x 3233.1) + (1.709 x 2944.2) 

- 9487 kJ 

At 298.15 K Ur, - -(0.909 x 2479) - (0.091 x 2479) - (1.709 x 2479) 

- -6716 kJ 
Substituting in [3], 

(l/ Pl + 6716) -(0.909 x 281 751)+ (-7844 - 9487)-0 

Note: there are 0.091 kmol CO in the products therefore only (1 — 0.091) = 
0.909 kmol of CO releases energy of reaction, 

Le. U P{ 266727 kJ 

To find the temperature of products a trial-and-error method is now necessary. 
At T 2 Ur, = {0.909 x (u, for CO*)} + {0.091 x (fi* for CO)} 

+ {1.709 x (u 2 for N*)} 

Try T 2 » 3200 K 

U ?l - (0.909 x 138720)+ (0.091 x 74 391) + (1.709 x 73555) 

= 258 572 kJ 

This compares with the figure of 266 727 kJ calculated above, hence the actual 
temperature of the products is slightly greater than 3200 K; a second guess from 
tables gives a value of 3280 K. 


The temperature calculated in Example 7.15 is that which would be obtained 

by adiabatic combustion of the mixture. This temperature would not be attained 

in practice due to the effect of dissociation; this was discussed in section 7.7 
and the inclusion of this effect is illustrated in Example 7.16. 

Example 7.16 Calculate the final temperature for the mixture defined in Example 7.15 
including the effect of dissociation. 

Solution The proportions of the constituents depend on the temperature so the 
combustion equation is written as 

CO + 0.4550* + 1.709N, - aCO* + bCO + cO* + 1.709N* 

and b and c can be expressed in terms of a by an atomic balance. 
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Carbon balance: 1 = a + b therefore b - 1 - a 
Oxygen balance: 1 + (0.455 *2) = 2a + b + 2c 

1.91 = 2a + h + 2c 

i.e. 2c= 1.91 -2a-(\ -a) 

therefore 

c = 0455 -0.5a 

and 

CO + 0.4550, + 1.709N, 

— aC0 2 + (1 - fl)CO + (0.455 - 0.5a)O, + 1.709N, 
The energy equation can be written as previously 
Wr, “ Up.) + AU 0 + (U„, - U t ,) « 0 
Using the values calculated in Example 7.15, 

Up. --(ax 2479) - {(I - a) x 2479} 

- {(0.455 - 0.5a) x 2479} - [1.709 x 2479] 

= —(3.164 — 0.5a) x 2479 kj 
AU 0 = -a x 281751 kJ 
U B( = -7844 kJ U ti ■ 9487 kJ 
Substituting. 

U Pj + {(3.164 - 0.5a) x 2479} - 281 751a - 17331 = 0 
therefore 


U Pj = 9487 + 282991a [1] 

A second equation is derived using the equilibrium constant for the reaction 

k * - r«^—r 

Pco IpoJ , /a 0 - n) ((0.455 - 0.5a)pJ 

where p, is the pressure of the mixture after combustion and n, the number of 
kmol of the products. Now 


p x V~n x RT x and p : V - n 2 RT 2 
n, _ 7^ _ 555 (1 + 0.455 + 1.709) 

p 2 T 2 p x T 2 8.28 


212.08 

T> 


kmol/bar 


Substituting in the expression for K gives 

a f 21108 r 

(1 -a) ((0.455 -0.5a)rj 


[ 2 ] 


When the value of T 2 is known then Up, can be found by reading off u 
for each of the products and multiplying by the amount of substance of each; 
equating this to the value of Up, in [1] allows a value of a to be calculated. 



7.9 Enthalpy of formation. A h. 


Similarly, when 7. is known a value of ln(K°) can be read from tables, and 
from [2] a value of a is then found. 

Therefore, one convenient trial-and-error method is to choose a value of T 2 , 
calculate a value of a from [1], and then find a value of K° from [2]. Compare 
this value of K" with that found from tables at T 2 . When the two values of K° 
are the same then the correct value of T 2 has been found. 

For example, at 7, - 3000 K, from tables: 

l/ f| - 127920*1 + 68 598(1 - a) 

+ 73 155(0.455 - 0.5a) + (67795 x 1.709) 

- 217745 + 22744.5a 

U in [ 13 . 

217745 + 22744.5a - 9487 + 282991a 
therefore 

a-0.8 

Substituting for a and T x in [2] 

_ 0-8 j 212.08 

0.21(0.455-0.5a) x 3000 

= 4 54 

From tables at T z = 3000 K, 

ln(K°) = 1.110 therefore K° = 3.03 (too low) 

By such a method the value of T 2 is found to be 2949 K to the nearest degree. 
This value should be compared with the value of 3280 K from Example 7.15 
when dissociation was ignored. 



7.9 Enthalpy of formation, A h t 

The combustion reaction is a particular kind of chemical reaction in which 
products arc formed from reactants with the release or absorption of energy as 
heat is transferred to or from the surroundings. As some substances, for instance 
hydrocarbon fuels, may be many in number and complex in structure the 
enthalpy of reaction may be calculated on the basis of known values of the 
molar enthalpy of formation, A6” of the constituents of the reactants and 
products at the reference temperature 7«. 

The molar enthalpy of formation An, is the increase in enthalpy when a 
compound is formed from its constituent elements in their natural form and in 
a standard state. Something needs to be said about the standard form. The 
normal forms of oxygen (O a ) and hydrogen (H 2 ) arc gaseous, so A h* for t Ur 
can be put equal to zero. The normal form of carbon (C) is graphite, • 
for solid carbon is put to zero. Carbon in another form, e.g. diamond 



Combustion 


is nol ‘normal’ and A hf is quoted. The standard slate is 25 °C, and 1 bar 
pressure, but it must be borne in mind that not all substances can exist in the 
natural form. e.g. H,0 cannot be a vapour at 1 bar and 25 °C. 

For calculation purposes, for a particular reaction 

A/i- - Z n.ASf - X n.AX? (7.33) 

r * 

Typical values of Ah; arc quoted for different substances in Table 7.11. 


Table 7.11 Typical, 
heats of formation Ah? 
of various species at 
25°C (298 K) and I bar 


Substance 

Formula 

Slate 

A h)’ 

(kJ/kmol) 


0 

Gas 

249170 

Oxygen 

0, 

Gas 

0 

Water 

H,0 

Liquid 

-285820 

Water 

H,0 

Vapour 

-241830 

Carbon 

C 

Gas 

714990 

Carbon 

C 

Diamond 

1900 

Carbon 

C 

Graphite 

0 

Carbon monoxide 

CO 

Gas 

-110530 

Carbon dioxide 

CO, 

Gas 

-393520 

Methane 

ch 4 

Gas 

-74870 

Methyl alcohol 

CH,OH 

Vapour 

-240532 

Ethyl alcohol 

C,H,OH 

Vapour 

-281 102 

Ethane 

c,h 6 

Gas 

-83 870 

Ethene 

c,h 4 

Gas 

52470 

Propane 

c,h. 

Gas 

-102900 

Butane 

C*H 10 

Gas 

-125000 

Octane 

C.H It 

Liquid 

-247600 


Example 7.17 Calculate the molar enthalpy of reaction at 25 'C of ethyl alcohol. C 2 H 5 OH, 
using the data of Table 7.11. 

Solution Using equation (7.33) 

Ah?-5> ( Ah?-2> ( A/i? 

r i 

and the combustion equation 

C,H 5 OH + 30, - 2CO, + 3H,0 

Xn.AhJ = I x (-281 102) + 3 x 0 - -281 102 

■ 

Xn.Ah?- 2 x (-393 520) + 3 x (-241 830)- - 1 512530 

f 


therefore 

Ah” - - I 512530-(-281 102) 
= — I 231 428 kJ 'lemol 
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7.11 Power plant thermal •fficiency 


7.10 Calorific value of fuels 

The quantities AA* and Au" are approximated to in fuel specifications by 
quantities called calorific values which arc obtained by the combustion of the 
fuels in suitable apparatus. This may be of the constant volume type (c.g. bomb 
calorimeter) or constant pressure, steady-flow type (e.g. Boys' calorimeter). 
Both of these are described in section 7.1. Definitions of calorific value are as 
follows: 

(1) The energy transferred as heat to the surroundings (cooling water) per 
unit quantity of fuel when burned at constant volume with the H,0 product 
of combustion in the liquid phase is called the gross (or higher) calorific value 
(GCV) at constant volume Q t , r . This approximates to -Au° at a reference 
temperature of 25 C with the H 2 0 in the liquid phase. 

If the H 2 0 products arc in the vapour phase the energy released per unit 
quantity is called the net (or lower) calorific value (NCV) at constant volume, 
This approximates to - Au® at 25 °C w ith the H 2 0 in the vapour phase. 

(2) The energy transferred as heat to the surroundings (cooling water) per 
unit quantity of fuel when burned at constant pressure with the H,0 products 
of combustion in the liquid phase is called the gross (or higher) calorific value 
(GCV) at constant pressure. Q vr This approximates to -Aft® at a reference 
temperature of 25'C with the H 2 0 in the liquid phase. 

If the HjO products are in the vapour phase the energy released is called 
the net (or lower) calorific value (NCV) at constant pressure. Q b „ iP . This 
approximates to -A/i° at 25 r C with the H 2 0 in the vapour phase. 

Contrary to the definition of Au° and A h* it is usual to quote calorific values 
as positive quantities. If Q t , F and the fuel composition is known, the other 
quantities can be calculated. The above quantities are related as follows. For 
the constant volume process 

C r .. “ Cm.., + ( 7 -34) 

For the constant pressure process 

C*r., “ Cm.., + W A, (7.35) 

where m f is the mass of condensate per unit quantity of fuel. 
u„ = u„ at 25 S C for H 2 0 * 2304.4 kJ/kg 
h (l => /ifg at 25‘C for H 2 0 - 2441.8 kJ/kg 

The calorific values differ from A** and Au“ due to the departure of 
experimental conditions from ideal with regard to temperatures of products 
and reactants and also heat transfer conditions. This topic is discussed further 
in section 7.11 


7.11 Power plant thermal efficiency 

The purpose of any power plant is the power output which should be obtained 
as economically as possible consistent with capital cost and running conditions. 
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It is necessary to assess the overall performance of a plant for comparison 
purposes and an important criterion is the orerall thermal efficiency tj 0 . This is 
defined as 


Ho = 


work output 
fuel energy supplied 


It is necessary to decide on the denominator for this definition. It is desirable, 
if we consider a steady-flow process, to relate the plant conditions to those for 
the steady-flow calorimeter in which the products arc cooled to atmospheric 
temperature giving Q v r However, it is not possible, or desirable, to cool the 
products of combustion in a real plant to atmospheric temperature so there is 
a substantial energy loss to atmosphere. Complete cooling of the products would 
require large heat transfer surfaces which are expensive and the condensate 
produced would form corrosive acids. As achieving these conditions is not even 
attempted it seems that the use of Q Vf is unsatisfactory and Q nllp is more 
appropriate and this is often preferred. It docs not matter for comparison 
purposes except that both values arc in use making the definition of no somewhat 
arbitrary as 

- W - W 

or <u, (7 ' 36) 

It is necessary to state with the definition whether Q v p or Q neliP is being used. 

In a plant it may be required to assess the boiler or steam generator 
performance only, in which case the boiler efficiency, given similarly in 
equation (8.16k is defined as 

K . heat transferred to working fluid 

Boiler efficiency =- 

fuel energy supplied 

therefore 


n r 


heat transferred to working fluid 
Qr+orQ"', 


It is again necessary to state whether Q (l> , or (>, 
efficiency is quoted. 


(7.37) 

is being used when boiler 


Example 7.18 A medium-size steam boiler required to supply a generator of output 
25 000 k W has a performance specification as follows: steam output 31.6 kg/s; 
steam pressure 60 bar; steam temperature 500 °C; feed water temperature 
100 X; fuel, natural gas (96.5% CH 4 .0.5% C,H,„ remainder incombustible); 
gross calorific value 38 700 kJ/m* at 1.013 bar and 15 ’C; fuel consumption 
2.85 m J /s. 

Calculate the boiler efficiency and the overall thermal efficiency based on 
the net calorific value of the fuel. 

Solution l kmol of CH 4 burns to give 2 kmol HjO. therefore 0.965 kmol of CH* burns 
to give 2 x 0.965 x 18 « 34.74 kg H,Q. 
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7.12 Practical determination of calorific values 


1 kmol of C 2 H 6 bums 10 give 3 kmol H ; 0. ihcrcfore 0.005 kmol of C 2 H 6 
bums to give 3 x 0.005 x 18 = 0.27 kg H.O. Therefore 1 kmol of gas 
produces 34.74 + 0.27 ■ 35.01 kg H.O. and I kmol of gas occupies a 
volumeof (flr/p) = (8314.5 x 288/1.013 x I0>) » 23.64 m J at 1.013 bar and 
I5°C therefore 

Steam formed per m J of gas - - 1.481 kg 


Using equation (7.35) 

Q v .r m (?«.., + m t h,, 
therefore 

Qmt.r a 38 700 “ (1-481 x 2441.8)- 35084 kJ/m’ 
Heat to working fluid = h, uppl , MOB - 

= 3421 -419.1 - 3001.9 kJ/kg 


Using equation (7.37k therefore 
3001.9 x 31.6 


1B 


2.85 x 35084 


0.95(95%) 


and using equation (7.36) 

work output 
n° ~ 


25000 


185 x 35084 


= 015(25%) 


7.12 Practical determination of calorific values 

The methods for determining calorific value depend on the type of fuel; solid 
and liquid fuels are usually tested in a bomb calorimeter, and gaseous fuels in 
a continuous-flow apparatus such as Boys' calorimeter. The apparatus in every 
case is required to meet with a standard specification and the procedure to be 
adopted is also laid down. 


Solid and liquid fuel 

In the bomb calorimeter combustion occurs at constant volume and is a non-flow 
process; in Boys' calorimeter the gas is burnt continuously under steady-flow 
conditions. 

The bomb is a small stainless steel vessel in which a small mass of the fuel 
is held in a crucible (see Fig. 7.14). If the fuel is solid, it is usually crushed, passed 
through a sieve, and then pressed into the form of a pellet in a special press. 
The size of pellet is estimated from the expected heat release, and is such that 
the temperature rise to be measured docs not exceed 2-3 K. The pellet is ignited 
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Fig. 7.14 Bomb 
calorimeter 


Terminal 
insulated 
from bomb 


Drive 


Connections to eiternal 
firing circuit 


Electrical connections 



Oxygen 
inlet valve 


Fixed range 
— thermometer 
(or Beckmann type) 


Water 


Njlon feet 


by fusing a piece of platinum or nichrome wire which is in contact with it. The 
wire forms part of an electric circuit which can be completed by a firing button, 
which is situated in a position remote from the bomb. With a special form of 
press the pellet can be formed with the fuse wire passing through it. This 
facilitates the firing, particularly with some of the more difficult fuels. The 
crucible carrying the pellet is located in the bomb, a small quantity of distilled 
water is pul into the bomb to absorb the vapours formed by combustion nnd 
to ensure that the water vapour produced is condensed, and the top of the 
bomb is screwed down. Oxygen is then admitted slowly until the pressure is 
above 23 atm. The bomb is located in the calorimeter and a measured quantity 
of water is poured into the calorimeter. The calorimeter is closed, the external 
connections to the circuit arc made, and an accurate thermometer of the fixed 
range or Beckman type is immersed to the proper depth in the water. The water 
is stirred in a regular manner by a motor-driven stirrer, and temperature 
observations arc taken every minute. At the end of the fifth minute the charge 
is fired and temperature readings are taken every 10 s during this period. When 
the temperature readings begin to fall the frequency of readings can be reduced 
to every minute. 
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7.12 Practical determination of calorific values 


The measured temperature rise is corrected for various losses. The cooling 
loss is the largest, but corrections are also necessary for the heat released by 
the combustion of the wire itself, and for the formation of acids on combustion. 
The cooling correction can be determined graphically or by use of a formula 
developed by Rcgnault and Pfaundlcr. The allowance for the combustion of 
the wire is determined from its weight and known calorific value. The allowance 
for acids present is determined by a chemical titration. For most purposes only 
the correction for cooling need be applied. 

If a liquid fuel is being tested, it is contained in a gelatine capsule and the 
firing may be assisted by including in the crucible a little paraffin of known 
calorific value 

The water equivalent of the calorimeter is determined by burning a fuel of 
known calorific value (e.g. benzoic acid) in the bomb. The calculation for the 
test is then as follows: 

Mass of fuel x calorific value 

- (mass of water + water equivalent of bomb) 

x corrected temperature rise x specific heat capacity of water 
From this equation the calorific value of the fuel tested can be found. 


Example 7.19 Table 7.12 gives the results of a bomb calorimeter test on a sample of coal. 

The mass of coal burned was 0.825 g and the total water equivalent of the 
apparatus was determined as 2500 g. Calculate the calorific value of the coal 
in kilojoules per kilogram. The temperature rise is to be corrected according 
to the formula by Rcgnault and Pfaundlcr, but no correction need be made 
for the acids formed. 


Table 7.12 Results for 
a bomb calorimeter test 


Pre-firing 
period time 

Temp. 

rc) 

Heating time 

Temp. 

Cooling period 
time 

Temp. 

(min.) 

(min.) 

CC) 

(min.) 

CC) 

0 

25.730 

*. 6 

27.340 

I. 10 

27.880 

1 

25.732 


27 880 

II 

27.878 

2 

25.734 

c,8 

27.883 

12 

27.876 

3 

25.736 

** 9 

27.885 

13 

27.874 

4 

25.738 



14 

27.872 

to 5 

25.740 



15 

27.870 


Solution The Rcgnault and Pfaundlcr cooling correction is as follows: 

Correction = rtv ■+ ei)f X (0 + i(r 0 + *„)-«! 

where n is the number of minutes between the time of firing and the first reading 
after the temperature begins to fall from the maximum, r the rate of fall of 
temperature per minute during the pre-firing period, r, the rate of fall of 
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temperature per minute after the maximum temperature, t and f, the average 
temperatures during the pre-firing and final periods respectively, the 

sum of the readings during the period between firing and the start of cooling, 
and J(f 0 + O the mean of the temperature at the moment of firing and the 
first temperature after the rate of change of temperature becomes constant. The 
pre-firing and final periods arc of the same duration. 

In this example 

n - 10 - 5 - 5 min 

/ 25.740 — 25.730\ _ , 

v « -(---) - -0.002 K/min 


the negative sign indicates that the temperature was rising in the pre-firing 
period. 


27.880 - 27.870 „ , . 

i*i —---* 0.002 K/min 


f = 25.735 C and r, = 27.875 °C 
110.988 C C and 

ido + «.) - 25 740 * 27 880 = 26.81 “C 


Substituting the values in the equation gives 

„ , / 0.002 + 0.002 \ 
Conec»on=-3,0.002 + (---. s _ 257 3 S j 

x (110.988 + 26.81 - 5 x 25.735) 
i.e. Correction = 0.00705 K 

Uncorrcctcd temperature rise = -r. - / 0 

= 27.880- 25.740 - 2.14 K 


therefore 

Correct temperature rise = 2.14 + 0.00705 = 2.147 K 
Then Heat released from0 825 gcoal - 1147 x 2500 x 4.187 x I0" 3 

- 22.5 kJ 


i.e. 


Calorific value 


22.5 

0.825 x 10° 


i.e. 


27 250 kJ/kg 


Calorific value of fuel - 27 250 kJ/kg 



7.12 Practical determination of calorific values 


Gaseous fuels 

For a gaseous fuel a continuous supply of the gas is metered and passed at 
constant pressure into the calorimeter, where it is burned in an ample supply 
of air (see Fig. 7.15). The products of combustion are cooled as nearly as possible 
to the initial temperature of the reactants by a continuously circulating supply 
of cooling water. The gas pressure and temperature arc measured and the 
amount of gas burned is referred to 1.013 bar and 15°G The temperature rise 
of the circulating water is measured, and the condensate from the products of 
combustion is collected. A test is carried out over a fixed time period. The water 
flow rate is measured and the condensate is weighed. Then we huve 

(Volume of fuel at 1.013 bar and 15°C) x (calorific value) 

= (mass of water circulated) x specific heat capacity 

x (temperature rise of water) 


Fig. 7.15 Boys* gas 
calorimeter 



Constant- 
Icvd unk 


Flo* rcslnctor 


Water change- 
o\cr from waste 
to collecting 
cylinder 


Water 

outlet 

temp. 


Water from 
main supply 


Water 

inlet 

temp 


Gas 

meter 


Gas from the 
main after a 
quadrant valve 


Water 

le*d 

Condensate 


pressure 


Gas pressure regulator 


The calorific value of the fuel is obtained in mcgajoules per cubic metre of 
gas. The correct procedure for this determination is given in ref. 7.7. 

In both the bomb calorimeter test and Boys' calorimeter test the steam 
formed on combustion is condensed, and so the heat released by the steam 
on condensing is transferred to the cooling water. 
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Example 7.20 In a bomb calorimeter test on petrol the GCV was determined and found 
to be 46 900 kJ/kg. If the fuel contains 14.4% H by mass, calculate the NCV. 

Solution From equation (7.II. 

2H a + O, — 2H : 0 

therefore 

4 kg H + 32 kg 0,-36 kg H a O 
or 1 kg H gives 9 kg H 2 0. therefore 

0.144 kg H gives 0.144 x 9 - 1.296 kg H 2 0 
Then using equation (7.34) 

- Q„ r - «c“f, 

therefore 

Q~i., = 46900-(1.296 x 2304.4) = 43910kJ/kg 
Table 7.13 gives some typical calorific values of solid, liquid, and gaseous fuels. 


7.13 Air and fuel-vapour mixtures 

The mixture supplied to an engine fitted with a carburettor is one of air and 
fuel vapour, and the quality of the mixture is controlled by the carburettor. If 
the mixture is saturated with fuel vapour then the relative proportions of fuel 
to air can be determined from a knowledge of the temperature pressure 
relationship for the saturated fuel. Such values arc given for ethyl alcohol in 
Table 7.14. 

Example 7.21 In Example 7.3 the stoichiometric A/F ratio for ethyl alcohol, C 2 H 6 0, was 
found to be 8.957/1. If the NCV of ethyl alcohol is 27 800 kJ/kg, calculate 
the calorific value of the combustion mixture per cubic metre at 1.013 bar 
and 15 6 C. 

Solution The molar mass of ethyl alcohol is 46 kg/kmol. therefore we have 
amount of substance of fuel per kilogram of fuel - ^ 

-0.021 74 kmol/kg 

The molar mass of air is 28.96 kg/kmol. therefore 

8.957 

amount of substance of air per kg of fuel - —— = 0.3093 kmol/kg 

28.96 

i.e. 
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Total amount of substance of mixture =• 0.021 74 + 0.3093 

= 0.3310 kmol/kg 



7.13 Air and fuel-vapour mixtures 


Table 7.13 Typical 
calorific values of some 
fuels 


Table 7.14 

Approximate saturation 
temperatures and 
pressures for ethyl 

alcohol (C,H*0) 


Fuel 

Calorific value 
at 15 *C 

(kJ/kg) 

Gross Net 

Solid 

Anthracite 

34600 

33900 

Bituminous coal 

33500 

32450 

Coke 

30750 

30 500 

Lignite 

21650 

20400 

Peat 

15900 

14500 

Liquid 

100 -octane petrol 

47 300 

44000 

Motor petrol 

46800 

43700 

Benzole 

42000 

40200 

Kerosene 

46250 

43250 

Diesel oil 

46000 

43250 

Light fuel oil 

44800 

42100 

Heavy fuel oil 

44000 

41300 

Residual fuel oil 

42100 

40000 


Calorific value at 


15/C and 1 bar 

(MJ/m*) 

Gas 

Gross 

Net 

Butane 

12200 

113.00 

Propane 

96.00 

86.00 

Natural gas 

38.20 

35.20 

Coal gas 

20 00 

17.85 

Hydrogen 

11.85 

10.00 

Producer gas 

604 

6.00 

Blast-furnace gas 

3.41 

3.37 


Temp/rC) 0 10 20 30 40 50 60 

Pressure/! bar l 0.0162 0 0314 0.0584 0.1049 0.1800 0.2960 0.4690 


From equation (2.8) 
pV - nftT 
therefore 


V 


0.331 x 8314.5 x 288 
1.013 x 10 5 


7.824 m 3 per kg of fuel 
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Now NCV of fuel - Q^, - 27.8 MJ/kg 
therefore 


NCV of mixture 


27,8 

7.824 


3.55 MJ/m 5 of mixture 


Example 7.22 For a stoichiometric mixture of ethyl alcohol and air calculate the 
temperature above which there will be no liquid fuel in the mixture. The 
pressure of the mixture is 1.013 bar. 

Solution Using the results of Example 7.21, we have 

amount of substance of ethyl alcohol - 0.02174 kmol/kg 

and Total amount of substance ■ 0.331 kmol 


Then using equation (6.14X Pi ■ (n, /n)p, we have 

0.021 74 

Partial pressure of ethyl alcohol vapour - x 1.013 

- 0.0665 bar 


From Table 7.14, the saturation temperature corresponding to this pressure 
lies between 20 and 30 °C. Therefore interpolating 

/0.0665 - 0.0584\ 


20 + 


V 0.1049 - 0.0584/ 


x (30 - 20) = 21.74 3 C 


Hence the minimum temperature of the mixture is 21.74 °C for complete 
evaporation of the liquid fuel. 


Problems 

7.1 A sample of bituminous coal gave the following ultimate analysis by mass: C 81.9%; 
H 4.9%; O 6%; N 2.3%; ash 4.9%. Calculate: 

(i) the stoichiometric A/F ratio; 

(ii) the analysis by volume of the wet and dry products of combustion when the air 
supplied is 25% in excess of that required for complete combustion. 

(10.8/1; CO, 14.14%; H,0 5.07%; O, 4.08%; N, 76.71%; CO, 14.89%; 

O, 4.30%; N, 80.81%) 

7.2 An anal>sis of natural gas gave the following values: CH 4 93%; C,H* 4%; N, 3%. 
Calculate the stoichiometric A/F ratio and the analysis of the wet and dry products 
of combustion when the A/F ratio is 12/1. 

(9.524/1; CO, 7.76%; H,0 15.21%; O, 3.99%: N, 73.04%; CO, 9.15%; 

O, 4.71 %;N a 86.14%) 

7J Calculate the stoichiometric A/F ratio for benzene (C*H*). and the wet and dry 
analysis of the combustion products. 

(13.2/1: CO, 16.13%; H,0 8.06%; N, 75.81%; CO, 17.54%; N, 8246%) 
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7.4 In the actual combustion of ben7ene in an engine the A/F ratio was 12/1. Calculate 
the anal>sis of the wet products of combustion. 

(CO. 13.38%; CO 3.94%; H,0 8.66%; N, 7403%) 

7.5 The ultimate analysis of a sample of petrol was 85.5% C and 14.5% H. Calculate: 

(i| the stoichiometric A/F ratio; 

(ii) the A/F ratio when the mixture strength is 90%; 

(iii) the A/F ratio when the mixture strength ts 120%; 

(iv) the analjses of the dry products for (ii) and (iii); 

(v) the volume flow rate of the products through the engine exhaust per unit rate of 
fuel consumption for (iii) when the pressure is 1.013 bar and the temperature is 
1I0*C 

(14.76/1; 16.4/1; 12.3/1; CO, 13.38%; O, 2.24%; N, 84 38%; CO, 8 67%; 

CO 8.79%; N, 82.54%; 15.11 m J /« per kg/s) 

7.8 The ultimate analysis of a sample of petrol was C 85.5% and H 14.5%. The analysis 
of the dry products gave 14% CO, and some O,. Calculate the A/F ratio supplied 
to the engine, and the mixture strength. 

(15.72/1; 94%) 

7.7 In an engine test the dry product analysis was CO, 15.5%; O, 2.3% and the remainder 
N,. Assuming that the fuel burned was a pure hydrocarbon, calculate the ratio of carbon 
to hydrogen in the fuel, the A/F ratio used, and the mixture strength. 

(11.5; 14.84/1:89.5%) 

7J The ultimate analysis of a sample of petrol was 85% C and 15% H. The analysis of 
the dry products showed 13.5% CO,, some CO and the remainder N,. Calculate: 

(i) the actual A/F ratio: 

(ii) the mixture strength: 

(iii) the mass of K .O vapour carried by the exhaust gas per kilogram of total exhaust gas; 

(iv) the temperature to which the gas must be cooled before condensation of the H,0 
vapour begins, if the pressure in the exhaust pipe is 1.013 bar. 

(14.31/1; 104%; 0.088 kg/kg; 52.7’C) 

7.9 A quantity of coal used in a boiler had the following analysis: 82% C; 5% H; 6% O; 
2% N; 5*/* ash The dry flue gas analysis showed 14% CO, and some oxygen. Calculate: 

(i) the oxygen content of the dry flue gas; 

(ii) the A/F ratio and the excess air supplied. 

(5.52%; 14.29/1; 31.8%) 

7.10 For the mixture of Problem 7.4 calculate the calorific value per cubic metre of mixture 
at 1.013 bar and 38'C. The calorific value of benrene is 40 700kJ/kg. 

(3.73 MJ/m*) 

7.11 The lower explosive limit of ethyl alcohol in air is 3.56% by volume at a pressure of 
1013 mbar. If the pressure in a room is 1013 mbar calculate the lowest temperature at 
which the explosive mixture would be formed. What quantity of ethyl alcohol in litres 
would be needed in a room of volume 115m‘ to produce this mixture. The specific 
gravity of liquid ethyl alcohol is 0.794. Use the data of Table 7.14 for this problem. 

(11.73 °C; 10.15/1) 

7.12 The products of combustion of a hydrocarbon fuel, of carbon to hydrogen ratio 0.85:0.15, 
are found to be CO, 8%. CO 1%. O. 8.5%. Calculate the A/F ratio for the process 
by two methods and hence check the consistency of the data. 

(23.70. 23.53) 
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7.13 A stoichiometric mixture of CO and air was burned adiabalically at constant volume 
and at the peak pressure of 12 bar the temperature was 2469 X: analysis showed the 
volume of CO present in the products to be 0.192 of the volume of CO supplied. Show 
by calculating the equilibrium constant for CO + J O 2 ^ CO. that the data are consistent. 
The value of In K* for this reaction at 2600 K is 2.800 and at 2800 K it is 1.893. 

7.14 The products of a fuel when measured at a high temperature gave the following analysis: 
9.27% CO,; 4 00% CO; 14.20% H,0:0.90% H,; 71.03% N,. Using appropriate values 
of equilibrium constants from tables such as those of ref. 7.3, estimate the temperature 
and pressure of the products. 

(2800 K; 20.31 bar) 

7.15 A stoichiometric mixture of benrene (C*H*) and air is induced into an engine of 
volumetric compression ratio 5 to I. The pressure and temperature at the beginning of 
compression are I bar and 100'C. The estimated maximum temperature reached, 
allowing for dissociation, after adiabatic combustion at constant volume is 2727 B C and 
at this temperature the standard equilibrium constants are 

| C0, |P * ,) ' * . 3.034 „ 7.214 

Pco(Po,r Ph.Pco, 

Show that about 74.4% of the carbon in the fuel is burned to C0 2 and calculate the 
maximum pressure reached. 

(41.7 bar) 

7.16 The enthalpy of combustion of propane gas. C s H t . at 25 : C with the H 2 0 in the products 
in the liquid phase is -50360 kJ/kg Calculate the enthalpy of combustion with the 
H 2 0 in the vapour phase per unit mass of fuel and per unit amount of substance of fuel 

(-46364 kJ/kg; - 2040030 kj/kmol) 

7.17 Calculate, for propane liquid, CjH„ at 25 a C the enthalpy of combustion with the H 2 0 
in the products in the vapour phase. Use the data of Problem 7.16 and take h,, at 25 °C 
for propane as 372 kJ/kg. 

(-45992 kJ/kg) 

7.1i Calculate the internal energy of combustion per unit mass of propane vapour. CjH„ 
at 25 °C with the H 2 0 in the vapour phase from the corresponding value of 
Ah-' - -46364 kJ/kg. 

(-46420 kJ/kg) 

7.19 Calculate the internal energy of combustion per unit mass for gaseous propane. C 2 H B , 
at 25 C C with the H 2 0 of combustion in the liquid phase from the corresponding value 

of Ah®- -50360 kJ/kg. 

(-50191 kJ/kg) 

720 Calculate the internal energy of combustion per unit mass for liquid propane. CjH,, at 
25 *C with the H 2 0 of combustion in the vapour phase from the corresponding value of 

Ah* - -45992 kJ/kg. 

(-46105 kJ/kg) 

7.21 Ah* for hydrogen at 60*C is given as -242400kJ/kmoi. Calculate AA° at 1950°C 
given that the molar enthalpies of the gases concerned are as in Table 7.15. 

(-252087 kJ/kmol) 

722 A stoichiometric mixture of hydrogen and air at 25 ’C is ignited and combustion takes 
place adiabalically at a constant pressure of I bar. Ah* for hydrogen at 25 °C with the 
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Table 7.15 Molar 
enthalpies of gases 
for problem 7.21 


Gas 

Molar enthalpy/(kJ'kmol) 

60 *C 

1950'C 


9492 

69250 

o a 

9697 

76 500 

H,0 

11 147 

94620 


H,0 in the liquid phase is -286000kJ/kmol. Calculate, neglecting changes m kinetic 
energy, and using the tables of ref. 7.6: 

(i) the temperature reached if the process is assumed to be adiabatic and dissociation 
is neglected; 

(ii) the temperature reached after adiabatic combustion if the constituents arc H,. 0 2 , 
HjO. and N,. 

At 25 X h„ for H,0 is 2441.8 kJ/kg 

(2254 X; 2200 °C) 

7.23 Octane vapour. C,H,,. is to be burned in air in a steady-flow process. Both the fuel 
and air are supplied at 25 C and the product temperature is to be 760 ’C. Dissociation 
is negligible and the heat loss is to be taken as 10 % of the increase in enthalpy of the 
products above the reference temperature. 

Ah 9 for octane vapour is - 5 510294 kJ/kmol with the products in the liquid phase. 
Calculate the A F ratio by mass required; h, t at 25 X for HjO is 2441.8 kJ/kg. Use the 
molar enthalpies in ref. 7.6. 

(49.2) 

7.24 Calculate the molar enthalpy of reaction of methane CH*. at 25 X and 1 bar pressure. 
Use Table 7.11 (p. 220) and assume the H a O of combustion to be in the liquid phase. 

(-890290 kJ/kmol) 

7.25 Calculate the molar enthalpy of combustion at 25 X and 1 bar pressure of a gas of 
volumetric analysis 12% H„ 29% CO. 16% CH 4 .04% C,H 4 .4% CO, and 52% N, 
for the H,Oin the vapour phase and in the liquid phase. 

(-137 240 kJ/kmol; -145 158 kJ/kmol) 
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Steam Cycles 


The heal engine cycle is discussed in Chapter S. and il is shown that (he 
most efficient cycle is the Carnot cycle for given temperatures of source and 
sink. This applies to both gases and vapours, and the cycle for a wet vapour 
is shown in Fig 8.1. A brief summary of the essential features is as follows: 

4 to 1: heat is supplied at constant temperature and pressure. 

1 to 2: the vapour expands isentropically from the high pressure and 
temperature to the low pressure. In doing so it does work on the surroundings, 
which is the purpose of the cycle. 

2 to 3: the vapour, which is wet at 2, has to be cooled to state point 3 such 
that iscntropic compression from 3 will return the vapour to its original state 
at 4. From 4 the cycle is repeated. 

The cycle described shows the different types of processes involved in the 
complete cycle and the changes in the thermodynamic properties of the vapour 
as it passes through the cycle. The four processes are physically very different 
from each other and thus they each require particular equipment. The heat 
supply. 4-1. can be made in a boiler. The work output, 1-2, can be obtained 
by expanding the vapour through a turbine. The vapour is condensed, 2-3, in 
a condenser, and to raise the pressure of the wet vapour. 3-4, requires a pump 
or compressor. 

Thus the components of the plant are defined, but before these are discussed 



Fig. 8.1 Carnot cycle 
for a wet vupour on u 
T-s diagram 



8.1 Th« Rankin* cycla 


further, the deficiencies of the Carnot cycle as the ideal cycle for a vapour must 
be considered. 


8.1 The Rankine cycle 

It is stated in section 5.3 that, although the Carnot cycle is the most efficient 
cycle, its work ratio is lowr. Further, there arc practical difficulties in following 
it. Consider the Carnot cycle for steam as shown in Fig. 8.1: at state 3 the steam 
is wet at T a but it is difficult to stop condensation at the point 3 and then compress 
it just to state 4. It is more convenient to allow the condensation process to 
proceed to completion, as in Fig. 8.2. The working fluid is water at the new 
state point 3 in Fig. 8.2. and this can be conveniently pumped to boiler pressure 
as shown at state point 4. The pump has much smaller dimensions than it 
would have if it had to pump a wet vapour, the compression process is carried 
out more efficiently, and the equipment required is simpler and less expensive. 
One of the features of the Carnot cycle has thus been departed from by the 
modification to the condensation process. At state 4 the water is not at the 
saturation temperature corresponding to the boiler pressure. Thus heat must 
be supplied to change the slate from water at 4 to saturated water at 5; this is 
a constant pressure process, but is not at constant temperature. Hence the 
efficiency of this modified cycle is not as high as that of the Carnot cycle. This 
ideal cycle, which is more suitable as a criterion for actual steam cycles than 
the Carnot cycle, is called the Rankine cycle. 


Fig. 8.2 Rankine cycle 
using wet steam on a 
T-s diagram 



The plant required for the Rankir.c cycle is shown in Fig. 8.3, and the numbers 
refer to the state points of Fig. 8.2. The steam at inlet to the turbine may be 
wet. dry saturated, or superheated, but only the dry saturated condition is 
shown in Fig. 8.2. The steam flows round the cycle and each process may be 
analysed using the steady-flow energy equation: changes in kinetic energy and 
potential energy may be neglected, then for unit mass flow rate 

Q + IV « d/i 

Each process in the cycle can be considered in turn as follows. Boiler: 

(?4M + IF = /I, - fc* 
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Fig- 8-3 Basic steam 
plant 


Boundary 



Therefore, since W = 0, 

Gasi-A,-*a (8.1) 

Turbine: the expansion is adiabatic (Le. Q = 0). and isentropic (i.e. s, = s 2 ), 
and h 2 can be calculated using this latter fact. Then 

C»a +in* 

therefore 

or Work output. - W xl « /i, - h 2 (8.2) 

Condenser: 

Q» + W = h 3 -h 2 

Therefore, since W = 0 

Q 2 3 - - *2 

therefore 

Heat rejected in condenser, -Q 22 - /», - h 2 (8.3) 

Pump: 

(?J4 + W>« “ *4 “ *3 

The compression is isentropic (i.e. s* ■ s 4 ). and adiabatic (i.e. () * 0). Therefore 
W'sa-OU-M 

i.e. Work input to pump, = h A - h 2 (8.4) 

This is the feed-pump term. ?od as it is a small quantity in comparison with 
the turbine work output. — W l2 , it is usual!) neglected, especially when boiler 
pressures arc low. 

Net work input for the cycle £ W = W x2 + W i4 
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ie. 

or Net work output. W - (/i, - h 2 ) - (/i 4 - h y ) 

Or. if the feed-pump work is neglected. 

Net work output. - £ W - 6, — /i, 

The heat supplied in the boiler. () 45 , - h, - h 4 . Then we have 

„ . net work output 

Rankine efficiency, r;, = -— ; — . . ■ 

heat supplied in the boiler 


• _ 

i.e. 


1 * 


(h, - h 2 ) — (h A — h 2 ) 
h x -h A 


(h, — h 3 ) — [h A - /ij) 
(hj “ /lj) “ (/l 4 “ hy) 


(8.5) 

( 8 . 6 ) 


(8.7) 


( 8 . 8 ) 


If the feed-pump term. h A - h y , is neglected equation (8.8) becomes 
Ai-*i 


'/n = 




(8.9) 


When the feed-pump term is to be included it is necessary to evaluate the 
quantity. W^. 

From equation (8.4) 


Pump work = Wy 4 = h A — h i 

It can be shown that for a liquid, which is assumed to be incompressible (i.e. 
t* = constant), the increase in enthalpy for isentropic compression is given by 

(h A - h 3 ) = r(p 4 — pj) 


The proof is as follows. For a reversible adiabatic process, from equation (3.15). 

dQ = d/i — r dp = 0 
therefore 


d/i - v dp 

r* r* 

i.e. | dh - J i dp 

For a liquid, since v is approximately constant, we have 

- pj dp ■ v(p A — p y ) 

i.e. h A - h 3 ■ p(p 4 - 
therefore 

Pump work input = h A - h y = r(p 4 - p y ) (8.10) 

where r can be taken from tables for water at the pressure p,. 
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The efficiency ratio of a cycle is the ratio of the actual efficiency to the ideal 
efficiency. In vapour cycles the efficiency ratio compares the actual cycle 
efficiency to the Rankine cycle efficiency, 


i.e. 


Efficiency ratio 


cycle efficiency 
Rankine efficiency 


( 8 . 11 ) 


The actual expansion process is irreversible, as shown by line 1-2 in 
Fig. 8.4. Similarly the actual compression of the water is irreversible, as indicated 
by line 3-4. The isentropic efficiency of a process is defined by 


a: actual work 

Isentropic efficiency - : - : -- 

lsentropic work 


for an expansion process 


Fig. M Rankine cycle 
showing real processes 
on a T-s diagram 



and 

. , _ . isentropic work „ 

Isentropic efficiency =----— for a compression process 

actual work 


Hence 


Turbine isentropic efficiency 



( 8 . 12 ) 


It has been stated that the efficiency of the Carnot cycle is the maximum 
possible, but that the cydc has a low work ratio. Both efficiency and work ratio 
are criteria of performance. By the definition of work ratio in section 5.3, 


Work ratio 


net work output 
gross work output 


(8.13) 


Another criterion of performance in steam plant is the specific steam 
consumption (ssc). It relates the power output to the steam flow necessary to 
produce it. The steam flow indicates the size of plant and its component parts, 
and the ssc is a means whereby the relative sizes of different plants can be 
compared. 

The ssc is the steam ffev. required to develop unit power output. The power 
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output is — W, therefore 


ssc 


-m£W -£ W 
Neglecting the feed pump work we have 
-SW'-A.-Ai 

therefore 


(8.14) 


l 

ssc ■ . 

(A. -hi) 

Note that when h t and h 2 are expressed in kilojoules per kilogram then the 
units of ssc arc kg/kJ or kg/kW 1 l 


Example 8.1 A steam power plant operates between a boiler pressure of 42 bar and a 
condenser pressure of 0.035 bar. Calculate for these limits the cycle efficiency, 
the work ratio, and the specific steam consumption: 

(i) for a Carnot cycle using wet steam; 

(ii) for a Rankine cycle with dry saturated steam at entry to the turbine; 

(iii) for the Rankine cyde of (ii), when the expansion process has an isentropic 
efficiency of 80%. 

Solution (i) A Carnot cycle is shown in Fig. 8.5. 


Fig. Ik5 Carnot cyde 
for Example 8.1(a) 



T x - saturation temperature at 42 bar 
- 253.2 + 273 - 526.2 K 


T 2 m saturation temperature at 0.035 bar 
« 26.7 + 273 = 299.7 K 


Then from equation (5.1) 

T, - T 2 526.2 - 299.7 
,c "" = T, “ 526.2 


0.432 or 43.2% 
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Also 

Then 


Heal supplied =/»,-/»* = /»,, at 42 bar - 1698 kJ/kg 

_ Net work output,-£ IV 
n C""*' Gross heal supplied 


Therefore - £ W - 0.432 x 1698. 

i.e. Ncl work output. - £ W - 734 kJ/kg 


To find the gross work of the expansion process it is necessary to calculate 
h 2 . using the fact that s, « j,. 

From tables 


= 2800 kJ/kg and s, = s 2 = 6.049 kJ/kg K 
Using equation (4.10) 

s 2 - 6.049 - Jr, + x 2 s, ti - 0.391 + x 2 8.13 
therefore 


x 


2 


6-049 - 0.391 
8.13 


= 0.696 


Then using equation (2.2) 

h 2 = h, t + xA,, = 112 + <0.696 x 2438) - 1808 kJ/kg 

Hence, from equation (8.2) 

-W l2 = h l -h 2 = 2800- 1808 = 992 kJ/kg 

Therefore we have, using equation (8.13), 

. net work output 734 A 

Work ratio =--— - — - 0.739 

gross work output 992 

Using equation (8.14) 


i.c. ssc - 0.001 36 kg/kW s 
-4.91 kg/kWh 

(ii) The Rankinc cycle is shown in Fig. 8.6. 

As in part (i) 

h t - 2800 kJ/kg and h 2 - 1808 kJ/kg 
Also, /ij - /*, at 0.035 bar - 112 kJ/kg 
Using equation (8.10). with c = r f at 0.035 bar 

10 * 

Pump work - v t (p 4 - p 3 ) - 0.001 x (42 - 0.035) x — 


-4.2 kJ/kg 
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8.1 The Renklne cycle 


Fig. 8.6 T-j diagram 
for Example X. I < b) 



Using equation (8.2) 


- W l2 = h t - /i 2 - 2800 - 1808 - 992 kJ/kg 


992 - 4 2 


Then using equation (8.8) 

_ (*,-*a)-(/u-*j) __ 

" " (A, - /i,) - {h A - h s ) " (2800 - 112) - 4.2 

i.e. »?„ * 36.8% 

Using equation (8.13) 

net work output 992 - 4 2 


0.368 


Work ratio = 

Using equation (8.14) 
1 


gross work output 992 


0.996 


i.e. 


ssc 


ssc 


-I* 

1 

(992 - 4.2) 


- 0.00101 kg/kW s - 3.64 kg/kW h 


(iii) The cycle with an irreversible expansion process is shown in Fig. 8.7. 
Using equation (8.12) 


Iscntropic efficiency 




Fig. 8.7 T-3 diagram 
for Example 8.1(c) 
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therefore 

0 . 8 -^ 

992 

i.e. - W xi - 0.8 x 992 - 793.6 kJ/kg 
Then the cycle efficiency is given by 

CyCcfficency 

gross heat supplied 
793.6-4.2 

m (2800 — 112) — 4.2 = 
i.e. Cycle efficiency = 29.4% 

Work ratio - 7 gg £g* - 


- 0.294 


- 0.995 


793.6 - 4 2 


0.001 267 kg/kW s - 4.56 kg/kW h 


The feed-pump term has been included in the above calculations, but an 
inspection of the comparative values shows that it could have been neglected 
without having a noticeable effect on the results. 


It is instructive to carry out these calculations for different boiler pressures 
and to represent the results graphically against boiler pressure, as in Fig. 8.8. 
As the boiler pressure increases the specific enthalpy of vaporization decreases, 
thus less heat is transferred at the maximum cycle temperature. Although the 
efficiency increases with boiler pressure over the first part of the range, due to 
the maximum cycle temperature being raised, it is affected by the lowering of 
the mean temperature at which heat is transferred. Therefore the graph for this 
efficiency rises, reaches a maximum, and then falls. 


Fig. 8.8 Sleam cycle 
efficiency and specific 
steam consumption 
against boiler pressure 



Boiler pressure/(b«r| 
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8.2 Rankin* oyeta with tuparhaat 


8.2 Rankine cycle with superheat 


Fig. 8.9 Steam plant 
with a superheater (a) 
and the cycle on a T-s 
diagram (b) 


The average temperature at which heat is supplied in the boiler can be increased 
by superheating the steam. Usually the dry saturated steam from the boiler 
drum is passed through a second bank of smaller bore tubes within the boiler. 
This bank is situated such that it is heated by the hot gases from the furnace 
until the steam reaches the required temperature. 

The Rankine cycle with superheat is shown in Fig. 8.9(a) and 8.9(b). 
Figure 8.9(a) includes a steam receiver which can receive steam from other 
boilers, fn modem plant a receiver is used with one boiler and is placed between 
the boiler and the turbine. Since the quantity of feedwater varies with the 
different demands on the boiler, it is necessary to provide a storage of condensate 
between the condensate and boiler feed pumps. This storage may be either a 
surge tank or hot well. A hot well is shown dotted in Fig 8.9(a). 




Example 8.2 Compare the Rankine cycle performance of Example 8.1 with that obtained 
when the steam is superheated to 500'C. Neglect the feed-pump work. 

Solution From tables, by interpolation, at 42 bar: 

h, - 34416 kJ/kg and s, - s a - 7.066 kJ/kg K 
Using equation (4.10) 

*2 - St, + xjs*, therefore 0.391+ x a 8.13-7.066 
i.e. x a - 0.821 
Using equation (2.2) 

*2 = \ + * 2 *,,. - H2 + (0.821 x 2438)- 2113 kJ/kg 
From tables: 

h,- 112 kJ/kg 
Then, using equation (8.2) 

- W x j - h, - h 2 - 3442.6 -2113 = 1329.6 kJ/kg 
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Neglecting the feed-pump term, we have 

Heat supplied - h, - h> - 3442.6 - 112 - 3330.6 kJ/kg 
Using equation (8.9) 

Cycle efficiency - ^^ - 0.399 or 39.9% 

n t — hy 3330.6 

Also, using equation (8.14) 

ssc - - —J— - 0.000752 kg/kW s - 171 kg/kW h 

n, — hy 1329.6 

The cycle efficiency has increased due to superheating and the improvement 
in specific steam consumption is even more marked. This indicates that for a 
given power output the plant using superheated steam will be of smaller 
proportions than that using dry saturated steam. 

The condenser heat loads for different plants can be compared by calculating 
the rate of heat removal in the condenser, per unit power output. This is given 
by the product, ssc x (fi 2 — hj). where (h a — h 3 ) is the heat removed in the 
condenser by the cooling water, per unit mass of steam. Comparing the condenser 
heat loads for the Rankine cycles of Examples 8.1 and 8.1 we have with dry 
saturated steam at entry to turbine, using the results from Example 8.1(ii): 

Condenser heat load = 0.00101 (1808 - 112) 

= 1.713 kW per kW power output 

With superheated steam at entry to the turbine, using the results from 
Example 8.2: 

Condenser heat load » 0.000752(2113 - 112) 

= 1.505 kW per kW power output 

For given boiler and condenser pressures, as the superheat temperature 
increases, the Rankine cycle efficiency increases, and the specific steam 
consumption decreases, as shown in Fig. 8.10. 


Fig. 8.10 Steam cycle 
efficiency and specific 
steam consumption 
against steam 
temperature at turbine 
entry 
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8.3 Tha enthalpy-ant ropy chart 


There is also a practical advantage in using superheated steam. For the data 
of the Rankinc cycle of Examples 8.1 and 8.2. the steam leaves the turbine with 
dryness fractions of 0.696 and 0.821 respectively. The presence of water during 
the expansion is undesirable, since the droplets are denser than the remainder 
of the working fluid and therefore have different flow characteristics. The result 
is the physical erosion of the turbine blades, and a reduction in iscntropic 
efficiency. 

The modern tendency is to use higher boiler pressures, and a comparison of 
cycles on the T-x diagram shows that for a given steam temperature at turbine 
inlet, the higher pressure plant will have the wetter steam at turbine exhaust 
(see Fig. 8.11 in which p, > It is usual to design for a dryness fraction of 
not less than 0.9 at the turbine exhaust. 


Fig. 8. II T-x diagram 
showing the effect of a 
higher boiler pressure 
on the steam condition 
in the turbine 


i 



8.3 The enthalpy-entropy chart 


In this chapter, and in later ones, we are concerned with changes in enthalpy. 
It is convenient to have a chart on which enthalpy is plotted against entropy. 
The h-s chart recommended is that of ref. 8.1, which covers a pressure range 
of 0.01-1000 bar, and temperatures up to 800 C. Lines of constant dryness 
fraction are drawn in the wet region to values less than 0.5, and lines of constant 
temperature arc drawn in the superheat region. In general h s charts do not 
show values of specific volume, nor do they show the enthalpies of saturated 
water at pressures which arc of the order of those experienced in steam 
condensers, lienee the chart is useful only for the enthalpy chungc in the 
expansion process of the steam cycle; the methods used in Examples 8.1 and 8.2 
arc recommended for problems on the Rankinc cycle. 

A sketch for the h-s chart is shown in Fig. 8.12. Lines of constant pressure 
are indicated by p t , p 2 , etc.; lines of constant temperature by 7',, T 2 . etc. Any 
two independent properties which appear on the chart arc sufficient to define 
the state (e g. />, and x, define stale A. and /i A can be read off the vertical axis). 
In the superheat region, pressure and temperature can define the state (c.g. />, 
and T 4 define the state B. and h„ can be read offy^^nc of constant entropy 
between two state points B and C defines the pr at all points during an 
iscntropic process between the two states. “ 
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Fig. 8.12 Sketch of an 
enthalpy-entropy chart 
for steam 



8.4 The reheat cycle 

It is desirable to increase the average temperature at which heat is supplied to 
the steam, and also to keep the steam as dry as possible in the lower pressure 
stages of the turbine. The wetness at exhaust should be no greater than 10%. 
The considerations of section 8.2 show that high boiler pressures arc required 
for high efficiency, but that expansion in one stage can result in exhaust steam 
which is wet This is a condition which is improved by superheating the steam. 
The exhaust steam condition can be improved most effectively by reheating the 
steam, the expansions being carried out in two stages. Referring to Fig. 8.13, 
I 2 represents iscntropic expansion in the high-pressure turbine, and 6-7 
represents iscntropic expansion in the low-pressure turbine. The steam is 
reheated at constant pressure in process 2-6. The reheat can be carried out by 
.returning the steam to the boiler, and passing it through a special bank of tubes, 
the reheat bank of tubes being situated in the proximity of the superheat tubes. 
Alternatively, the reheat may take place in a separate rchcatcr situated near 
the turbine; this arrangement reduces the amount of pipe work required. The 
use of reheat cycles has encouraged the development of higher pressure, forced 
circulation boilers, since the specific steam consumption is improved, and the 
dryness fraction of the exhaust steam is increased. 

^^Bie analysis is as follows: 

• Heat supplied « 0 45 , + Q 2 >, 
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8.4 The reheat cycle 


Fig. 8.13 7-5 diagram 
showing a reheat steam 
cycle 



Neglecting the feed-pump work 

Oast -*j 
Also, for the reheat process 
Qz* m - ,l z 

Work output = — If',. - lf' fc7 
and — IV, 2 = h t - h 2 and - lf* 7 = /i 6 - h. 


Cycle efficiency 


Oast + O 26 


(/>, — h 2 ) + [h b — /»,) 
(A, — Ji 3 ) + (Ji 6 — fc 2 ) 


Example 8.3 Calculate the new cycle efficiency and specific steam consumption if reheat 
is included in the plant of Example 8.2. The steam conditions at inlet to the 
turbine are 42 bar and 500 J C. and the condenser pressure is 0.035 bar as 
before. Assume that the steam is just dry saturated on leaving the first turbine, 
and is reheated to its initial temperature. Neglect the feed-pump term. 

Solution The cycle is shown on a T-s diagram in Fig. 8.14. 


Fig. 8.14 T-s diagram 
for Example 8.3 


500 C 
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It is convenient to read off the values of enthalpy from the h-s chart, i.c. 
h { = 3442.6 kJ/kg; h , = 2713 kJ/kg (at 13 bar); h t *= 3487 kj/kg (at 2.3 bar 
and 500 C); h r = 2535 kJ/kg. 

From tables 

/i 3 = 112 U/kg 

Then Turbine work = (6, — h 3 ) + (h t — h-,) 

« (3443 - 2713) + (3487 - 2535) 
i.e. Turbinework ■ 1682 kJ/kg 

Heat supplied * (h, - h s ) + (/» 6 - h 2 ) 

-(3443 - 112)+ (3487 -2713) 
i.c. Heat supplied - 4105 kJ/kg 

therefore 

Cycle efficiency - — 0.41 or 41 % 

4105 

Also ssc = — = 0.000 595 kg kJ 
1682 

i.e. ssc = 114 kg/kWh 


Comparing these answers with the results of Example 8.2 it can be seen that 
the specific steam consumption has been improved considerably by reheating 
(i.c. reduced from 2.71 kg/kW h to 114 kg/kW h). The efficiency is greater (i.e. 
increased from 39.9 to 41%). The cycle efficiency will be increased by 
reheating only if the mean temperature of the heat supply is increased; this 
will not be the case if the reheat pressure is too low. 


8.5 The regenerative cycle 

In order to achieve the Carnot efficiency it is necessary to supply and reject 
heat at single fixed temperatures. One method of doing this, and at the same 
time having a work ratio comparable to the Rankine cycle, is by raising the 
feedwater to the saturation temperature corresponding to the boiler pressure 
before it enters the boiler. This method is not a practical proposition, but is of 
academic interest. The feedwater is passed from the pump through the turbine 
in counter-flow to the steam, as shown in Fig. 8.15(a). The feedwater enters 
the turbine at r 3 and is heated to the steam temperature at inlet to the turbine. 
If at all points the temperature difference between the steam and the water it 
negligibly small, then the heat transfer takes place in an ideal reversible manner. 
Assuming dry saturated steam at turbine inlet, the expansion process is 
represented by line 1-2-2' in Fig. 8.15(b). The heat rejected by the steam, area 
12561. is equal to the heat supplied to the water, area 34783. The heat supplied 
in the boiler is given by area 41674, and the heat rejected in the condenser is 
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8.5 The regenerative cycle 


Condenvrr 




<b) 


Fig. 8.15 Steam plant 
operating (a) on a 
regenerative cycle and 
(b) the cycle on a T-s 
diagram 


given by area 3'2’583\ This regenerate cycle has an efficiency equal to the 
Carnot cycle, since the heat supplied and rejected externally is done at constant 
temperature. 

This cycle is clearly not a practical proposition, and in addition it can be 
seen that the turbine operates with wet steam which is to be avoided if possible. 
However, the Rankine efficiency can be improved upon in practice by bleeding 
off some of the steam at an intermediate pressure during the expansion, and 
mixing this steam with feedwater which has been pumped to the same pressure. 
The mixing process is carried out in a feed heater, and the arrangement is 
represented in Figs 8.16(a) and (b). Only one feed heater is shown but several 
could be used. 



Fig, 8.16 Sleam plant 
with (a) one open feed 
heater and (b) the cycle 
on a T-s diagram 


The steam expands from condition 1 through the turbine. At the pressure 
corresponding to point 6. a quantity of steam, say y kg per kilogram of steam 
supplied from the boiler, is bled off for feed heating purposes. The rest of the 
steam. (I - y) kg. completes the expansion and is exhausted at state 2. This 
amount of steam is then condensed and pumped to the same pressure as the 
bleed steam. The bleed steam and the feedwater arc mixed in the feed heater, 
and the quantity of bleed steam, y kg. is such that, after mixing and being 
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Example 8.4 

Solution 


pumped in a second feed pump, the condition is as defined by state 8. The heat 
to be supplied in the boiler is then given by (It, - h n ) kJ kg of steam: this heat 
is supplied between the temperatures and T,. 

If this procedure could be repeated an infinite number of times, then the 
ideal regenerative cycle would be approached. 

It is necessary to determine the bleed pressure when one or more feed 
heaters arc used, and this can be based on the assumption that the bleed 
temperature to obtain maximum efficiency for such a cycle is approximately 
the arithmetic mean of the temperatures at 5 and 2 (sec Fig. 8.16(b)). 

- ‘-^y 2 (8.15) 


If the Rankinc cycle of Example 8.1 is modified to include one feed heater, 
calculate the cycle efficiency and the specific steam consumption. 

The steam enters the turbine at 42 bar. dry saturated, and the condenser pressure 
is 0.035 bar. 

At 42 bar. r, = 253.2 X; and at 0035 bar. t 2 = 26.7 X. 

Therefore by equation (8.15) 


U 


253.2 + 26.7 
2 


140 X 


Selecting the nearest saturation pressure from the tables gives the bleed pressure 
as 3.5 bar (Le. t 6 = I38.9X). 

To determine the fraction y, consider the adiabatic mixing process at the 
feed heater, in which y kg of steam of enthalpy h 6 , mix with (1 - y) kg of water 
of enthalpy h s , to give 1 kg of water of enthalpy hy. The feed pump can be 
neglected (Le. h A - hy\ Therefore 

>*6 + 0 ->’)**- *7 

Le. y . 

- K h t - h y 

Now. h y « 584 kJ/kg; A, = 112 kJ/kg; and s, - s b - s 3 - 6.049 kJ/kg K. 
Therefore 


x. - 6049 1727 -0829 


and 


5.214 
6.049 - 0.391 
8.130 


0.696 


Hence 


and 
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h 6 = /if. + xA*. = 584 + (0.829 x 2148) = 2364 kJ/kg 
h> = /«,, + x 2 h Hi = 112 + (0.696 x 2438) « 1808 kJ/kg 



8.5 The regenerative cycle 


therefore 


584 - 112 
2364- 112 


0 .2! kg 


Neglecting the second feed-pump term (i.e. h. = h B ), we have 
Heat supplied in boiler = (fc, - h 7 ) = 2800 - 584 
- 2216 kJ/kg 

Total work output. - W =» - W lt - W %1 « (/», -A t ) + (1 - y)(h b - h 2 ) 
i.c. Work output -(2800 - 2364) + (1 -0.21)(2364 - 1808) 

» 876 kJ per kilogram of steam delivered by the boiler 


Therefore 


Cycle efficiency = = 0.396 or 39.6% 

Q 2216 

ssc = -i- = 0.001 142 kg/kJ - 4.11 kg/kWh 
876 


Comparing these results with those of Example 8.1. it can be seen that the 
addition of one feed heater has increased the cycle efficiency from 36.8 to 
39.6%. but the specific steam consumption has increased from 3.64 kg/kW h 
to 4.11 kg'kWh. The cycle efficiency continues to be increased with the 
addition of further heaters, but the capita] expenditure is also increased 
considerably. Because of the number of feed pumps required, the heating of the 
feed water by mixing is dispensed with and closed heaters arc used. The method 
is indicated in Fig. 8.17 for two feed heaters, but the number used could be as 
high as eight. Referring to Fig. 8.17, the feedwater is passed at boiler pressure 
through the feed heaters 2 and 1 in series. An amount of bleed steam. is 
passed to feed heater 1. and the feedwater receives heat from it by the transfer 
of heat through the separating tubes. The condensed steam is then throttled to 
the next feed heater which is also supplied with a second quantity of bleed 
steam. y 2 , and a lower temperature healing of the feedwater is carried out. 
After passing through the various feed heaters the condensed steam is then 
fed to the condenser. The temperature differences between successive heaters 


Fig. 8.17 Steam plant 
with two closed feed 
heaters 
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arc constant, and in the ideal case the heating process at each is considered to 
be complete (Le. the feedwater leaves the feed heater at the temperature of the 
bleed steam supplied to it). 

Example 8.5 In a regenerative steam cycle employing two closed-feed heaters the steam 
is supplied to the turbine at 40 bar and 500 °C and is exhausted to the 
condenser at 0.035 bar. The intermediate bleed pressures arc obtained such 
that the saturation temperature intervals are approximately equal, giving 
pressures of 10 and l.l bar. 

Calculate the amount of steam bled at each stage, the work output of the 
plant per kilogram of boiler steam and the cycle efficiency of the plant. 
Assume ideal processes where required. 

Solution Referring to Fig. 8.17 and the T-s diagram of Fig. 8.18, from tables: 

h x = 3445.8 kJ/kg and s, = 7.089 kJ/kg K = s 2 


Fig. 8.18 T-s diagram 
for Example 8.5 



At state 2. 

0.391 +(x 2 x 8.13) = 7.089 
therefore 

x,-^?- 0.824 
2 8.13 

i.e. /i 2 - 112 + (0.824 x 2348) = 2117 kJ/kg 
Also h s - h, at 0.035 bar - 112 kJ/kg 

For the first stage of expansion. I -7. s, - s, » 7.089 kJ/kg K. and from tables 
at 10 bar s t < 7.089. hence the steam is superheated at state 7. By interpolation 
between 250 and 300 C at 10 bar we have 


h, = 2944 + 


/ 7.089 - 6.926 \ 
\7.124-6.926/ 


.124 

i.e. h T = 3032.9 kJ/kg 
For the throttling process, 11-12. we have 
h 6 ~h tl = h l2 = 763 kJ/kg 


(3052 - 2944) = 2944 + x 108 

0.198 
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For the second stage of expansion. 7-8. s, = s B = s, = 7.089 k J/kg K. and from 
tables at 1.1 bar s t > 7.089 kJ/kg K. hence the steam is wet at state 8. Therefore. 

1.333 + (x, * 5 994) = 7.089 

therefore 

x, *0.961 

i.e. h B = 429 + (0 961 x 2251) = 2591 kJ/kg 
For the throttling process. 9-10: 

/»s-*e-A,o- 429 kJ/kg 

Applying an energy balance to the first feed heater, remembering that there is 
no work or heat transfer: 


i.e. 


yi*7 + *s-rA* + 

h 6 - h s 763 - 429 


y i 


0.147 


h,-h tl 3032.9- 763 
Similarly for the second healer, taking h A = h y : 

Yi h s + y»*ta + + (>i + >’j>*9 

i e. y 2 0 >s - M + >'i h x2 + h A = h s + y x h 9 

>a(2591 - 429) + (0.147 x 763) + 112 = 429 + (0.147 x 429) 
therefore 


>’3 


267,8 

2162 


0.124 


The heat supplied to the boiler, Q x , per kilogram of boiler steam is given by 
Q x = h x - h 6 = 3445 - 763 * 2682 kJ/kg 
The work output, neglecting pump work, is given by 

- w .(*,-»,) + (I - y.)(*7 - *.) + (1 - yi - yx)(*s - h 2 ) 

* (3445 — 3032.9) + (I - 0.147)(3032.9 - 2591) 

+ 0 - 0.147 -0.124H259I -2117) 

- 412.1 + 376.9 + 345.5 - 11X5 kJ/kg 
_ u/ 1134 5 

Then Cycle efficiency =-= —— = 0.423 or 42.3% 

2682 


8.6 Further considerations of plant efficiency 

Up to now the considerations of efficiency have been based on the heat which 
is actually supplied to the steam, and not the heat which has been produced 
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by the combustion of fuel in the boiler. The heat is transferred to the steam 
from gases which are at a higher temperature than the steam, and the exhaust 
gases pass to the atmosphere at a high temperature. 

To utilize some of the energy in the flue gas an economizer can be fitted. 
This consists of a coil situated in the flue gas stream. The cold feedwater enters 
at the top of the coil, and as it descends it is healed, and continues to meet 
higher temperature gas. For the Carnot, the ideal regenerative, and complete 
feed heating cycles, no use can be made of an economizer since the feedwater 
enters the boiler at the saturation temperature corresponding to the boiler 
pressure. 

To cool the flue gas even further and improve the plant efficiency, the air 
which is required for the combustion of the fuel can be pre-heated. For a given 
temperature of combustion gases, the higher the initial temperature of the air 
then the less will be the energy input required, and hence less fuel will be used. 

Plants which have both economizer and pre-heater coils in the boiler usually 
require a forced draught for the flue gas, and the power input to the fan. which 
is a comparatively small quantity, must be taken into account in the energy 
balance for the plant. Figure 8.19 represents diagrammatically a plant with 
economizer, pre-heater, and a re-heater. 

The boiler efficiency is the heat supplied to the steam in the boiler expressed 
as a percentage of the chemical energy of the fuel which is available on 
combustion. 

i.e. Boiler efficiency = (8.16) 

m f x (GCV orNCV) 

where h t is the enthalpy of the steam entering the turbine and m, the mass of 
fuel burned per kilogram of steam delivered from the boiler. 

The GCV and NCV are the higher and lower calorific values of the fuel, 
and the determination of these quantities was considered in Chapter 7. 


Fig. 8.19 Steam plant 
with economizer and air 
prc-hcatcr 
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8.7 St«»m for haating and procoaa use 


The size of the boiler, or its capacity, is quoted as the rate in kilogram per 
hour at which the steam is generated. A comparison is sometimes made by an 
equivalent evaporation, which is defined as the quantity of steam produced per 
unit quantity of fuel burned when the evaporation process takes place from 
and at 100 C. 


8.7 Steam for heating and process use 

When steam is required for heating or for a process it may be raised in a boiler 
and used directly, or passed to a ealonfter to heat water which is then circulated. 
In factory complexes where power and process steam are both required it is 
usually more efficient to use a plant combining both requirements. In reaching 
the compromise between power and process demands two main possibilities 
are available as discussed below. 


Back pressure turbine 



Fig. 8.20 

Back-pressure turbine 
for process steam 


The turbine works with an exhaust pressure which is appropriate to the process 
steam requirements: the steam leaving the turbine is not condensed but is passed 
to the process. A typical example is shown in Fig. 8.20. 

One of the disadvantages of the back pressure turbine is that if the demand 
for process steam falls off but the power requirement is unchanged then some 
steam must be blown off to waste at the process steam pressure. If the power 
requirement increases with the process demand unchanged then excess power 
requirements can be bought from the grid. If the power requirements falls off 
with the process demand unchanged the best solution is to arrange to sell excess 
power to the grid. 

A back pressure turbine used for process steam is suitable for high values 
of the ratio of process energy to power, say 10 or above. 



Fig. 8.21 Pass-out 
turbine for process steam 


Pass-out turbine 

Steam is bled from the turbine at some point or points between inlet and exhaust 
and is passed to process work. A typical example is shown in Fig. 8.21. 

In this system the boiler supply conditions and the condenser pressure can 
be fixed and the process steam load varied by varying the mass flow rate of 
process steam bled off the turbine. If the rate of process steam flow is much 
less than the design value then the excess power generated by the second stage 
expansion can be solid to the grid; alternatively process steam can be blown 
off or the boiler operated at part load, but both of these alternatives are wasteful 
of energy. If the power requirement falls off with the process demand unchanged, 
the best solution is to sell the excess power to the grid; a more wasteful solution 
is to blow off excess steam at the bleed point to reduce the power from the 
second stage of expansion. If the rate of process steam demand increases above 
the design value the best solution is to use a stand-by boiler to raise the excess 
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Example 8.6 


Solution 


Fig. 8-22 Processes on 
the h-s chan for 
Example 8.6 


steam direct. The pass-out turbine system for satisfying process and power 
requirements is most suitable for low process energy to power ratios, say in the 
range from 4 to 10. 

When the process steam energy to power ratio falls below about 4 it becomes 
more efficient to generate power and steam for process use separately. 
Heat-power ratios using various prime movers are discussed in more detail in 
ref. 7.1 

A pass-out two-stage turbine receives steam at 50 bar and 350°C At 1.5 bar 
the high-pressure stage exhausts and 12000 kg of steam per hour are taken 
at this stage for process purposes. The remainder is reheated at 1.5 bar to 
250 °C and then expanded through the low-pressure turbine to a condenser 
pressure of 0.05 bar. The power output from the turbine unit is to be 3750 kW. 
The relevant values should be taken from an h-s chart. Take the isentropic 
efficiency of the high-pressure stage as 0.84. and that of the low-pressure 
stage as 0.81. Calculate the boiler capacity. 

The processes are shown on an h-s chart in Fig. 8.22. High-pressure stage: 

Actual work output = * (*»i ~ * 2 $) 

i.e. (A, - h 2 ) = 0.84 x (3070 - 2397) = 565.3 kj/kg 



Low-pressure stage: 

(fcj - h t ) - x (h s - h 4l ) 

m 0.81 x (2973 - 2392) - 470.6 kJ/kg 
12000 


Process steam flow - 


3600 


3.33 kg/s 
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Steam flow through the boiler = m kg/s 

Steam flow through low-pressure stage ■ (m - 3.33) kg/s 

Turbine power output = 3750 kW 



Problem* 


ihereforc 

m(/i, - h 3 ) + (m - 3.33)<A, - h 4 ) = 3750 
i.c. (m x 565.3) + (m - 3.33) x 470.6 - 3750 
therefore 

m- 5.14 kg/s 

i.c. Boiler capacity » 18 500 kg of steam per hour 


Problems 

8.1 (a) Steam is supplied, dry saturated at 40 bar to a turbine and the condenser pressure 
is 0.035 bur. If the plant operates on the Rankinc cycle, calculate, per kilogram of steam: 

(i| the work output neglecting the feed-pump work: 

(ii) the work required for the feed pump; 

(iii) the heat transferred to the condenser cooling water, and the amount of cooling 
water required through the condenser if the temperature rise of the water is assumed 
to be 5.5 K; 

(iv) the heat supplied; 

(v) the Rankinc efficiency; 

(vi) the specific steam consumption. 

(b) For the same steam conditions calculate the efficiency and the specific steam 
consumption for a Carnot cycle operating with wet steam. 

(986 kJ; 4 kJ; 1703 kJ; 74 kg; 2685 kJ; 36.6%; 3.67 kg/kW h; 417%; 

4.92 kg/kWh) 

8.2 Repeat Problem 8.1(a) for a steam supply condition of 40 bar and 350 r C and the same 
condenser pressure of 0.035 bar. 

(1125 kJ; 4 kJ; 1857 kJ; 80 7 kg; 2978 kJ; 37.6%; 3.21 kg/kW h) 

8.3 Steam is supplied to a two-stage turbine at 40 bar and 350 J C. It expands in the first 
turbine until it is just dry saturated, then it is re-healed to 350 'C and expanded through 
the second-stage turbine. The condenser pressure is 0.035 bar. Calculate the work output 
and the heal supplied per kilogram of steam for the plant, assuming ideal processes and 
neglecting the feed-pump term. Calculate also the specific steam consumption and the 
cycle efficiency. 

(1290 kJ; 3362 U; 2.79 kg/kW h; 38.4%) 

8.4 If the expansion processes in the turbines of Problem 8.3 have iscntropic efficiencies of 
84% and 78% respectively. in the first and second stages, calculate the work output 
and the heat supplied per kilogram of steam, the cycle efficiency, and the specific 
steam consumption. 

Compare the efficiencies and specific steam consumptions obtained from Problems 8.1. 
8.2. 8.3. and 8.4. Compare also the wetness of the steam leaving the turbines in each 
case. 

(1028 kJ; 3311 kJ; 31.1%; 3.5 kg/kW h) 
(Dryness fractions at condenser in each case: 0.699. 0.762, 0.85. and 0.94.) 

8.5 A generating station is to give a power output of 200 MW. The superheat outlet pressure 
of the boiler ts to be 170 bar and the temperature 600°C. After expansion through the 
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first-stage turbine to a pressure of 40 bar. 15% of the steam is extracted for feed heating. 
The remainder is reheated at 600°C and is then expanded through the second turbine 
stage to a condenser pressure of 0.035 bar. For preliminary calculations it is assumed 
that the actual cyde will hase an efficiency ratio of 70% and that the generator mechanical 
and electrical efficiency is 95V*. Calculate the maximum continuous rating of the boiler 
in kilograms per hour 

(632000 kg/h) 

8.6 A steam turbine is to operate on a simple regenerative cycle. Steam is supplied dry 
saturated at 40 bar. and is exhausted to a condenser at 0.07 bar. The condensate is 
pumped to a pressure of 3.5 bar at which it is mixed with bleed steam from the turbine 
at 3.5 bar The resulting water which is at saturation temperature is then pumped lo 
the boiler. For the ideal cycle calculate, neglecting feed-pump work. 

(i) the amount of bleed steam required per kilogram of supply steam; 

(ii> the cycle efficiency of the plant; 

(iii) the specific steam consumption. 

(0.1906, 37%; 4.39 kg/kWh) 

8.7 Steam is supplied lo a two-stage turbine at 40 bar and 500 C. In the first stage the 
steam expands iscntroptcaliy to 3.0 bar at which pressure 2500 kg/h of steam is extracted 
for process work. The remainder is reheated to 500 C and then expanded isentropically 
to 0.06 bar. The by-product power from the plant is required to be 6000 kW. Calculate 
the amount of steam required from the boiler, and the heat supplied. Neglect 
feed-pump terms, and assume that the process condensate returns at the saturation 
temperature to mix adiabatically with the condensate from the condenser. 

(14950 kg/h; l5880kW) 

8.8 For Ihc plant of Problem 8.7 ii it required to improve the efficiency by employing 
regenerative feed heating by taking off the necessary bleed steam at the same point as 
the process steam. The process steam is not returned to the boiler, but make-up water 
at 15 C is supplied. The bleed steam is mixed with the condensate and make-up water 
at 3.0 bar such that the resultant water is at the saturation temperature corresponding 
to 30 oar. Calculate: 

(i) the steam supply necessary to meet the same power and process requirements; 

(ii) the amount of bleed steam; 

(iii) the heat supplied in kW. 

Neglect feed-pump terms 

(16480 kg/h; 2660kg/h; 15460 kW) 

8.9 In a regenerative steam cycle employing three dosed feed heaters the steam is supplied 
to the turbine at 42 bar and 500'C and is exhausted to the condenser at 0.035 bar. The 
bleed steam for feed heating is taken at pressures of 15, 4. and 0.5 bar. Assuming ideal 
processes and neglecting pump work, calculate: 

(i) the fraction of the boiler steam bled at each stage; 

(ii) the power output of the plant per unit mass flow rate of boiler steam; 

(iii) the cyde efficiency. 

(00952. 00969. 00902; 1133.6 kW per kg/s; 43.6%) 

8.10 A boiler plant, see Fig 8.19 (p. 254 1 . incorporates an economizer and an air pre-heater, 
and generates steam at 40 bar and 300 C with fuel of calorific value 33000 kJ/kg burned 
at a rate of 500 kg/h. The temperature of the feedwater is raised from 40 to 125 "C in 
the economizer, jnd the flue gases arc cooled at the same time from 395 to 225 “C. The 
flue gases then enter the air pre-heater in which the temperature of the combustion air 
is raised by 75 K. A forced-draught fan delivers the air to the prc-hcatcr at a pressure 
of 1.02 bar and a temperature of 16 C with a pressure rise across the fan of 180 mm of 
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water. The power input to the fan b 5 kW and it has a mechanical efficiency oT 78%. 
Neglecting heal lotto, and taking c, at 101 kJ/kg K for ihe flue goo. calculate: 

(i) the bum flow rate of air; 

(u) the temperature of the flue pin leaving Ihe plant; 

(iii) the mau flow rate of tlcara. 
fiv) the efficiency of the boiler. 

The power required to dme Ihe fan t» given by 

n-Ss** 

flw 

where h n the preuurc me acroti the fan cvpretacd at a head of water, p. the dentity 
of waier. g ihe acceleration due to gravity. »> the volume flow rate of air, and rj„ It the 
mechanical efficiency of the fan 

(172 kg/a; 154*C; lJ7kg/«; 83.6%) 
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The simple constant pressure cycle and the open- and closed-cycle gas turbine 
units have been considered briefly in Chapter 5. In this chapter the various 
parts of the cyde will be considered in more detail and the practical limitations 
and modifications to the ideal cycle will be discussed. 

The main use for the gas turbine at the present day is in the aircraft field, 
although gas turbine units for electric power generation are being used 
increasingly, usually using natural gas as fuel. Gas turbines are used in marine 
propulsion, but the oil engine and steam turbine arc more frequently used, 
particularly for larger ships. The gas turbine is also used in conjunction with 
the oil engine, and as part of total energy schemes in combination with steam 
plant; this is discussed more fully in Chapter 17. 

The inefficiencies in the compression and expansion processes become 

greater for smaller stand-alone gas turbine units and a heat exchanger is 
frequently used in order to improve the c>cle'efficiency. A compact effective 
heat exchanger is necessary before the small gas turbine can compete for 
economy with the small oil engine or petrol engine. 

The use of constant pressure combustion with a rotary compressor driven 
by a rotary turbine, mounted on a common shaft, gives a combination which 
is ideal for conditions of steady mass flow over a wide operating range. 


9.1 The practical gas turbine cycle 

The most basic gas turbine unit is one operating on the open cycle in which a 
rotary compressor and a turbine are mounted on a common shuft, as shown 
diagrammatically in Fig. 9.1. Air is drawn into the compressor. C, and after 
compression passes to a combustion chamber, CC. Energy is supplied in the 
combustion chamber by spraying fuel into the airstream. and the resulting hot 
gases expand through the turbine. T, to the atmosphere. In order to achieve 
net work output from the unit, the turbine must develop more gross work 
output than is required to drive the compressor and to overcome mechanical 
losses in the drive. 

The compressor used is either a centrifugal or an axial flow compressor and 




9.1 The practical gas turbine cycle 


Fig. 9.1 Open-cycle 
gas turbine unit 



the compression process is therefore irreversible but approximately adiabatic. 
Similarly the expansion process in the turbine is irreversible but adiabatic. Due 
to these irreversibilities, more work is required in the compression processes 
for a given pressure ratio, and less work is developed in the expansion process. 
It is possible that the compressor and turbine may be so inefficient that the 
unit is not self-sustaining, and in fact it was the difficulties in improving the 
compressor and turbine design to cut down irreversibilities that retarded the 
development of the gas turbine unit. 

As stated in section 5.5 the open-cycle gas turbine cannot be compared 
directly with the ideal constant pressure cycle. The actual cycle involves a 
chemical reaction in the combustion chamber which results in high-temperature 
products which are chemically different from the reactants (see section 7.8). 
During combustion there is no energy- exchange with the surroundings, the 
effect being a gradual decrease in chemical energy with a corresponding increase 
in enthalpy of the working fluid. The combustion reaction will not be considered 
in detail here, and a simplification will be made by assuming that the chemical 
energy released on a combustion is equivalent to a transfer of heat at constant 
pressure to a working fluid of constant mean specific heat This simplified 
approach allows the actual process to be compared with the ideal and to be 
represented on a T-s diagram. 

Neglecting the pressure loss in the combustion chamber the cycle may be 
drawn on a T-s diagram as shown in Fig. 9.2. Line 1-2 represents irreversible 
adiabatic compression; line 2-3 represents constant pressure heat supply in the 


Fig. 9.2 Gas turbine 
cycle on a T-s diagram 


r j 
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combustion chamber; line 3-4 represents irreversible adiabatic expansion. The 
process I-2s represents the ideal isentropic process between the same pressures 
p x and p 2 . Similarly the process 3-4s represents the ideal isentropic expansion 
process between the pressures p 2 and p,. For the moment it will be assumed 
that the change in kinetic energy between the various points in the cycle is 
negligibly small compared with the enthalpy changes. Then applying the flow 
equation to each part of the cycle, we have the following for unit mass. For the 
compressor: 

Work input - c p [T 2 - T,) 

For the combustion chamber: 

Heat supplied - c,(T s - T 2 ) 

For the turbine: 


Work output - c,(T, - T 4 ) 

Then Net work output - c p ( T, - T 4 ) - c p ( T 2 -T x ) 

^ . _ . net work output 

and Thermal efficiency - —-—— 

heat supplied 


c,(n-T 4 )-c,(T 2 -7i) 

c,(T 3 -T 2 ) 

The value of the specific heat capacity of a real gas varies with temperature; 
also, in the open cycle, the specific beat capacity of the gases in the combustion 
chamber and in the turbine is different from that in the compressor because 
fuel has been added and a chemical change has taken place. Curves showing 
the variation of c p with temperature and air-fuel ratio can be used, and a 
suitable mean value of c f and hence y can be found. It is usual in the gas turbine 
practice to assume fixed mean values of c 9 and y for the expansion process, and 
fixed mean values of c, and y for the compression process. For the combustion 
process, curves as shown in Fig. 9.18 (p.282) are used; for simple calculations 
a mean value of c p can be assumed. In an open-cycle gas turbine unit the mass 
flow of gases in the turbine is greater than that in the compressor due to the 
mass of fuel burned, but it is possible to neglect the mass of fuel, since the 
air-fuel ratios used are large. Also, in many cases, air is bled from the compressor 
for cooling purposes, or in the case of aircraft at high altitude, bleed air is used 
for de-icing and cabin air-conditioning. This amount of air bleed is 
approximately the same as the mass of fuel injected. 

The isentropic efficiency of the compressor is defined as the ratio of the work 
input required in isentropic compression between p x and p 2 to the actual work 
required. 

Neglecting changes in kinetic energy, we have 

Compressor isentropic efficiency, ij c - —— 

c,(T 2 - T,) 


Tu~T x 

T 2 -T x 


(9.1) 
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Similarly the isentropic efficiency of the turbine is defined as the ratio of the 
actual work output to the isentropic work output between the same pressures. 
Neglecting kinetic energy changes 


Turbine isentropic efficiency, if T 


c,(T,-T 4 ) 
c,(T> - T 4 .) 


t,-t 4 

T,-T u 


(9.2) 


Example 9.1 A gas turbine unit has a pressure ratio of 10/1 and a maximum cycle 
temperature of 700 °C. The isentropic efficiencies of the compressor and 
turbine are 0.82 and 0.8S respectively. Calculate the power output 
of an electric generator geared to the turbine when the air enters the 
compressor at I5°C at the rate of 15 kg/s. Take c 9 = 1.005 kJ/kg K and 
>•*1.4 for the compression process, and take c, - 1.11 kJ/kg K and 
y — 1.333 for the expansion process. 

Solution A line diagram of the unit is shown in Fig. 9.3(a), and the cycle is shown on 
a T-s diagram in Fig. 9.3(b). In order to evaluate the net work output it is 
necessary to calculate the temperatures T 2 and T 4 . To calculate T 2 we must 
first calculate T u and then use the isentropic efficiency. 


Fig. 9J Gas turbine 
unit (a) and T-s 
diagram (b) for 
Example 9.1 




From equation (3.21) for an isentropic process 

H*r 


therefore 

Tu - 288 x (10)° 4/1 4 - 288 x 1.931 - 556 K 
Then using equation (9.1) 

T u -T x 556 - 288 


7c- 


Ti~T\ Ti~ 288 


-0.82 


Le. (T 2 - 288)-^ = 326.8K 
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Example 9.2 

Solution 


therefore 

T 2 - 288 + 326 8 = 614.8 K 
Similarly for the turbine 

i-iVr 


h = (PaY*' 
Tam \Pl) 


therefore 


71.« 


973 


(10 )•”*»*« 
Then from equation (9.2) 


973 

1.778 


n r- 


r, - r 4 973 - r 4 


- 547.4 K 


-0.85 


T y - T u 973 - 547.4 
Le. (973 - T 4 ) - 425.6 x 0.85 - 361.8 K 
therefore 


T 4 = 973- 361.8 - 61 UK 

Hence Compressor work input = c f (T z - T x ) = 1.005 x 326.8 

= 328.4 kJ/kg 

Turbine work output - c,(T 3 - 7i) - 1.11 x 361.8 
-401.6 kJ/kg 

therefore 

Net work output - (401.6 - 328.4) - 73.2 kJ/kg 
Le. Power output - 73 2 x 15 - 1098 kW 


Calculate the cycle efficiency and the work ratio of the plant in Example 9.1, 
assuming that c 9 for the combustion process is 1.11 kJ/kg K 

Heat supplied - c,(T, - T a ) 

- 1.11(973 — 614.8) — 1.11 x 358.2 kJ/kg 

i.e. Heat supplied - 397.6 kJ/kg 

Therefore 


Cycle efficiency 
Le. Cycle efficiency 


net work output 
heat supplied 
0.184 or 18.4% 


73.2 

397.6 
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From ihc definition of work ratio given in section 5.3, we have 

, .. net work output 73.2 

Work ratio =--—-— = —- = 0.182 

gross work output 401.6 


Use of a power turbine 

In Examples 9.1 and 9.2 the turbine is arranged to drive the compressor und 
to develop net work. It is sometimes more convenient to have two separate 
turbines, one of which drives the compressor while the other provides the power 
output. The first, or high-pressure (H P) turbine, is then known as the compressor 
turbine, and the second, or low-pressure (LP) turbine, is called the power 
turbine. The arrangement is shown in Fig. 9.4(a). Assuming that each turbine 
has its own iscntropic efficiency, the cycle is as shown on a T-s diagram in 
Fig. 9.4(b). The numbers on Fig. 9.4(b) correspond to those of Fig. 9.4(a). 
Neglecting kinetic energy changes, we have 

work from HP turbine = work input to compressor 
»c. c,.(Ti ~ ?*) = c,.(T 2 - T t ) 


Fig. 9.4 Gas turbine 
unit with separate 
power turbine (a) and 
the cycle on a T-s 
diagram (b) 




where c fi and c K arc the specific heat capacities at constant pressure of the gases 
in the turbine and the air in the compressor respectively. The net work output 
is then given by the LP turbine, 

Le. Net work output - c, § (7 4 - T,) 

Example 9.3 A gas turbine unit takes in air at I7°C and 1.01 bar and the pressure ratio 
is 8/1. The compressor is driven by the HP turbine and the LP turbine drives 
a separate power shaft The iscntropic efficiencies of the compressor, and the 
HP and LP turbines are 0.8,0.85. and 0.83 respectively. Calculate the pressure 
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Solution 


and temperature of the gases entering the power turbine, the net power 
developed by the unit per kg/s mass flow rate, the work ratio and the cycle 
efficiency of the unit. The maximum cycle temperature is 650 a C. For the 
compression process take c, - 1.005 kJ/kg Kandy - 1.4; for the combustion 
process, and for the expansion process take c, - 1.15 kJ/kg K and y - 1.333. 
Neglect the mass of fuel 


The unit is as shown in Figs 9.4(a) and 9.4(b). 
From equation (3.21), for an isentropic process. 



i.e. T* - 290 x 8° 4/1 4 - 290 x 1.811 - 525 K 
Then, using equation (9.1) 


Tu-T. 




525 - 290 
T 2 — 290 


therefore 


Tz 


235 

0.8 


i.e. T 2 = 290 + 294 = 584 K 

Then Work input to the compressor = c K ( T 2 - T x ) 

- 1.005 x 294 = 295.5 kJ/kg 

Now the work output from the HP turbine must be sufficient to drive the 
compressor, 

i.e. Work output from HP turbine = c^T 2 - 7 4 ) - 295.5 kJ/kg 
therefore 

r.-r.-SH-BTK 


therefore 


T 4 - T, - 257 - 923 - 257 - 666 K 
Then, using equation (9.2), 

for HP turbine - ^ - y - ^ ^ - 0.85 
L, 923-r.-^-3015K 


therefore 


T*. = 923 - 3015 = 620.5 K 
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Then from equation (3.21) for an isentropic process, 

i-er 

* (ny-* /my-”*-™ 

P*~\tJ \620.5 / 


or 


Le. 


p, 8 x 1.01 , „. 


Hence the pressure and temperature at entry to the LP turbine are 1.65 bar 
and 393 °C, where f 4 = 666 - 273 - 393 *C. 

To find the power output it is now necessary to evaluate T s . The pressure 
ratio. p 4 /p 5 . is given by (p 4 /p 3 ) * (p 3 /p 5 ), 

Le. (since p a -p, and pj-pJ 

Pi Pi Pi 


therefore 


— ■= — «= 1.63 
Ps 4.9 


Then 


T it \pj 


-1 Vt 


I . 6 3 OJ,, ' u " = 1.13, 


therefore 


666 


5. 


588 K 


1.131 

Then, using equation (9.2) 

n T for the LP turbine 


7i-T 5 


Le. 

Then 

i.e. 


T 4 - T u 

T 4 - T, - 0.83(666 - 588) - 0.83 x 78 - 64.8 K 
Work output from LP turbine - c^(7i - T s ) 

- 1.15 x 64.8 - 74.5 kJ/kg 
Net power output - 74.5 x 1 - 74.5 kW 


Work ratio ■» 


net work output 


74.5 


74.5 


i.e. 


gross work output 74.5 + 295.5 370 

Heat supplied - c*(r, - T 3 ) - 1.15(923 - 584) 

Heat supplied - 1.15 x 339 - 390 kJ/kg 
net work output 74.5 
heat supplied 390 
0.191 or 19.1% 


- 0.201 


Then Cycle efficiency - 
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Aircraft engines 

In a jet engine (he propulsion nozzle lakes (he place of (he LP stage turbine, 
as shown diagrammatically in Fig. 9.5(a). The cycle is shown on a T-s diagram 
in Fig. 9.5(b). and it can be seen lo be identical with Fig. 9.4(b). The aircraft 
is powered by the reactive thrust of the jet of gases leaving the nozzle, and this 
high-velocity jet is obtained at the expense of the enthalpy drop from 4 to 5. 
The turbine develops just enough work to drive the compressor and overcome 
mechanical losses. 


Fig. 93 Simple jet 
engine (a) with the cycle 
on a T-s diagram (b) 




In a turbo-prop engine the turbine drives the compressor and also the airscrew, 
or propeller, as shown in Figs 9.6(a) and 9.6(b). The net work output available to 
drive the propeller is given by 

Net work output - c fi (Ty - T 4 ) - - T x ) 

(neglecting mechanical losses). 


Fig. 9.6 Turboprop 
engine (a) with the cycle 
on a T-s diagram (b) 
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In practice there is also a small jet thrust developed in a turbo-prop aircraft. 
Jet engines and turbo-prop engines are considered again in Section 10.9. 
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Parallel flow units 

In some industrial and marine gas turbine units, the air flow is split into two 
streams after the compression process is completed. Some air is then passed to 
a combustion chamber which supplies hot gases to the turbine driving the 
compressor, while the rest of the air is passed to a second combustion chamber 
and from thence to the power turbine. The system is shown diagrammatically 
in Fig. 9.7. and is called a parallel flow unit. In this system each turbine expands 
the gases received by it through the full pressure ratio. The advantage of this 
system is that the net power output can be varied using the second combustion 
chamber, and the power turbine operates independently of the compressor 
turbine. 


Fig. 9.7 Parallel-flow 
gas turbine unit 


Air inlet Eahautt 



9.2 Modifications to the basic cycle 

It can be seen from Examples 9.1, 9.2, and 9.3 that the work ratio and the 
cycle efficiency of the basic gas turbine cycle arc low. These can be improved 
by increasing the iscntropic efficiencies of the compressor and turbine, and this 
is a matter of blade design and manufacture. 

In a practical cycle with irreversibilities in the compression and expansion 
processes the cycle efficiency depends on the maximum cycle temperatures 
as well as on the pressure ratio. For fixed values of the iscntropic efficiencies 
of the compressor and turbine, the cycle efficiency can be plotted against 
pressure ratio for various values of maximum temperature. This is illustrated 
in Fig. 9.8, for a cycle in which the compressor iscntropic efficiency is 0.89, the 
turbine isentropic efficiency is 0.92, and the air inlet temperature is 20°C. The 
ideal air standard cycle thermal efficiency is shown chain-dotted. In section 5.4 
it is shown that the ideal constant pressure cycle efficiency is given by 

--or 
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Fig. 9.8 Gas turbine 
cycle efficiency against 
pressure ratio for 
different maximum cycle 
temperatures 


Fig. 9.9 Specific power 
against pressure ratio 
for different maximum 
cycle temperatures 



where r p is the pressure ratio and is independent of the maximum cycle 
temperature. 

It can be seen from Fig. 9.8 that at any one fixed maximum cycle temperature 
there is a value of pressure ratio which will give maximum cycle efficiency. 

The net work output also depends on the pressure ratio and on the maximum 
cycle temperature, and curves of specific power output against pressure ratio 
for various maximum temperatures arc shown in Fig. 9.9. The isentropic 
efficiencies of the compressor and turbine, and the air inlet temperature are the 
same as those used in deriving the curves of Fig. 9.8. It can be seen that the 
cycle efficiency reaches a maximum at a different value of pressure ratio than 
the work output. The choice of pressure ratio is therefore a compromise. 



The maximum cycle temperature is limited by metallurgical considerations. 
The blades of the turbine arc under great mechanical stress and the temperature 
of the blade material must be kept to a safe working value. The temperature 
of the gases entenng the turbine can be raised, provided a means of blade 
cooling is available. Various methods of blade cooling have been investigated 
and a discussion of these will be found in ref. 9.1. In aircraft practice where the 
life expectancy of the engine is shorter, the maximum temperatures used are 
usually higher than those used in industrial and marine gas turbine units; more 
expensive alloys and blade cooling allow maximum temperatures of above 
1600 K. 


290 



9.2 Modifications to the basic cycle 


It is important to have as high a work ratio as possible, and methods of 
increasing the work ratio, such as intercooling between compressor stages, and 
reheating between turbine stages, will be considered in this section. Intercooling 
and reheating, while increasing the work ratio, can cause a decrease in the 
cycle efficiency, but when they arc used in conjunction with a heat exchanger 
then intcrcooling and reheating increase both the work ratio and the cycle 
efficiency. 

Intercooling 

When the compression is performed in two stages with an intercooler between 
the stages, then the work input for a given pressure ratio and mass flow is 
reduced. Consider a system as shown in Fig. 9.10(a); the T -5 diagram for the 
unit is shown in Fig. 9.10(b). The actual cycle processes are 1-2 in the LP 
compressor, 2-3 in the intercooler. 3-4 in the HP compressor, 4-5 in the 
combustion chamber, and 5-6 in the turbine. The ideal cycle for this arrangement 
is l-2s-3-4s-5-6s; the compression process without intcrcooling is shown as 
1 - A in the actual case, and I - As in the ideal iscntropic case. 


Fig. 9.10 Gas turbine 
unit with intcrcooling 
(a) and the cycle on the 
T-a diagram (bi 



The work input with intercooling is given by 

Work input (with intcrcooling) - c,( T, - T,) + c,(T 4 - 7",) (9.3) 

The work input with no intcrcooling is given by 
Work input (no intcrcooling) - c,(T A - T,) 

-c # (T a -T,) + ^T A -r a ) 

Comparing this equation with equation (9.3), it can be seen that the work 
input with intcrcooling is less than the work input with no intcrcooling, when 
c,( T 4 - 7*,) is less than c r ( T K - T 2 ). This is so if it is assumed that the iscntropic 
efficiencies of the two compressors, operating separately, are each equal to the 
iscntropic efficiency of the single compressor which would be required if no 
intcrcooling were used. Then (7^ — T 3 ) < (7^ — T 3 ) since the pressure lines 
diverge from left to right on the T-s diagram. 
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It can be shown that the best interstage pressure is the one which gives equal 
pressure ratios in each stage of compression: referring to Fig. 9.10(b) this means 
that Pit Pi * Pa! Pi- The work input required is a minimum when the pressure 
ratio in each stage is the same, and when the temperature of the air is cooled 
in the intercooler, back to the value at inlet to the unit (i.c. referring to Fig. 
9.10(b). T 3 - 7,). 

Now 

... , .. net work output 

gross work output 

work of expansion - work of com pression 
work of expansion 

It follows, therefore, that when the compressor work input is reduced then the 
work ratio is increased. However, referring to Fig. 9.10(b). the heat supplied 
in the combustion chamber when intercooling is used in the cycle is given by 

Heat supplied (with intcrcooling) =* c r (7j — T A ) 

whereas the heat supplied when intcrcooling is not used, w ith the same maximum 
cycle temperature T 5 , is given by 

Heat supplied (no intcrcooling) = c,(T s - 7 A ) 

Hence the heat supplied when intcrcooling is used is greater than with no 
intcrcooling. Although the net work output is increased by intcrcooling it is 
found in general that the increase in the heat to be supplied causes the cycle 
efficiency to decrease. It will be shown later that this disadvantage is offset 
when a heat exchanger is also used. 

When intcrcooling is used a supply of cooling water must be readily available. 
The additional bulk of the unit may offset the advantage to be gained by 
increasing the work ratio. 


Reheat 

As stated earlier, the expansion process is very frequently performed in two 
separate turbine stages, the HP turbine driving the compressor and the LP 
turbine providing the useful power output. The work output of the LP turbine 
can be increased by raising the temperature at inlet to this stage. This can be 
done by placing a second combustion chamber between the two turbine stages 
in order to heat the gases leaving the HP turbine. The system is shown 
diagrammatically in Fig. 9.11(a), and the cycle is represented on a T-s diagram 
in Fig. 9.11(b). The line 4-A represents the expansion in the LP turbine if 
reheating is not used. 

As before, the work output of the HP turbine must be exactly equal to the 
work input required for the compressor (neglecting mechanical losses), 

i.c. c,.( 7~j — T t ) = c^{T 3 — T A ) 
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Fig. 9.11 Ga* turbine 
unit with reheating (a) 
and the cycle on a 7-s 
diagram (b) 




The net work output, which is the work output of the LP turbine, is given by 
Net work output - c f| (T, - 7*) 

If reheating is not used, then the work of the LP turbine is given by 

Net work output (no reheat) = c ft (T A - 7 A ) 

Since pressure lines diverge to the right on the T-s diagram, it can be seen that 
the temperature difference (7, - 7*) is always greater than (7* - 7 A ). so that 
reheating increases the net work output. Also 


Work ratio = 


work of expansion - work of compression 
work of expansion 


. .work of compression 

i.c. Work ratio * 1--— - 

work of expansion 

Therefore, when the work of expansion is increased and the work of compression 
is unchanged, then the work ratio is increased. 

Although the net work is increased by reheating, the heat to be supplied is 
also increased, and the net effect can be to reduce the thermal efficiency, 


i.e. Heat supplied - c, t ( 7 3 - 7 a ) + c,,( 7’, - 7 4 ) 

However, the exhaust temperature of the gases leaving the LP turbine is 
much higher when reheating is used (i.e. 7 6 as compared with 7 A ), and a heat 
exchanger can be used to enable some of the energy of the exhaust gases to be 
used. 


Heat exchanger 

The exhaust gases leasing the turbine at the end of expansion are still at a high 
temperature, and therefore a high enthalpy (c.g. in Example 9.3, f 5 » 328.2 °C). 
If these gases are allowed to pass into the atmosphere, then this represents a 
loss of available energy. Some of this energy can be recovered by passing the 
gases from the turbine through a heat exchanger, where the heat transferred 
from the gases is used to heat the air leaving the compressor. The simple unit 
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Fig. 9.12 Gas turbine 
unit with heat 
exchanger(a)and 
the cycle on a T-s 
diagram (b) 


Exhaust 


Heat 

exchanger 



Net power 


7>r, 


7,-r. 



with a heat exchanger added is shown diagrammatically in Fig. 9.12(a), and 
the cycle is represented on a T-s diagram in Fig. 9.12(b). In the ideal heat 
exchanger the air would be heated from 7, to 7j = 7, and the gases would be 
cooled from 7' s to 7 6 - 7 a . This ideal case is shown in Fig. 9.12(b). In practice 
this is impossible, since a finite temperature difference is required at all points 
in the heat exchanger in order to overcome the resistance to the heat transfer. 
Referring to Fig. 9.13, the required temperature difference between the gases 
and the air entering the heat exchanger is (7 6 — 7 2 ). and the required temperature 
difference between the gases and the air leaving the heat exchanger is (7 5 — 7 3 ). 


Fig. 9.13 T-s diagram 
for a gas turbine unit 
with a heat exchanger 
showing temperature 
differences for heat 
transfer 



If no heat is lost from the heat exchanger to thp atmosphere, then the heat 
given up by the gases must be exactly equal to the heat taken up by the air, 

i.e. *.<■,.(7* - T 2 ) - < 9 - 4 > 

The assumption that no heat is lost from the heat exchanger is sufficiently 
accurate in most practical cases. Equation (9.4) is therefore true whatever the 
temperatures T 3 and T 6 may be. 

A heat exchanger effeciiirntss is defined to allow for the temperature 
difference necessary for the transfer of heat. 


Effectiveness 


_ heat received by the air _ 

maximum possible heal which could be transferred 
from the gases in the heat exchanger 
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therefore 

Effectiveness = "'i'W . Zl*! (9.5) 

W.IT's-ra) 

A more convenient way of assessing the performance of the heat exchanger 
is to use a thermal ratio, defined as 

. , temperature rise of the air 

Thermal ratio -— --—- 

maximum temperature difference available 

i-fc Thermal ratio - ft - —ft (9.6) 

*s — h 

Comparing equations (9.5) and (9.6) it can be seen that the thermal ratio is 
equal to the effectiveness when the product, m t c r , is equal to the product, th t c .. 

When a heat exchanger is used then the heat to be supplied in the combustion 
chamber is reduced, assuming that the maximum cycle temperature is 
unchanged. The net work output is unchanged and hence the cycle efficiency 
is increased. 

Referring to Fig. 9.13 

Heat supplied by the fuel (without heat exchanger) = c, t (T 4 - T 2 ) 
Heat supplied by the fuel (with heat exchanger) = c, # (T 4 — T 3 ) 

A heat exchanger can be used only if there is a sufficiently large temperature 
difference between the gases leaving the turbine and the air leaving the 
compressor. For example, in the cycle shown in Fig. 9.14 a heat exchanger 
could not possibly be used because the temperature of the exhaust gases, T 4 , 
is lower than the temperature of the air leaving the compressor, T 2 . In practice, 
although the gas temperature may be higher than the temperature of the air 
leaving the compressor, the difference in temperature may not be sufficiently 
large to warrant the additional capital cost and subsequent maintenance required 
for a heat exchanger. Also, when the temperature difference is small in a heat 
exchanger, then the surface areas for the heat transfer must be made large in 
order to achieve a reasonably high value of the thermal ratio. For small gas 
turbine units (eg. for pumping sets or for motor cars) a compact heat exchanger 
must be designed before such units can hope to become competitive for economy 


Fig. 9.14 Example of a 
cycle where a heat 
exchanger is not feasible 
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with conventional internal combustion engines of equivalent power. In large 
gas turbine units for marine propulsion or industrial power, a heat exchanger 
may be used, although the trend now is towards combined cycles using the 
turbine exhaust to generate steam or heat water (sec Chapter 17). 

Example 9.4 A 5000 kW gas turbine generating set operates with two compressor stages 
with intcrcooling between stages; the overall pressure ratio is 9/1. A HP 
turbine is used to drive the compressors, and a LP turbine drives the generator. 
The temperature of the gases at entry to the HP turbine is 650 °C and the 
gases are reheated to 650 °C after expansion in the first turbine. The exhaust 
gases leaving the LP turbine are passed through a heat exchanger to heat 
the air leaving the H P stage compressor. The compressors have equal pressure 
ratios and intercooling is complete between stages. The air inlet temperature 
to the unit is 15 U C. The isentropic efficiency of each compressor stage is 0.8 
and the isentropic efficiency of each turbine stage is 0.85; the heat exchanger 
thermal ratio is 0.75. A mechanical efficiency of 98% can be assumed for 
both the power shaft and the compressor turbine shaft. Neglecting all pressure 
losses and changes in kinetic energy, calculate: 

(i) the cycle efficiency ; 

(ii) the work ratio; 

(iii) the mass flow rate. 

For air take c, = 1.005 IcJ/kg K and y = 1.4. and for the gases in the 
combustion chamber and in the turbines and heat exchanger take 
c r = 1.15 kj/kg K and 7 = 1.333. Neglect the mass of fuel. 

(i) The plant is shown diagrammatically in Fig. 9.15(a). and the cycle is 
represented on a T-s diagram in Fig. 9.15(b). 

Since the pressure ratio and the isentropic efficiency of each compressor is 
the same, then the work input required for each compressor is the same since 
both compressors have the same air inlet temperature, i.e. T, = TjandTj = T 4 . 


Intercooler 




Solution 


Fig. 9.15 Gas turbine 
plant (a) and T-s 
diagram (b) for 
Example 9.4 
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From equation (3.21) 

ilr-ilfr 


M-T 

T, \p,J 


and - - v '9 - 3 


therefore 


T u = 288 x 3 0,4 ' 1 4 = 394 K 
Then from equation (9.1), 

rj c , LP compressor - ——— - 0.8 


therefore 


T 2 -T t 


T* - T x 

394 - 288 106 


0.8 


= 132.5 K 

0.8 


i.e. T 2 = 288 + 1315 - 420.5 K 

Also Work input per compressor stage = c, a ( T 2 - T,) 

= 1.005 x 1315 = 133.1 kJ/kg 

The HP turbine is required to drive both compressors and to overcome 
mechanical friction, 

i.c. Work output of HP turbine = ^ ^ * - 272 kJ/kg 


0.98 


therefore 


c,}T b - T 7 ) = 272 
i.e. 1.15(923 - T,) = 272 
therefore 

923 “ 2V " ■ 236.5 K 

i.c. T, - 923 - 236.5 - 686.5 K 
From equation (9.2) 

rjj, HP turbine = ~~—~ - 0-85 

U - *i. 


therefore 


i.e. 


T b ~ T„ - 


236.5 


0.85 
T„ = 923 - 278 


278 K 
645 K 
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Then using equation (3.21) 

P. _ J"'" " _ ^923j-»«»> 

Then = 1147 

p, 4.19 

Using equation (3.21) 


*-Gff. 

therefore 


1147° 


4.19 


1.211 


n,- 


923 


7616 K 


1.211 

Then using equation (9.2) 

r.-T, 


rjj, LP turbine - 


T*~T % 


- - 0.85 


therefore 


T s -T 9 = 0.85 x (923 - 7616) = 136.3 K 
Le. 7, = 923 — 136.3 = 786.7 K 
Therefore 

Net work output = c,(7 8 - 7,) x 0.98 

= 1-15 x 136.3 x 0.98 - 153.7 kJ/kg 

From equation (9.6) 

Thermal ratio of heat exchanger - ——— =■ 0.75 

T 9 - T a 

i.e. 


7, - 420.5 - 0.75(786.7 - 420.5) - 274.7 K 


therefore 

7, - 420.5 + 274.7 - 695.2 K 
Now Heat supplied - c,{ 7* - 7,) + c f< ( 7, - 7 7 ) 

« 1-15{(923 - 695.2) + (923 - 686.5)} - 534 kJ/kg 


Then, from equation (5.2) 


Cycle efficiency 


153.7 
<? 534 


0.288 or 28.8% 


(ii) Gross work output 

- work output of HP turbine + work output of LP turbine 



9.2 Modifications to the basic cycle 


i.e Gross work output = 272 + 


Therefore 


1S3.7 

0.98 


429 kJ/kg 


... . • net work output 153.7 „ 

Work ratio ---— --- 0.358 

gross work output 429 

(iii) The electrical output is 5000 kW. Let the mass flow rate be m kg/s, then 
5000 - m x 153.7 

rt _™. 32 . 5kg/5 

i.e. Rate of flow of air = 32.6 kg/s 


Effect of pressure loss 

In Example 9.4 all pressure losses were neglected. In an actual gas turbine unit 
there are pressure losses due to friction and turbulence in the intercooler, in 
the air side of the heat exchanger, in both combustion chambers, and in the 
gas side of the heat exchanger, and in the exhaust duct. The high heat transfer 
rate in a combustion chamber leading to an appreciable velocity increase in a 
duct of approximately constant cross-sectional area causes a further pressure 
loss in addition to that due to friction and turbulence. 

Example 9.5 For the gas turbine generating set of Example 9.4 recalculate the cycle 
efficiency and work ratio, taking the following pressure losses into account, 
but assuming all other assumptions still apply: air side of heat exchanger, 
0.3 bar; gas side of heat exchanger and exhaust duct, 0.05 bar; intercooler, 
0.15 bar; each combustion chamber. 0.2 bar. 

Take an ambient pressure of 1.01 bar, a pressure ratio for each compressor 
of 3:1 as previously calculated, and find a new overall pressure ratio for the 
compression. All other data arc unchanged. 

Solution Referring to the T-s diagram shown in Fig. 9.16, as before: 

T u = 288(3)° 2,6 = 394 K 


Fig. 9.16 T-s diagram 
showing pressure losses 
for Example 9.5 
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and using the iscntropic efficiency 
7, = 420.5 K = 7, 

Also as before 

Work output per compressor stage » 135.1 kj/kg 

The pressure at inlet to the HP compressor, p it is now given by 
(3 x 1.01) -0.15 « 2.88 bar. and at outlet from the HP compressor, p 4 , is 
3 x 288 - 8.64 bar. The new overall pressure ratio is therefore 8.64/1.01 - 8.555, 
compared with 9 previously. The pressure at entry to the HP turbine. p 6 , is 
now 8.64 - 0.3 - 0.2 ■ 8.14 bar. 

The work output of the HP turbine is given as before by (2 x 133.1/0.98) = 
272 kj/kg, and hence the temperatures T 7 and 7-, arc the same as before and 
hence the ratio p*/p 7 — 4.19 is also the same as before. 

i.e. p, = p 6 /4.l9 = 8.14/4.19 - 1.943 bar 

Therefore 

p 9 = (p 7 - 0.2) = 1.743 bar 
Now p 10 = p, «= 1.01 bar and therefore 
p, = 1.01 + 0.05 = 1.06 bar 
Ps /Pt - 1-743/1.06 = 1.644 

Then T 9i = 7 t /( 1.644)° 333 '‘ 333 = 923/1.132 = 815.4 K 
and T, = 923 - (923 - 815.4) x 0.85 - 831.5 K 
Therefore 

Net work output - c f< (7, - 7*) = 1.15(923 - 831.5) 

= 105.2 kJ/kg 

Then using equation (9.6) for the thermal ratio of the heat exchanger as before, 
we have 

T s = 420.5 + 0.75(831.5 - 420.5) 

= 728.8 K 

Then Heat supplied = c, t (T 6 - 7 S ) + c f< (7 e - 7,) 

- 1.15(923 - 728.8) + 1.15(923 - 686.5) - 495.3 kJ/kg 
Hence Cycle efficiency - 105.2/495.3 - 21.2% 

This compares with the previous value of 28.8% when pressure losses arc 
neglected. 

The gross work of the plant is (105.2/0.98) + 277 ■» 384.3 kJ/kg. Therefore, 
Work ratio = 105.2/384.3 = 0.274 

This compares with the previous value of 0.358 when pressure losses were 
neglected. 
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9.3 Combustion 

In the closcd-cycic gas turbine unit heat is transferred to the air in a heat 
exchanger, but in the open-evde unit the fuel must be sprayed into the air 
continuously, and combustion is a continuous process unlike the cyclic 
combustion of the IC engine 

There are two main combustion systems for open cycles: one in which the 
air leaving the compressor is split into several streams and each stream is 
supplied to a separate cylindrical ‘can’-typc combustion chamber, and the other 
in which (he air flows from the compressor through an annular combustion 
chamber. The annular type would appear to be more suitable for a unit using 
an axial flow compressor, but it is difficult to obtain good fuel-air distribution 
and research and development work on this type is harder than w-ith the simpler 
can type. The annular type can be modified by having a series of interconnected 
cans placed in a ring; this is known as the cannular type. In aircraft practice 
at present the majority of engines use cither the cannular or the can type of 
combustion chamber. 

In industrial plants where space is not important the combustion may be 
arranged to take place in one or two large cylindrical combustion chambers 
with ducting to convey the hot gases to the turbine; this system gives better 
control over the combustion process. 

In all types of combustion chamber, combustion is initiated by electrical 
ignition, and once the fuel starts burning, a flame is stabilized in the chamber. 
In the can type it is usual to have interconnecting pipes between cans, to stabilize 
the pressure and to allow combustion to be initiated by a spark in one chamber 
on starting up. A typical can-type chamber is shown diagrammatically in 
Fig. 9.17. Some of the air from the compressor is introduced directly to the fuel 
burner; this is called primary air. and represents about 25% of the total airflow. 
The remaining air enters the annulus round the flame tube, thus cooling the 
upper portion of the flame tube, and then enters the combustion zone through 
dilution holes as shown in Fig. 9.17. The primary air forms a comparatively 
rich mixture and the temperature is high in this zone. The air entering the 
dilution holes completes the combustion and helps to stabilize the flame in the 
high-temperature region of the chamber. In some combustion chambers the 
fuel is injected upstream into the airflow, and a sheet metal cone and perforated 
baffle plate ensure the necessary mixing of the fuel and air. 


Fig. 9.17 Gas turbine 
can-type combustion 
chamber 



Gaws lo 
turbine 
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The air-fuel ratio overall is of the order of 60/1 to 120/1, and the air velocity 
at entry to the combustion chamber is usually not more than 75 m/s. There is 
a rich and a weak limit for flame stability, and the limit is usually taken at 
flame blow-out. Instability of the flame results in rough running with consequent 
effect on the life of the combustion chamber. 

It should be noted that because of the high air-fuel ratios used, the gases 
entering the HP turbine contain a high percentage of oxygen, and therefore if 
reheating is performed between turbine stages, the additional fuel can be burned 
satisfactorily in the exhaust gas from the HP turbine. 

A combustion efficiency may be defined as follows: 

Combustion efficiency 

_ theoretical fuel-air ratio for actual temperature rise ^ ^ 

actual fuel-air ratio for actual temperature rise 

The theoretical temperature rise is a function of the calorific value of the fuel 
used, the fuel-air ratio, and the initial temperature of the air. The theoretical 
temperature rise for any one fuel of known calorific value can be plotted against 
the fuel-air ratio for various values of air inlet temperature to the chamber, 
and curves of the form shown in Fig. 9.18 obtained. The combustion efficiency 
can be evaluated by testing the chamber; sections are traversed to obtain true 
mean readings of the inlet and outlet temperatures, and the fuel and air mass 
flow rates are also measured. The fuel used in aircraft gas turbine practice is a 
light petroleum distillate known as kerosene with a gross calorific value of 
about 46400 kJ/kg; for turbines used in power production or as part of a 
combined heat and power unit the fuel used can also be natural gas; for some 
process plants a gas turbine unit is used for power production using waste gases 
as fueL In cases where kerosene or gas is to be burned a dual-fuel burner is used. 


Hr- 9.18 Theoretical 
temperature rise against 
fuel-air ratio 



In order to give a comparison of combustion chambers of different size 
operating under different ambient conditions, a combustion intensity is defined 
as follows: - 


Combustion intensity 


_ heat release rate _ 

(volume of chamber x inlet pressure) 


(9.8) 
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The lower the combustion intensity the better the design. In aircraft practice a 
figure of about 2 kW/m 3 atm would be normal, whereas in the larger industrial 
plant a figure of about 0.2 kW/m* atm is usually achievable. 

The pressure loss in the combustion chamber is mainly due to friction and 
turbulence. There is also a small drop in pressure due to non-adiabatic flow in 
a duct of approximately constant cross-sectional area. The loss due to friction 
can be found experimentally by blowing air through the combustion chamber 
without initiating combustion and measuring the change in pressure. This 
friction loss in pressure is therefore called the cold loss. The loss due to the 
heating process alone is called the fundamental loss For a more extensive 
treatment of the combustion process ref. 9.1 should be consulted. 


9.4 Additional factors 

In considering propulsion it is necessary first to study the theory of 

flow in nozzles, and to introduce the concept of total head, or stagnation, 
pressures and temperatures. Gas turbine cycles for aircraft propulsion are 
therefore considered again in section 10.9. Another useful concept is small stage, 
or polytropic, efficiency; this is considered, and cycles analysed using polytropic 
efficiency in section 11.8 after blading design and the concept of a stage have 
been introduced. 


Problems 

(For all problems c, and y may be taken as 1.005 kJ.kg K and 1.4 for air. and as 
1.15 kJ/kg K and 1.333 for combustion and expansion processes.) 

9.1 A gas turbine has an overall pressure ratio of 5 and a maximum cycle temperature of 
550’C. The turbine drives the compressor and an electric generator, the mechanical 
efficiency of the drive being 97%. The ambient temperature is 20 °C and air enters the 
compressor at a rate of 15 kg/s; the isentropic efficiencies of the compressor and turbine 
are 80 and 83V*. Neglecting changes in kinetic energy, the mass flow rate of fuel, and 
all pressure losses, calculate: 

(i) the power output; 

(ii) the cycle efficiency; 

(iii) the work ratio. 

((40.3 kW; 12.1%; 0.169) 

9.2 In a marine gas turbine unit a HP stage turbine drives the compressor, and a LP stage 
turbine drives the propeller through suitable gearing The overall pressure ratio is 4/1. the 
mass flow rate is 60kg/s. the maximum temperature is 650'C. and the air intake 
conditions are 1.01 bar and 25 “C. The isentropic efficiencies of the compressor, HP 
turbine, and LP turbine, are 0.8.083, and 0.85 respectively, and the mechanical efficiency 
of both shafts is 98V*. Neglecting kinetic energy changes, and the pressure loss in 
combustion, calculate: 

(i) the pressure between turbine stages; 

(ii) the cycle efficiency; 

(iii) the shaft power. 

(1.57 bar; 14.9%; 4560 kW) 
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9.3 


9.4 


9.5 


9.6 


For ihe unit of Problem 9.2, calculate the cycle efficiency obtainable when a hel 
exchanger is fitted. Assume a thermal ratio of 0.75. 

<23411 


In a gas turbine generating set two stages of compression are used with an intercooll 
between stages The HP turbine drives the HP compressor, and the LP turbine drivl 
the LP compressor and the generator. The exhaust from the LP turbine passes throuJ 
a heal exchanger which transfers heat to the air leaving the HP compressor. There is( 
reheat combustion chamber between turbine stages which raises the gas temperature 
600*C, which is also the gas temperature at entry to the HP turbine. The overall pressul 
ratio is 10 / 1 . each compressor having the same pressure ratio, and the air temperatul 
at entry to the unit is 20 *C The heat exchanger thermal ratio may be taken as 0.7, a{ 
intercooling is complete between compressor stages. Assume iscntropic efficiencies 
08 for both compressor stages, and 085 for both turbine stages, and that 2% of t 
work of each turbine is used in overcoming friction. Neglecting all losses in pressu 
and assuming that velocity changes arc negligibly small, calculate: 

(•1 ihe power output in kilowatts for a mass flow of 1 IS kg/s; 

(ii) the overall cycle ettiocncj *,r ik. pi.ni 

(14460kW; 25.74 

A motor car gas turbine unit has two centrifugal compressors in series giving an ovcrl 
pressure ratio of 6/1. The air leaving the HP compressor passes through a heat exchan J 
before entering the combustion chamber. The expansion is in two turbine stages, tl 
first stage driving the compressors and the second stage driving the car through gearii| 
The gases leaving the LP turbine pass through the heat exchanger before exhausting 
atmosphere. The HP turbine inlet temperature is 800 V C and the air inlet temperati| 
to the unit is 15 ; C. The isentropic efficiency of the compression is 0.8. and that of 
turbine is 0.85; the mechanical efficiency of each shaft is 98%. The heat exchanj 
thermal ration may be assumed to be 0.65. Neglecting pressure losses and changes 
kinetic energy, calculate: 

(i) the overall cycle efficiency ; 

(ii) the power developed when the air mass flow is 0.7 kg/s; 

(iii) the specific fuel consumption when the calorific value of the fuel used is 42 600 kJ/1 
and the combustion efficiency is 97%. 

(29.4%; 94.7 kW; 0.302 kg/kW 


In a gas turbine generating station the overall compression ratio is 12/1, performed 
three stages with pressure ratios of 2.5/1. 14/1. and 2/1 respectively. The air in 
temperature to the plant is 25 C and intcrcooling between stages reduces the temperati 
to 40 C. The HP turbine drives the HP and intermediate-pressure compressor stagt 
the LP turbine drives the LP compressor and the generator. The gases leaving the 1 
turbine arc passed through a heat exchanger which heats the air leaving the I 
compressor The temperature at inlet to the HP turbine is 650°C. and reheating betwe 
turbine stages raises the temperature to 650'C. The gases leave the heat exchanger 
a temperature of 200‘C. The isentropic efficiency of each compressor stage is 0.83, bi 
the isentropic efficiencies of the HP and LP turbines arc 0.85 and 0.88 respectively. Ta 
the mechanical efficiency of each shaft as 98%. The air mass flow is 140 kg/s. Ncglectii 
pressure losses and changes in kinetic energy, and taking the specific heat of water 
4.19 kJ/kg K. calculate: 

(i) the power output in kilowatts: 

(ii) the cycle efficiency; 

(iii) the flow of cooling water required for the intercoolers when the rise in wat| 
temperature must not exceed 30 K; 

(iv) the heat exchanger thermal ratio. 


(25 540 kW; 33.4%; 224 kg/s; 0.8: 
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t.7 In a gas lurbinc plant air enters a compressor at atmospheric conditions of 15 C C. 
1.0133 bar and is compressed through a pressure ratio of 10. The air leaving the 
compressor passes through a heat exchanger before entering the combustion chamber. 
The hot gases leave the combustion chamber at 800 e C and expand through an HP 
turbine which drives the compressor. On leaving the HP turbine the gases pass through 
a reheat combustion chamber which raises the temperature of the gases to 800 'C before 
they expand through the power turbine, and thence to the heat exchanger where they 
flow in counter-flow to the air leaving the compressor. Using the data below, neglecting 
the mass flow rate of fuel and changes of velocity throughout, calculate: 

(i) the airflow rate required for a net power output of 10 MW; 

(ii) the work ratio of the cycle; 

(iii) the temperature of the air entering the first combustion chamber; 

(iv) the overall cycle efficiency. 


Data Isentropic efficiency of compressor. 80%; iscntropic efficiencies of HP and power turbine, 
87 and 85%; mechanical efficiency of HP turbine-compressor drive, 92%; mechanical 
efficiency of power turbine drive. 94%; thermal ratio of heat exchanger. 0.75; pressure 
drop on air side of heat exchanger. 0.125 bar; pressure drop in first combustion chamber. 
0.100 bar; pressure drop in reheat combustion chamber. 0.080 bar; pressure drop on gas 
side of heat exchanger. 0.100 bar. 

(91.0 kg/s; 0.25; 61 PC; 18.9%) 

9.8 An open-cycle gas turbine plant is used to generate power in an oil refinery. The gas 
turbine unit drives a generator which supplies electric motors of 2400 kW; the overall 
mechanical and electrical efficiency is 92V*. Some of the exhaust gas from the turbine 
at 530 C is supplied to a furnace in the refinery at a rate of 2 kg/s; the remainder of 
the exhaust gas is passed in counter-flow through a heat exchanger where it heats the 
air leaving the compressor, and then passes to exhaust at 400 C C. The compressor has 
a pressure ratio of 8 and the air at entry is at 1.013 bar and 20 , 'C. The pressure loss in 
the air side of the heat exchanger is 0.16 bar, the pressure loss in the combustion chamber 
is 0.12 bar, and the pressure loss in the gas side of the heat exchanger is 0.05 bar. The 
isentropic efficiencies of the compressor and turbine are 0.85 and 0.92 respectively. 
Neglecting heat losses in the heat exchanger, and the mass flow rate of fuel, calculate: 

(i) the mass flow rate of air entering the compressor; 

(ii) the temperature of the air entering the combustion chamber; 

(iii) the overall cycle efficiency. 

(10.82 kg/s; 421.0'C; 34.2%) 

9.9 A closed-cycle gas turbine plant using helium as the working fluid is proposed for an 
experimental nuclear reactor. The helium is compressed in two stages with an intercooler 
between stages. Before passing through a heater where it is heated externally by the 
reactor coolant, the helium is pre-heated in a heat exchanger where it is in counter-flow 
with the helium leaving the turbine The helium leaving the lurbinc is cooled in the heat 
exchanger before passing through a cooler where it is cooled by cooling water to the 
required inlet temperature to the compressor, and the cydc is complete. Using the data 
below, calculate the overall cydc efficiency. 


Data Pressure and temperature at entry to the fust compressor. 18 bar and 30 °C; pressure 
ratio for each compressor. 2; temperature of helium leaving the intercooler, 30 tf C; 
temperature of helium, entering the turbine, 800 C; isentropic efficiency of each 
compressor. 083; isentropic efficiency of the turbine. 0.86: effectiveness of the heat 
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exchanger. 0 . 80 ; pressure loss is a percentage of the inlet pressure to each component: 
intercooler and external cooler, 1 %; each side of heat exchanger, 2%; external heater, 
3%. Take y for helium as 1.666. 

(32.6%) 


References 


9.1 


COHEN h, lOGEis o F c, aod saravanamuttoo h I h 1987 Gas Turbine Theory 
3rd cdn Longman 


306 





Nozzles and Jet Propulsion 


A nozzle is a duel of smoothly varying cross-sectional area in which a steadily 
flowing fluid can be made to accelerate by a pressure drop along the duct. 
There are many applications in practice which require a high-velocity stream 
of fluid, and the nozzle is the best means of obtaining this. For example, nozzles 
are used in steam and gas turbines, in jet engines, in rocket motors, in flow 
measurement, and in many other applications. When a fluid is decelerated in 
a duct causing a rise in pressure along the stream, then the duct is called a 
diffuser; two applications in practice in which a diffuser is used are the centrifugal 
compressor and the ramjet. 

The analysis presented in this chapter will be restricted to one-dimensional 
flow. In one-dimensional flow it is assumed that the fluid velocity, and the fluid 
properties, change only in the direction of the flow. This means that the fluid 
velocity is assumed to remain constant at a mean value across the cross-section 
of the duct The effects of friction will not be analysed fundamentally, suitable 
efficiencies or coefficients being adopted to allow for the departure from the 
ideal frictionless case. The analysis of fluid flow involving friction has become 
of increasing importance due to the development of the turbojet, the ramjet, 
and the rocket, and the introduction of high-speed flight. For a fundamental 
approach to the topic a study of fluid dynamics is required, and the reader is 
recommended to books on gas dynamics, such as ref. 10.1. 


10.1 Nozzle shape 

Consider a stream of fluid at pressure p,. enthalpy h,. and with a low velocity 
C x . It is required to find the shape of duct which will cause the fluid to accelerate 
to a high velocity as the pressure falls along the duct. It can be assumed that 
the heat loss from the duct is negligibly small (i.e. adiabatic flow, Q * 0), and 
it is clear that no work is done on or by the fluid (i.e. W « 0\ Applying the 
steady-flow energy equation. (1.10). between section 1 and any other section 
X-X where the pressure is p, the enthalpy is h. and the velocity is C. we have 

C? . C J 
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i.c. C 2 = 2(h, -h) + C 2 t 

or C-VWi-M + C?} (10 .i) 

If the area at the section X-X is A, and the specific volume is r, then, using 
equation ( 1 . 11 ) 

Mass flow, m «* — 

r 


or Area per unit mass flow. - - - 

rh C 

Then substituting for the velocity C, from equation (10.1) 


( 10 . 2 ) 


Area per unit mass flow 


_ v _ 

7{2(V-M + C?} 


(10.3) 


It can be seen from equation (10.3) that in order to find the way in which 
the area of the duct varies it is necessary to be able to evaluate the specific 
volume. i\ and the enthalpy, h. at any section X-X. In order to do this, some 
information about the process undergone between section 1 and section X-X 
must be known. For the ideal frictionless case, since the flow is adiabatic and 
reversible, the process undergone is an iscntropic process, and hence 


s, = (entropy at any section X-X) = s, say 


Now using equation (10.2) and the fact that s, = s. it is possible to plot the 
variation of the cross-sectional area of the duct against the pressure along the 
duct. For a vapour this can be done using tables; for a perfect gas the procedure 
is simpler, since we have pc 7 = constant, for an iscntropic process. In cither 
case, choosing fixed inlet conditions, then the variation in the area. A, the 
specific volume, r, and the velocity, C, can be plotted against the pressure along 
the duct. Typical curves are shown in Fig. 10.1. It can be seen that the area 
decreases initially, reaches a minimum, and then increases again. This can also 
be seen from equation (10.2). 


i.e. 


Area per unit mass flow 


v 

C 


Fig. 10.1 

Cross-sectional 
area, velocity, and 
specific volume 
variations with pressure 
through a nozzle 


Direction of 

Section I flow Section 2 
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10-2 Critical pressure ratio 



Fig. 10.2 Cross-section 
through a 

convergent-divergent 

nozzle 


When v increases less rapidly than C, then the area decreases; when v increases 
more rapidly than C. then the area increases. 

A nozzle, the area of which varies as in Fig. 10.1, is called a convergent- 
divergent nozzle. A cross-section of a typical convergent-divergent nozzle is 
shown in Fig. 10.2. The section of minimum area is called the throat of the 
nozzle. It will be shown later in section 10.2 that the velocity at the throat of 
a nozzle operating at its designed pressure ratio is the velocity of sound at the 
throat conditions. The flow up to the throat is subsonic: the flow after the throat 
is supersonic. It should be noted that a sonic or a supersonic flow requires a 
diverging duct to accelerate it. 

The specific volume of a liquid is constant over a wide pressure range, and 
therefore nozzles for liquids arc always convergent, even at very high exit 
velocities (e g. a fire-hose uses a convergent nozzle). 


10.2 Critical pressure ratio 



Fig. 10 3 

Convergent -divergent 
nozzle 



Fig. 10.4 Inlet section 
of a nozzle 


It has been stated in section 10.1 that the velocity at the throat of a correctly 
designed nozzle is the velocity of sound. In the same way, for a nozzle that is 
convergent only, then the fluid will attain sonic velocity at exit if the pressure 
drop across the nozzle is large enough. The ratio of the pressure at the section 
where sonic velocity is attained to the inlet pressure of a nozzle is called the 
critical pressure ratio. Cases in which nozzles operate off the design conditions 
of pressure will be considered in section 10.4; in what follows it will be assumed 
that the nozzle always operates with its designed pressure ratio. 

Consider a convergent-divergent nozzle as shown in Fig. 10.3 and let the 
inlet conditions be pressure p,. enthalpy h t , and velocity C,. Let the conditions 
at any other section X-X be pressure p, enthalpy h, and velocity C. 

In most practical applications the velocity at the inlet to a nozzle is negligibly 
small in comparison with the exit velocity. It can be seen from equation (10.2), 
A/m = v/C, that a negligibly small velocity implies a very large area, and most 
nozzles arc in fact shaped at inlet in such a way that the nozzle converges 
rapidly over the first fraction of its length; this is illustrated in the diagram of 
a nozzle inlet shown in Fig. 10.4. 

Now from equation (10.1) we have 

C ■ >/{2(f>i —h) + C}} 

and neglecting C, this gives 

C ■* yj[2{h t - /.)} (10.4) 

Since enthalpy is usually expressed in kilojoules per kilogram, then an additional 
constant of 10 J will appear within the root sign if C is to be expressed in metres 
per second. 

Then, substituting from equation (10.4) in equation (10.2), we have 

A v c 

Area per unit mass flow. — — — *» —— -— (10.5) 

m C VWi-M} 
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As slated in section 10.1 the area can be evaluated at any section where the 
pressure is p. by assuming that the process is isentropic (i.e. s, «= j). When this 
is done for a series of pressures, the area can be plotted against pressure along 
the duct, or against pressure ratio, and the critical pressure can thus be found 
graphically. For a perfect gas it is possible to simplify equation (10.5) by making 
use of the perfect gas laws. 

From equation (118). h - c f T for a perfect gas. therefore 


Area per unit mass flow rate 


Vl&pir.-Trt 




From equation (2.5), v « RT/p, therefore 
Area per unit mass flow rate 


RT/p 


Let the pressure ratio, p/p,, be x. Then using equation (3.21 K for an isentropic 
process for a perfect gas 

r-ivy 

_ *< 7 - 11/7 


LJjlJ 

T, \pj 


Substituting for p = xp,. for T= T 1 x ,T " , *\and for 777, = x ,7-,,/y . we have 

RT x x {1 ~ XVl 


Area per unit mass flow rate 


p 1 *V{2r,7i(l-x<'-‘>'>)} 


For fixed inlet conditions (i.e. p, and 7, fixed), we have 


Area per unit mass flow rate = constant x 


.<1-11/7 


- constant x 


x^O-x*’- 1 *) 

1 

constant 


> /(*2/7_ x l/7 x <7- , l/7) 


therefore 


Area per unit mass flow rate 


constant 

V(x* /y -x« y *" y ) 


( 10 . 6 ) 


To find the value of the pressure ratio, x. at which the area is a minimum it is 
necessary to differentiate equation (10.6) with respect to x and equate the result 
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to zero, i.e. for minimum area 


LC. 


If_!_1-0 


2{x 2h - x'» MVf ) ,/2 
Hence the area is a minimum when 




-(iii),... 




-0 


x |i7*iv»}-»-«a/7>*» 


y+i 


therefore 



p (i y*»-« 

Le. Critical pressure ratio, — = (-j (10.7) 

Pi \7+W 

It can be seen from equation (10.7) that for a perfect gas the pressure ratio 
required to attain sonic velocity in a nozzle depends only on the value of y for 
the gas. For example, for air y = 1.4, therefore 



0.5283 


Hence for air at 10 bar, say, a convergent nozzle requires a back pressure of 
5.283 bar, in order that the flow should be sonic at exit and for a correctly 
designed convergent-divergent nozzle with inlet pressure lObar, the pressure 
at the throat is 5.283 bar. For carbon dioxide, y « 1.3, therefore 



0.5457 


Hence for carbon dioxide at 10 bar, a convergent nozzle requires a back pressure 
of 5.457 bar for sonic flow at exit, and the pressure at the throat of a 
convergent-divergent nozzle with inlet pressure 10 bar is 5.457 bar. 

The ratio of the temperature at the section of the nozzle where the velocity 
is sonic to the inlet temperature is called the critical temperature ratio. 


Critical temperature ratio. 


-i-ftr 


-ll/T 


2 

7 + 1 


L 2 

T, 7+1 


( 10 . 8 ) 


Equations (10.7) and (10.8) apply to perfect gases only, and not to vapours. 
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However, it is found that a sufficiently close approximation is obtained for a 
steam nozzle if it is assumed that the expansion follows a law pv k = constant. 
The process is assumed to be isentropic, and therefore the index k is an 
approximate isentropic index for steam. When the steam is initially dry 
saturated then k - 1.135; when the steam is initially superheated then k - 1.3. 
Note that equation (10.8) cannot be used for a wet vapour, since no simple 
relationship between p and T is known for a wet vapour undergoing an isentropic 
process. More will be said of this in section 10.6. 

The critical velocity at the throat of a nozzle can be found for a perfect gas 
by substituting in equation ( 10 . 1 ), 

i.c. C'-y/iUh t -h) + C\) 

Putting C, - 0, as before, and using equation (2.18) for a perfect gas, c,T, 
we have 

C. = J{2c,(T, - r.)} - - I 



From equation (10.8), T e /T, * 2/(y + 1), hence 

Ct= '/[ 2f ' r ‘{( L r)" ’}] - J {c ’ T ' (y ~ "> 


Also, from equation (122), 
v R 


(7-D 


or c ,{7 - 1 ) - 7 * 


Hence substituting, 

C c = >/(T RT.) 

i.e. Critical velocity. C t = J(yRT t ) (10.9) 

The critical velocity given by equation (10.9) is the velocity at the throat of a 
correctly designed convergent-divergent nozzle, or the velocity at the exit of a 
convergent nozzle when the pressure ratio across the nozzle is the critical 
pressure ratio. 

It can be shown that the critical velocity is the velocity of sound at the critical 
conditions. 

The velocity of sound, a, is defined by the equation 
, dp 

a 1 = — at constant entropy 
dp 


where p is pressure and p is the density. A proof of this expression can be found 
in ref. 10.1 

Now p = 1/p. where c is the specific volume, 
dp * d(l/t?) « —^rdr 
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Example 10.1 


Solution 


Fig. 10.3 

Convergent -divergent 
nozzle for Example 10.1 


Hence a 1 = - — r J 
dr 

For a perfect gas undergoing an iscntropic process, pv v - constant, 

. * 

'«• 


where K is constant, therefore 
di>“ v 1 * 1 


Therefore substituting 
V »♦« 

Also, K = pv\ hence 

a'-ltL f!. 


ypv 


i.e. Velocity of sound, a = v '(7pr) = JijRT) (10.10) 

It can be seen that the critical velocity of a perfect gas in a nozzle, as given by 
equation (10.9), is the velocity of sound in the gas at the critical temperature. 

Equations (10.9) and (10.10) cannot be applied to a vapour; however, if an 
approximate iscntropic law, pv k = constant, is assumed for a vapour, then the 
critical velocity can be taken as C e = J(kpv). (Note that for a vapour the 
critical velocity cannot be expressed in terms of the temperature.) It is usually 
more convenient to evaluate the critical velocity of a vapour using equation 
(10.4), C € = V{2(f»i - M}. where (/i, - h,) is the enthalpy drop from the inlet 
to the throat, which can be evaluated from tables or by using an h-s chart. 


Air at 8.6 bar and 190 °C expands at the rate of 4.5 kg/s through a 
convergent-divergent nozzle into a space at 1.03 bar. Assuming that the inlet 
velocity is negligible, calculate the throat and the exit cross-sectional areas 
of the nozzle. 


The nozzle is shown diagrammatically in Fig. 10.5. From equation (10.7) the 
critical pressure ratio is given by 



0.5283 


i.e. p t - 0.5283 x 8.6 - 4.543 bar 
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Also, from equation (10.8) 
T t _ 2 1 

T x y+l " 1.2 
190 + 273 




385.8 K 


1 2 

From equation (2.5) 

RT t 287 x 385.8 
P. 


c.- 


- 0.244 mVkg 


10* x 4.543 
Also, from equation (10.9) 

C, - J{yRT,) - V(*- 4 x 287 x 385 - 8 > - 3937 m /» 

[or from equation (10.4) 

i.e. C, - ^{2 x 1.005 x 10*(463 - 385.8)} - 393.8 m/s] 
To find the area of the throat, using equation (1.11), we have 
mv. 4.5 x 0.244 


•*«- 


0.00279 m* 


C, 393.7 
i.e. Area of throat = 0.00279 x 10 6 = 2790 mm : 
Using equation (321) for a perfect gas 


T a “\pJ \103/ 


1.834 


i.e. 




463 


- 252.5 K 


1.834 

Then from equation (2.5) 

RT 2 287 x 2515 
Pi 




- 0.7036 m s /kg 


10 5 x 1.03 
Also, from equation (10.4) 

Ca-^.-M-VWT.-r,)} 

Le. C 2 - J[2 x 1.005 x 10»(463 - 252.5)} - 650.5 m/s 
Then to find the exit area, using equation (1.11) 


ie. 


rfic 3 4.5 x 0.7036 
2 " C, " 650.5 

Exit area - 0.00487 x 10* 


-0.00487 m* 
4870 mm* 
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10.3 Maximum mass flow 

Consider a convergent nozzle expanding into a space, the pressure of which 
can be varied, while the inlet pressure remains fixed. The nozzle is shown 
diagrammatically in Fig. 10.6. When the back pressure, p h , is equal to p x% then 
no fluid can flow through the nozzle. As p b is reduced the mass flow through 
the nozzle increases, since the enthalpy drops, and hence the velocity, increases. 
However, when the back pressure reaches the critical value, it is found that no 
further reduction in back pressure can affect the mass flow. When the back 
pressure is exactly equal to the critical pressure, p t , then the velocity at exit is 
sonic and the mass flow through the nozzle is at a maximum. If the back 
pressure is reduced below the critical value then the mass flow remains at the 
maximum value, the exit pressure remains at p t , and the fluid expands violently 
outside the nozzle down to the back pressure. It can be seen that the maximum 
mass flow through a convergent nozzle is obtained when the pressure ratio 
across the nozzle is the critical pressure ratio. Also, for a convergent-divergent 
nozzle, with sonic velocity at the throat, the cross-sectional area of the throat 
fixes the mass flow through the nozzle for fixed inlet conditions. 


Fig. 10.6 Convergent 
nozzle with 

back-pressure variation 



When a nozzle operates with the maximum mass flow it is said to be choked. 
A correctly designed convergent-divergent nozzle is always choked. 

An attempt can be made to explain the phenomenon of choking, by 
considering the velocity of any small disturbance in the stream. Any small 
disturbance in the flow is propagated as small pressure waves travelling at the 
velocity of sound in the fluid in all directions from the centre of the disturbance. 
This is illustrated in Fig. 10.7; the pressure waves emanate from point Q at the 
velocity of sound relative to the fluid, a. while the fluid moves with a velocity, 
C. The absolute velocity of the pressure waves travelling back upstream is 
therefore given by (a - C). Now when the fluid velocity is subsonic, then C < a, 


Fig. 10.7 Propagation 
of a small disturbance 
in a flowing fluid 
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and the pressure waves can move back upstream; however, when the flow is 
sonic, or supersonic (i.e. C«=a or C>a), then the pressure waves cannot be 
transmitted back upstream. It follows from this reasoning that in a nozzle in 
which sonic velocity has been attained no alteration in the back pressure can 
be transmitted back upstream. For example, when air at 10 bar expands in a 
nozzle, the critical pressure can be shown to be 5283 bar. When the back pressure 
of the nozzle is 4 bar, say. then the nozzle is choked and is passing the maximum 
mass flow. If the back pressure is reduced to 1 bar, say, the mass flow through 
the nozzle remains unchanged. Even if the air were allowed to expand into an 
evacuated space, the mass flow would be no greater than that through the 
nozzle when the back pressure is 5.283 bar. 


Example 10.2 A fluid at 6.9 bar and 93 °C enters a convergent nozzle with negligible velocity, 
and expands isentropically into a space at 3.6 bar. Calculate the mass flow 
per square metre of exit area: 

(i) when the fluid is helium ( c, = 5.19 kJ/kg K); 

(ii) when the fluid is ethane (c, = 1.88 kJ/kg K). 

Assume that both helium and ethane are perfect gases, and take the respective 
molar masses as 4 kg/kmol and 30 kg/kmol. 

Solution (i) It is necessary' first to calculate the critical pressure in order to discover 
whether the nozzle is choked. 

From equation (29), R = R/m, therefore for helium, 

R = = 2079 N m/kg K 

Then from equation (222) 

«.JL 

' (T — 1» 
v-1 R 2079 
U 7 ~c,~ 10* x 5.19 “ 
therefore 


•/ 


1 

1-0.4 


1.667 


Then using equation (10.7) 



Le. p t - 0.487 x 6.9 bar 



0.487 


i.e. Critical pressure p t - 3.36 bar 

The actual back pressure is 3.6 bar, hence in this case the fluid docs not reach 
the critical conditions and the nozzle is not choked 
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6.9 bar 

Fig. 10.8 Convcrgenc 
nozzle with helium for 
Example 10.2 


The nozzle is shown diagrammatically in Fig. 10.8. 

Using equation (3.21) 

t-OflP.-(ST— 

“ r -- tst ■ I,l! K 

Then from equation (10.4) 

i.e. C 2 » ^{2 x 5.19 x 10 J (366 - 282.2)} - 932.7 m/s 
Also, from equation (2.5) 

RT 2 2079 x 2812 
‘ 2 “ 10* x 3.6 

Hence from equation (1.11) 


1.63 mVkg 


m 


1 x 9317 


1.63 


5713 kg/s 


i.e. Mass flow per square metre of exit area ~ 5713 kg/s 


(ii) Using the same procedure for ethane, we have 

R - - = = 277.1 N m/kg K 

m 30 



Fig. 10.9 Convergent 
nozzle with ethane for 
Example 10.2 


and 

7~ 

2771 =0147 

7 

c, 10 s X 1.88 

i.e. 

7 “ 

-!—- — 1.172 



1-0.147 

Then 

P. ( 2 / 2 y- 

Pi \y+l/ V2.I72; 


Pc - 

- 0.57 x 6.9 bar 

i.e. 

Critical pressure, p t — 3.93 bar 


0.57 


The actual back pressure is 3.6 bar, hence in this case the fluid reaches critical 
conditions at exit and the nozzle is choked. The expansion from the exit pressure 
of 3.93 bar down to the back pressure of 3.6 bar must take place outside the 
nozzle. 

The nozzle is shown diagrammatically in Fig. 10.9. 

Since the nozzle is choked, from equation (10.8) we have 

L.—2- 

T, 7+1 2-172 
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i.e. 


W ,-^-337K 


2172 

Also, from equation (10.9) 

C, - C e - y/i/RT') - yj{ 1.172 x 277.1 x 337) - 331 m/s 
From equation (25). 

RTj 277.1 x 337 


l, ° Pi " 10 s x 3.93 
Then using equation (l.l I) 
A 3 C 2 1 x 331 


0.238 m J /kg 


m 


0.238 


- 1391 kg/s 


i.e. Mass flow per square metre of exit area * 1391 kg/s 


10.4 Nozzles off the design pressure ratio 

When the back pressure of a nozzle is below the design value the nozzle is said 
to underexpand. In underexpansion the fluid expands to the design pressure in 
the nozzle and then expands violently and irreversibly down to the back pressure 
on leaving the nozzle (c.g. the nozzle in Example 10.2(ii) shown in Fig. 10.9 is 
underexpanding). 

When the back pressure of a nozzle is above the design value the nozzle is 
said to orerexpand. In overexpansion in a convergent nozzle the exit pressure 
is greater than the critical pressure and the effect is to reduce the mass flow 
through the nozzle. In overexpansion in a convergent-divergent nozzle there 
is always an expansion followed by a recomprcssion. The two types of nozzle 
can be considered separately. 


Convergent nozzle 

The pressure variations of a fluid flowing through a convergent nozzle are 
shown in Fig. 10.10. Assuming that the design back pressure is the critical 
pressure. p t , then when the back pressure is above this value the nozzle is 
overexpanding as shown by line (a), and the mass flow is some value below 
the maximum. When the back pressure is equal to the critical pressure the 
expansion follows the line (b), the nozzle is choked, and the mass flow is a 
maximum. When the back pressure is below the critical pressure the expansion 
in the nozzle still follows the line (b). but there is an additional expansion from 
p e down to the back pressure. />„. outside the nozzle. It can be seen from 
Fig. 10.10 that in the expansion outside the nozzle the pressure oscillates 
violently, and in fact a shock wave is formed. In this latter case the nozzle is 
underexpanding. 
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Fig. 10.10 Pressure 
variations for flow 
through a convergent 
nozzle 



Convergent-divergent nozzle 

The pressure variations of a fluid flowing through a convergent-divergent nozzle 
are shown in Fig. 10.11. When the mass flow through the nozzle is very low, 
the pressure at the throat of the nozzle is well above the critical pressure and 
therefore the divergent portion acts as a diffuser, as shown by line (a) in 
Fig. 10.11. The nozzle is then acting as a venturimeter. 


Fig. 10.11 Pressure 
variations for flow 
through a 

convergent-divergent 
nozzle 
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When the back pressure is above the design value at some value, p„ as shown 
in Fig. 10.11, then the fluid expands from p, down to point Q and is then 
recompressed along line (b). Whenever a supersonic stream is decelerated a 
shock wave results, and hence the recompression process of line (b) is an 
irreversible compression through a shock wave. Both (a) and (b) are eases of 
overexpansion. 

When the back pressure is below the design value. p„, then there is an 
expansion outside the nozzle as shown by line (c). The nozzle is then 
undcrcxpanding and the expansion outside the nozzle consists of a series of 
irreversible compressions through shock waves, alternated with irreversible 
expansions, until the back pressure is reached. 


10.5 Nozzle efficiency 

Due to friction between the fluid and the walls of the nozzle, and to friction 
within the fluid itself, the expansion process is irreversible, although still 
approximately adiabatic In nozzle design it is usual to base all calculations on 
iscntropic flow and then to make an allowance for friction by using a coefficient 
or an efficiency. Typical expansions between p, and p 2 in a nozzle arc shown 
on a T-s diagram in Fig. 10.12(a) and (b) for a vapour and for a perfect gas 
respectively. The line l-2s on each diagram represents the ideal iscntropic 
expansion, and the line 1 -2 represents the actual irreversible adiabatic 
expansion. 


Fig. 10.12 Nozzle 
expansion processes for 
a vapour (a) and a 
perfect gas (b) on a T-s 
diagram 




The nozzle efficiency is defined by the ratio of the actual enthalpy drop to 
the iscntropic enthalpy drop between the same pressures. 


i.c. Nozzle efficiency - —— 

h, — h 2t 

For a perfect gas this equation reduces to 

Nozzle efficiency = ^—~ 

*»(T, — r^,) T, — T 2i 


( 10 . 11 ) 


( 10 . 12 ) 
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If the actual velocity at exit from the nozzle is C 2 , and the velocity at exit when 
the flow is iscntropic is Cj,. then using the steady-flow energy equation in each 
case we have 










or 



Therefore substituting in equation (10.12) 


Nozzle efficiency 


Cj-cj 

CJ.-C? 


When the inlet velocity, C,, is negligibly small then 


Nozzle efficiency = 



(10.13) 


(10.14) 


Sometimes a velocity coefficient is defined as the ratio of the actual exit 
velocity to the exit velocity when the flow is iscntropic between the same 
pressures. 


• Lc. 


Velocity coefficient = ~ 
Mi 


(10.15) 


It can be seen from equations (10.14) and (10.15) that the velocity coefficient 
is the square root of the nozzle efficiency, when the inlet velocity is assumed 
to be negligible. 

Another coefficient which is frequently used is the ratio of the actual mass 
flow through the nozzle, m, to the mass flow which would be passed if the flow 
were iscntropic. m,; this is called the coefficient of discharge. 


Le. Coefficient of discharge» — (10.16) 

If the angle of divergence of a convergent divergent nozzle is made too large, 
then breakaway of the fluid from the duct walls is liable to occur, w ith consequent 
increased friction losses. The included angle of a divergent duct is usually kept 
below about 20“. It follows that for a given pressure ratio across a 
convergent-divergent nozzle the divergent portion must be long compared to 

the convergent portion. Now because the divergent portion of the nozzle is 
comparatively long, and since a diverging flow is more susceptible to losses, 
and the velocities in this portion arc higher, it follows that the bulk of the 
friction losses occur in the divergent portion. In fact it is sometimes assumed 
that all the friction losses occur after the throat of the nozzle. This latter 
assumption implies that the coefficient of discharge is unity, since any friction 
after the throat cannot affect the mass flow through a nozzle which is choked. 

Nozzles in practice arc used with a variety of shapes and cross-sections. The 
cross-section can be cither circular or rectangular, and the axis of the nozzle 
can be straight or curved. A typical circular section, straight axis nozzle is 
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Flf. 10.13 Typical 
circular section 
nozzle (a) and curved 
axis steam nozzles I b) 


Example 10.3 


Solution 




shown in Fig. 10.13(a), and a series of typical plate-type, curved-axis steam 
nozzles is shown in Fig 10.13(b). 


Gases expand in a propulsion nozzle from 3.5 bar and 425 °C down to a 
back pressure of 0.97 bar, at the rate of 18 kg/s. Taking a coefficient of 
discharge of 0.99 and a nozzle efficiency of 0.94, calculate the required throat 
and exit areas of the nozzle. For the gases take y = 1.333 and c p = 1.11 kJ /kg K. 
Assume that the inlet velocity is negligible. 


The critical pressure is given by equation (10.7) 

p± = ( 2 y* m> _ m— 

Px \ 7 +l/ ** \2333/ 

i.c. p t = 0.54 x 3.5 bar 
Le. Critical pressure = 1.89 bar 


0.54 


The nozzle is therefore choking and a convergent-divergent nozzle is required. 
The mass flow is determined by the throat of the nozzle. Using equation (10.8) 


T<_ 2 I 
T, “ 7 + I 1.1665 


i.e. 


^ 425 + 273 

T ’-~U66T 


598.4 K 


Then from equation (10.4) 

C, = >/{2(fc, - /»«)} - x /2{c,(7*, - T c )} 

i.e. C, = J{2 x 1.1! x I0 J (698 - 598.4)} = 470.3 m/s 

(Note that C t can also be found using equation (10.9) C e = J(yRT t ).) 

The specific gas constant, R. for the gases can be found from equation (2.22) 

' <y-i) 

c p (y- I) 1.11 x 10 3 x 0.333 
•/ 1.333 

i.c. R = 277.3 N m/kg K 
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Fig. 10.14 T-s 
diagram for 
Example 10.4 


Then from equation (2.5) 

_RT t 277.3 x 598.4 
1 « “ 

Pc 


0.878 m 3 /kg 


10 s x 1.89 

Now the mass flow for iscntropic flow. m„ is given from equation (10.16) as 

0.99 » — i.c.m. = — = 18.18 kg/s 
m, 0.99 * 

Then using equation (l.l I) 


i.c. 


Throat area = 0.0339 m l 


For an iscntropic expansion from the inlet conditions down to the back 
pressure, the temperature exit is T 2 , given by equation (3.21) 


T-. W ,x r : 1 0.97 J 


JJ3 


1.378 


therefore 


698 

T 2 a-= 506.6 K 

1.378 

The expansion is shown on a T-s diagram in Fig. 10.14. line l-c-2s representing 
the iscntropic expansion, and line 1-2 representing the actual expansion. 



From equation (10.12) 

xi i **: • . n . 7*. - Tj 698 — 7j 

Nozzle efficiency - 0.94 - —-i --i- 

T, - T u 698 - 506.6 

i.e. T 2 = 698 - 0.94(698 - 506.6) = 698 - 180 - 518.1 K 


Then from equation (15) 

RT 2 277.3 x 518.1 
= p 2 10 5 x 0.97 


1.48 mVkg 
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Also from equation (10.4) 

= ^{(2 x 1.11 x 10 3 (698 - 518.1)} - 632 m/s 
Then substituting in equation (Ml), 

_ 00422 

C 2 632 


Jt should be noted that in Example 10.3. the critical pressure. p, - 1.89 bar. 
is the pressure at the throat of the nozzle when the flow is iscntropic. The actual 
conditions at the nozzle throat are unknown, since no information is given 
about the proportion of the friction losses which occurs in the convergent 
portion. In order to allow for the friction present in the convergent portion 
the coefficient of discharge has been used. If the flow to the throat is iscntropic the 
coefficient of discharge is unity. 


10.6 The steam nozzle 


The properties of steam can be obtained from tables or from an h-s chart, but 
in order lo find ihe critical pressure ratio, and hence the critical velocity and 
the maximum mass flow rate, approximate formulae may be used. It is a good 
approximation to assume that steam follows an isentropic law pv k «» constant, 
where k is an isentropic index for steam. (Although k is an isentropic index it 
is not a ratio of specific heats.) For steam initially dry saturated, k = 1.135; for 
steam initially superheated, k = 1.3. 

Equation (10.7) can be re-written as 



(10.17) 


Therefore when the steam entering a nozzle is dry saturated 

p, / 2 Y 

^ = ( — = 0.577 

Pt \ 2.135/ 

and when the steam entering a nozzle is superheated 

H ’-0.546 
Pt \23j 


The temperature at the throat, i.c. the critical temperature, can be found from 
steam tables at the value of p t and s f - The critical velocity can be found 
as before from equation (10.4) 




where h t is read from or the h-s chart at p t and s f . 
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The ease of steam initially superheated expanding into the wet region requires 
special treatment and is considered later. 

For isentropic flow, since rdp = d/i and rp" = constant, we can write 
between any two states 1 and 2: 

a,— h, = T pdp - 1 - ■ j 

J, -<l/*)+! ' 

ie. A, - A, - ~ Pii’i) “ C ' , C ’ (10.18) 

Example 10.4 Estimate the critical pressure and the throat area per unit mass flow rate of 
a convergent-divergent nozzle expanding steam from 10 bar. dry saturated, 
down to atmospheric pressure of 1 bar. Assume that the inlet velocity is 
negligible and that the expansion is isentropic. 

Solution Using equation < 10.17) 

1.133/0.05 

= 5.77 bar 

From the h-s chan at 5.77 bar and on a vertical line below point 1 at 10 bar 
dry saturated, we have 

h c = 2675 kJ/kg and x t = 0.962 

v e = 0.962 x (p g at 5.77 bar) 

Interpolating from tables at 5.77 bar we have r g = 0.328 m J /kg, then 
v t = 0.962 x 0.328 = 0.316 m s /kg 
From equation (10.4) 

C< = >/{2(/i, - h t )} - VI2(2778 - 2675) x 10 s } 

= 454 m/s 
or 

C t = V(*P« P «> - VH-U5 x 5.77 x 10 5 x 0.316) = 455 m/s 
Then using equation (1.11) 

A/m - p/e - 0.316 x 10 6 /454 - 696 mm 1 
i.e. Throat area per kilogram per second - 696 mm* 




Supersaturation 

When a superheated vapour expands iscntropically, condensation within the 
vapour begins to form when the saturated vapour line is reached. As the 
expansion continues below this line into the wet region, then condensation 
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Flf. 10.15 Superheated 
steam expanding into 
the wet region on 
(a) T-s and (b) h-s 
diagrams 




proceeds gradually and the dryness fraction of the steam becomes progressively 
smaller. This is illustrated on T-s and h-s diagrams in Figs 10.15(a) and (b). 
Point A represents the point at which condensation within the vapour just begins. 

It is found that the expansion through a nozzle takes place so quickly that 
condensation within the vapour docs not occur. The vapour expands as a 
superheated vapour until some point at which condensation occurs suddenly 
and irreversibly. The point at which condensation occurs may be within the 
nozzle or after the vapour leaves the nozzle. 

Up to the point at which condensation occurs the state of the steam is not 
one of stable equilibrium, yet it is not one of unstable equilibrium, since a small 
disturbance will not cause condensation to commence. The steam in this 
condition is said to be in a metastahle slate; the introduction of a large object 
(e.g. a measuring instrument) will cause condensation to occur immediately. 

Such an expansion is called a supersaturated expansion. 

Assuming iscntropic flow, as before, a supersaturated expansion in a nozzle 
is represented on a T-s and an/i-sdiagram in Figs 10.16(a) and (b) respectively. 
Line 1-2 on both diagrams represents the expansion with equilibrium 
throughout the expansion. Line 1-R represents supersaturated expansion. In 
supersaturated expansion the vapour expands as if the vapour line did not exist, 
so that line 1-R intersects the pressure line p> produced from the superheat 
region (shown chain-dotted). It can be seen from Fig. 10.16(a) that the 
temperature of the supersaturated vapour at p 2 is which is less thun the 
saturation temperature r Jt corresponding to p,. The vapour is said to be 


Fig. 10.16 
Supersaturated 
expansion of sleam on 
(a) T-s and (b) h-s 
diagrams 
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Fig. 10.17 Equilibrium 
and supersaturated 
expansion processes on 
a p-v diagram 


Example 10.5 


supercooled and the degree of supercooling is given by (f 2 — f*). Sometimes a 
degree of supersaturation is defined as the ratio of the actual pressure p 2 to the 
saturation pressure corresponding to the temperature /*. 

It can be seen from Fig. 10.16(b) that the enthalpy drop in supersaturated 
flow (h, - h t ) is less than the enthalpy drop under equilibrium conditions. 
Since the velocity at exit, C 2 , is gi\en by equation (10.4). C 2 » N /2(h, - h 2 ), 
it follows that the exit velocity for supersaturated flow is less than that for 
equilibrium flow. Nevertheless, the difference in the enthalpy drop is small, and 
since the square root of the enthalpy drop is used in equation (10.4), then the 
effect on the exit velocity is small 

If the approximations for iscntroic flow arc applied to the equilibrium 
expansion, then for the process illustrated in Figs 10.16(a) and (b). the expansion 
from I to A obeys the law pv' 3 — constant, and the expansion from A to 2 
obeys the law pr , • ,,5 = constant. The equilibrium expansion and the 
supersaturated expansion arc shown on a p-v diagram in Fig. 10.17, using the 
same symbols as in Fig. 10.16. It can be seen from Fig. 10.17 that the specific 
volume at exit with supersaturated flow, i^, is considerably less than the 
specific volume at exit with equilibrium flow. r 2 . Now the mass flow through 
a given exit area, A 2 , is given by equation (1.11), i.e. for equilibrium flow 

• _ A 2 C 2 
m — - 

*2 



and for supersaturated flow 


‘a 

It has been pointed out that C 2 and C* arc very nearly equal; therefore, since 
r■ < i>j. it follows that the mass flow with supersaturated flow is greater than 
the mass flow with equilibrium flow. It was this fact, proved experimentally, 
that led to the discovery of the phenomenon of supersaturation. 

A convergent-divergent nozzle receives steam at 7 bar and 200 °C and 

expands it iscntropically into a space at 3 bar. Neglecting the inlet velocity. 

calculate the exit area required for a mass flow of 0.1 kg/s: 

(i) when the flow is in equilibrium throughout; 

(ii) when the flow is supersaturated with pv 13 constant. 
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Fig. 10.18 Processes 
on the h-s chart for 
Example 10.8 



Solution A sketch of both processes (i) and (ii) is shown on an h-s chart in Fig. 10.18. 
Part (i) is most conveniently solved by using the h-s chart. 

From the chart at 7 bar. 200 C. h x - 2846 kj/kg. Also 

h 2 ■ 2682 kJ/kg and x 2 - 0.98 

therefore 


i', = *,r (i = 0.98 x 0.6057 = 0.594 m J /kg 
From equation (10.4) 

C 2 = yJ{2{h ' l -h 2 )}= y ]2 x 10 3 (2846 — 2682) = 573 m/s 


Then using equation (1.11) 

_ mr 2 _ 0.1 x 0,594 x 10 6 
2 ~ C 2 ~ 573 

i.e. Exit area = 103.7 mm 2 


103.7 mm 2 


(ii) Although the process is represented on an h-s diagram as 1-R in 
Fig. 10.18, nevertheless the h-s chart cannot be used to find /i R , since the 
chain-dotted line representing 3 bar. produced from the superheat region, cannot 
be located easily on the chart. The enthalpy drop </i, - /t R ) and hence the 
velocity. C R . can be found using equation (10.18), 

ci 

2 k — I 


i.e. -= = 


(PiP» ~ Pz v u) 


From tables at 7 bar and 200 C.r, *0.3001 m 5 /kg. Then, since p x v\ 
we have 


j-fer-Gr— 


i.e. r R - 1.919 x 0.3001 - 0.576 rn \/kg 
Then substituting 

Ci 1.3 X 10* 

2 0.3 


{(7 x 0.3001) — (3 x 0.576)} — 


1.3 x 10* x 0.3727 
0.3 
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W(— 


x 10 s x 0.3727\ 


0.3 ) 

Then using equation (1.11) 

mi, 0.1 x 0.576 x 10* 


= 568 m/s 




568 


101.4 mm* 


10.7 Stagnation conditions 


Throughout this chapter it has been assumed that the inlet velocity to the nozzle 
is negligible. When this is not the case Ihc concept of stagnation conditions can 
be used. 

Let a gas moving with velocity, C. at a temperature, T, be brought to rest 
adiabatically, finally reaching a temperature T 0 when at rest. Then, applying 
the flow equation, for a perfect gas, we have 

C J 

C,T+y «c,7* 0 


° r t ° =t+ S‘ (io,9) 

The temperature T 0 is called the stagnation temperature of the moving gas 

When a thermometer is inserted in a moving gas stream, the gas around the 
bulb is brought to rest adiabatically and hence the thermometer measures the 
stagnation temperature. In order to measure the ordinary or static temperature, 
T, the thermometer would have to move at the gas velocity. 

The term C 2 /(2c,) in equation (10.19) is sometimes called the temperature 
equivalent of velocity. The error in the absolute temperature by neglecting this 
term is less than 1 % for velocities up to about 75 m/s, for a gas at atmospheric 
temperature. 

The stagnation pressure, p 0 . of a gas stream is defined as the pressure the 
gas would attain if brought to rest iscntropically. 

From equation (3.21) 




( 10 . 20 ) 


Using equation (10.19), we have 



Also, from equation (2.22). c p = >/?/(•/ — 1), hence substituting 



P 



(7-»)C a | 

2y RT J 


titr- 


U 
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From equation (10.10). the velocity of sound in a gas, a, is equal to yJ{yRT), 
hence 

&-{. + (r- | > t M‘-) , j'»-' (1M1) 

where \ta - C/a is the Mach number. 

If the right-hand side of equation (10.21) is expanded by the binomial theorem 
we have 


Po_ , , 7(7 ~ IX A/a> 2 
p (y- I) x 2 

+ 




M<0* 


I.C. 


Po m , . 7(Md) J 
P " 2 8 


When the velocity of the gas is low. and Ma is therefore small (say ,Ma < 0.2), 
then it is a good approximation to write 


P !!= , + 


A C * P 

and Po“P + ~2RT 


7 C* 
2/RT 


c 2 

2RT 


Now the density, p. is the reciprocal of the specific volume. 

p-I-i 

p RT 

pC 2 

i.e. Stagnation pressure. p 0 ~ P + -y- 


( 10 . 22 ) 


The term pC 2 /2 in equation (10.22) is called the velocity head. 

Applying stagnation conditions to flow through a nozzle we have at inlet 

C 3 

y + * L 'J*> 

At any other section of the nozzle where the velocity is C and the temperature 
is T wc have 

C 2 

therefore 

y + <>7, = y + * 'Jo 

Therefore the stagnation temperature remains constant throughout the nozzle 
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for adiabatic flow. (The stagnation pressure remains constant throughout the 
nozzle for isentropic flow, but not for irreversible adiabatic flow, sine* there is 
a pressure loss due 10 friction.) 

The nozzle inlet velocity. C,. can be treated by imagining the nozzle 
extrapolated back from the inlet to a section where the velocity is zero. The 
conditions at this imaginary section arc the stagnation conditions. This is 
illustrated in Fig 10.19. At section 0 the cross-sectional area is infinite. 


Hr. 10.19 Nozzle 
showing total head 
conditions 



The equations derived previously can be used with p 0j and T 0 . substituted 
for p, and T,. Therefore, equation (10.4) can be written 

C = V{2r,<r 0t -7|} 

Also, from equations (10.7) and (10.8) we have 



10.8 Jet propulsion 

Aircraft propulsion may be achieved by using a heat engine to drive an airscrew 
or propeller, or by allow ing a high-energy fluid to expand and leave the aircraft 
in a rearward direction as a high-velocity jet. In the propeller type of aircraft 
engine the propeller takes a large mass flow and gives it a moderate velocity 
backwards relative to the aircruft. In the jet engine the aircraft induces a 
comparatively small airflow and gives it a high velocity backwards relative to 
the aircraft. In both eases the rale of change of momentum of the air piovides 
a reactive forward thrust which propels the aircraft. 

The propeller-type engine can be driven by a petrol engine or by a gas turbine 
unit. 

If the velocity of the jet (from propeller or jet engine), backwards relative to 
the aircraft, is C,. and the velocity of the aircraft is C ,. then the atmospheric 
air. initially at rest, is given a velocity of tC, — C„). This is illustrated in 
Fig. 10.20. Assuming for the moment that the jet leaves the aircraft in the ease of 
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Fig. 10.20 Row 
through a turbojet and 
a turboprop 



Turbojet 





Aircraft velocity. C, 



Aircraft velocity. C, 


the jet engine at atmospheric pressure, then there is no thrust due to pressure 
forces. The thrust available for propulsion is solely due to the rale of change 
of momentum of the stream. 


i.e. Thrust per unit mass flow rate - C, - C, (10.23) 

The propulstve power is then given by 


Thrust power per unit mass flow rale ** C,(C, - C,) 


(10.24) 


This is the rate at which work must be done in order to keep the aircraft moving 
at the constant velocity C, against the frictional resistance or drag. 

The net work output from the engine is given by the increase in kinetic 
energy. (Cf — C 2 )/2. This work output is used in two ways: it provides the 
thrust work as given by equation (10.24), and it gives the air a kinetic energy 
of (C,- Cj 2 /2. i.e. the air previously at rest is given an absolute velocity of 

<C, - C.k 


i.e. 


c,c,-c., + ^ = c,c,-c; + ^-^ 


i.e. Work output from engine 


g? - cj 

2 


(10.25) 


The propulsive efficiency, nr> is defined as the thrust work divided by the rate 
at which work is done on the air in the aircraft. Therefore from equations 
(10.24) and (10.25) we have 


Hr 


2C.(Cj - CJ 
Cf - Cl 


therefore 


nr 


2C, 

c, + c. 


(10.26) 


It can be seen from equation (10.26) that as the aircraft velocity, C,, increases 
then the propulsive efficiency increases. For a propeller-driven aircraft the change 
of nr » greater initially, but at speeds at which the propeller tip approaches 
sonic velocity the efficiency of the propeller falls off rapidly, and equation (10.26) 
is no longer applicable. Curves of the form shown in Fig. 10.21 are obtained. 
It can be seen that for aircraft speeds up to about 850 km/h the propeller is 
the more efficient means of propulsion, but for speeds above this the jet engine 
is superior. 

The simplest form of jet engine is the ramjet. In the ramjet the air is compressed 
by the conversion of the kinetic energy of the atmospheric air relative to the 
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Fig. 10.21 Propulsion 
efficiency against 
aircraft \clocity 



aircraft; this is known as the ram effect. Fuel is then burned in the compressed 
air stream at approximately constant pressure, and the hot gases arc allowed 
to expand through a nozzle, reaching a high velocity backwards relative to the 
aircraft. The ramjet is shown diagrammatically in Fig. 10.22(a). and the cycle 
is represented on a T-s diagram in Fig. 10.22(b). 


Fig. 10.22 Ramjet with 
processes on a T-s 
diagram 




If the ramjet velocity is C t . then the air enters the dilTuser with a kinetic 
energy of C\!2 per unit mass of air. The velocity after diffusion can be allowed 
for by using the stagnation temperature after diffusion, as follows: 

Using the flow equation and assuming isentropic flow 
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therefore 

C 2 / Cl \ 

c ’ T '+i mc { T ' + *,r c ' T ' 

ie. ^-c,(\-T,) 

or x>,-T,-£ (10.27) 

Then, using equation (10.20) 

T, \pj 

The total pressure is the pressure the air attains when the diffusion process 
is isentropic. When the process is irreversible, although still approximately 
adiabatic, then the total pressure attained is p 0 ., which is less than p 0l , as seen 
from Fig. 10.22(b). Since the kinetic energy available. Cl 2, is the same whether 
or not the process is reversible, then the temperature change remains the same 
(i.e. T 0l = 

i.e. T 0: -T, = ^ (10.28) 


Then the intake isentropic efficiency is defined as follows: 


Intake efficiency 


ILzl 


(10.29) 


An aircraft powered entirely by ramjet would require an auxiliary power 
supply for starting in order to attain the velocity necessary to give a large 
enough ram compression. 


10.9 The turbojet 

In a jet engine or turbojet the kinetic energy of the incoming air can be used 
to obtain a ram compression in the intake duct, thus raising the overall efficiency 
of the unit The layout of the unit has been considered briefly in section 9.1. In 
aircraft gas turbine work it becomes important to use stagnation conditions, 
since velocity changes through the unit are no longer negligible. Also, in general, 
temperature-measuring instruments sucii as thermocouples, measure stagnation 
temperature and not static temperature Using stagnation conditions, the 
isentropic efficiencies of the compressor and turbine can be redefined, and an 
intake and jet pipe efficiency can be introduced. 
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Fig. 10.23 Processes 
for a typical jet engine 
on a T-s diagram 



Referring to Fig. 10.23 for a typical jet engine, we have 


Iscntropic efficiency of intake duct ——- 

\ - T 0 

(10.30) 

Iscntropic efficiency of compressor “ 

To, — T 0 . 

(10.31) 

j _ y 

Iscntropic efficiency of turbine = -- 

To. ~ 

(10.32) 

, . ^ • T 0 - r. 

Jet pipe efficiency = — - -- 

Tr 1 — T<. 

(10.33) 


For adiabatic flow, the total temperature remains constant, and therefore 
T 0 = T 0{ , and T 0t = T 0i , for the intake duct and the jet pipe respectively. Note 
that Fig. 10.23 is a diagram of static temperature against entropy. 

In a practical unit there is a loss of pressure in the combustion chamber 
from 2 to 3. 


Pressure thrust 

It has been assumed in the foregoing analysis that the gases expand down to 
atmospheric pressure in the jet nozzle. In practice, particularly in the case of a 
convergent nozzle, the back pressure will normally be lower than the pressure 
of the gases at the nozzle outlet: this phenomenon is called undcrcxpansion 
and is fully explained in section 10.4. 

Due to the difference in pressure between the nozzle exit and the atmosphere 
in which the aircraft is flying there will be an additional thrust, called the 
pressure thrust. Also, in the case of a supersonic aircraft, the pressure at the 
air intake is higher than the atmospheric prevsure because of compression 
through the shock wave formed; this causes a reduction in the net thrust 
calculated purely from momentum considerations. 

Consider an aircraft like the turbojet m Fig. 10.24 with an air intake of area 
A lt inlet air pressure p,, and a nozzle exit area A 2 , exit pressure let the 
atmospheric pressure be p,. For a control volume round the working fluid in 
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Fig. 10.24 Plan view of the aircraft engine we have, using Newton’s second law: 
aircraft and aircraft _ . . , , , 

silhouette F + Pi A, — p 2 A 2 = rate of change of momentum of working fluid 

in the direction of motion of the fluid 

where F is the net force due to hydrostatic pressure and friction exerted by the 
inside of the aircraft on the working fluid in the direction of its motion, 

i.c. F + p t A, - p 2 A 2 - ift(Cj - C.) 

therefore 

F = m(C,-CJ- p,A t + p 2 A 2 

There is an equal and opposite force. R. exerted by the working fluid on the 
inside of the aircraft engine. 

i.e. R — r#i(C| — C.) — Pj /4, + p 2 A 2 

in the direction of motion of the aircraft. 

Consider now the forces acting on the aircraft. There is the force R, there is 
the total drag D. due to the air resistance, and there is a pressure force due to 
the atmospheric pressure acting on the projected area in the direction of flight. 
It may be easier to understand this force if the aircraft is imagined to be fixed 
to a test bed such that there is no flow of air over it. In flight there is considerable 
pressure variation over the aircraft surfaces, which is the cause of the lift and 
drag forces: the total drag force. D, incorporates all such effects and also includes 
form drag due to the vortices formed. 

Assuming that the aircraft silhouette area in the direction of flight is A (sec 
Fig. 10.24). then the net pressure force in the direction of flight is given by 

P.M - A 2 ) - p.M - ^) = pJA t - A 2 ) 

Since the aircraft is flying at constant velocity the net force acting is zero, 
i.e. R-D + p M {A t - .4.1 = 0 
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Example 10.6 


Solution 


Fig. 10.25 Cycle on a 
T-i diagram for 
Example 10.6 


Therefore ihe toial ihrusi required lo overcome the total drag force is given by 
Total thrust = D = R + p,{A l - A 2 ) 

- m(C, - C.) - p x A, + p 2 A 2 + p.M, - A 2 ) 

therefore 

Total thrust - m(C, - C.) + A 2 {p 2 - p.) - A x [p x - pj 

For subsonic aircraft the last term is zero, since in that case p, » p„ 

i.e. Total thrust *= m(C, — C,) + A 2 lp 2 — p,) (10.34) 

(momentum (pressure 
thrust) thrust) 


A turbojet aircraft is flying at 800 km/h at 10700 m where the pressure and 
temperature of the atmosphere arc 0.24 bar and -50 C C respectively. The 
compressor pressure ratio is 10 /1 and the maximum cycle temperature is 
820 C. Calculate the thrust developed and the specific fuel consumption, 
using the following information: entry duct efficiency 0.9; isentropic efficiency 
of compressor 0.9; stagnation pressure loss in the combustion chamber 
0.14 bar; calorific value of fuel 43 300kJ/kg; combustion efficiency 98%; 
isentropic efficiency of turbine 0.92; mechanical efficiency of drive 98%; jet 
pipe efficiency 0.92; nozzle outlet area 0.08 m 2 ; c r and y for the compression 
process 1.005 kJ/kg K and 1.4; c, and y for the combustion and expansion 
processes 1.15 kJ. kg K and 1.333; assume that the nozzle is convergent. 

The cycle is shown on a T-s diagram in Fig. 10.25. The exhaust condition of 
the gases leaving the nozzle is not known until it is ascertained whether or not 
the nozzle is choked. 



Kinetic energy of air at inlet 



x (222.2) J N m/kg 


= 24.7 kJ/kg 
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Therefore 


To, 


Tn — 


24.7 24.7 


1.005 


24.6 K 


therefore 

T 0 , - (-50 + 273) + 24.6 - 247.6 K 
Now from equation (10.30). 

Intake efficiency - 5“—- 0.9 


To, - T 0 


therefore 


i.e. 


T 0 „ - To - 0.9 x 24.6 - 22.1 K 
To,.-(-50+ 273)+ 22.1 = 245.1 K 


therefore 

Po, « 1.393 x 0.24 = 0.334 bar 
For the compressor, we have 

T. I n-. \*7-l»r» 

^ ^ ) - 10 O 4/l 4 = 1.931 

To, \Ai./ 

therefore 

r 0j< - 1.932 x 247.6 
i.e. T 0u - 478 K 

Then using equation (10.31) 


Isentropic efficiency = ^^ 

To. — T 0 


0.9 


o. 


therefore 


478 - 247.6 

To,_ T °' 09 256 K 

i.e. r„, - 247.6 + 256 - 503.6 K 
Also - 10 x po - 10 x 0.334 = 3.34 bar 


Hence 


i.e. 


Po t = p 0j — (loss of total pressure in combustion) 
Po, = 3.34 - 0.14 = 3.2 bar 
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Now the turbine develops just enough work to drive the compressor and 
overcome mechanical losses. 


i.e. 


r,.l7o, - \) 


ft, > 

0.98 


Note that the work output from the turbine and the work input to the compressor 
arc given by the product of c r and the difference in total temperature, when 
the flow in each is adiabatic, e g. for the turbine, using the flow equation we have 

C* C* 

**Tj + y+ll , -<*7-4 + y 


therefore 


-H'-c.(T 0 l -r 0 .| 


Therefore 


_ 1.005(503.6- 247.6) 

ic. — To. --r:-- 


°’ /0, 1.15 x 0.98 

i.e. T 0 , - (820 + 273) - 228.3 - 864.7 K 
Then using equation (10.32). 


228.3 K 


Isentropic efficiency = 


\-To. 

To, - T 0 


0.92 


therefore 


228.3 

T °' ~ T °~ = 092 ” 248 ’ K 
i.e. = (820 + 273) — 248.2 - 844.9 K 

Then A, 

Po. \TJ \844.9/ 


2.803 


therefore 


Po. = 


3.24 

2.803 


1.156 bar 


For choked flow in the nozzle the critical pressure ratio is given by equation 
(10.7k 


i.e. 

therefore 


p. ( 2 y>’" / 2 v 

Po, \y + 1 / = \2.333/ 




-0.54 


p e - 0 54 x 1.156 - 0.624 bar 

Since the atmospheric pressure is 0.24 bar it follows that the nozzle is choking 
and hence the actual velocity ol the gas at exit is sonic. The expansion in the 
nozzle is show n on a 7-s diagram in Fig. 1026. 
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Fig. I0J6 T-s 
diagram for 
Example 10.6 showing 
expansion outside 
nozzle 



The temperature at exit, 7,. is given by equation (10.8) since the velocity at 
exit is sonic, 

i T > - 2 2 

,C T 0 . 7+ 1 1-333 +1 

T , 741.3 K 

1.1665 

Using equation (10.33) 


Jet pipe efficiency = -5s—5- = 0.92 


therefore 


T u = 864.7 


Tn - T, 


(864,7 - 741.3) 
0.92 


= 730.6 K 


From equation (10.20) 

Jb. _ _ /864.7V 333'0.»s 

Ps {Tj \ 730.6/ 


1.963 


therefore 


* " 735 “ 0 589 bar 

Now. from equation (2.22) 

c,(7-l) _ 1.15 x 0333 

7 1-333 

i.e. R = 0.2873 kJ/kg K 

„ RT $ 287.3 x 741J «.. 

Hence r. = —- =- r = 3.616 m /kg 

5 p, 0.589 x I0 5 

Also Jet velocity, Cj = JyRT> = ^ 1.333 x 287.3 x 741.3 = 5318 m/s 


340 



10.9 Tha turbojet 


Then Mass flow = ^ * 0-0$ * 532.8 = j, 7gg k (% 
r, 3.616 

The momentum thrust is given by equation (10.23), 

i.c. Momentum thrust « m(C, - C t ) = 11.788(532.8 - 222.2) 

- 3661 N 

The pressure thrust is given by equation (10.34), 

i.c. Pressure thrust » (p, - p,)A - (0.589 - 0.24) x 0.08 x 10’ 

- 2792 N 

therefore 

Total thrust - 3661 + 2792 = 6453 N 

Also Heat supplied - mc r> ( T 0i -T 0l ) 

= 11.788 x 1.15(1093 - 503.6)- 7990 kJ/s 

If curves of theoretical total temperature rise against fuel-air ratio were 
available for the fuel used, then the fuel consumption could be found in this 
way. In this case it is sufficient to write 

7990 

Heat supplied = m, x calorific value = ^-^-kJ/s 


where ify is the mass of fuel supplied in kg/s. 
7990 


m, = 


43 300 x 0.98 


0.188 kg/s 


i.e. Specific fuel consumption = —— = 0.0291 kg/kN s 

6453 


(Note: because of the low value of fuel -air ratio it is a good approximation to 
assume that the mass flow rate of air is equal to the mass flow rate of gases in 
the turbine and nozzle.) 


At sea-level conditions with the same exit area for the propulsion nozzle, 
the thrust produced will be much higher since the mass flow through the unit 
will be considerably increased. It is possible to have a variable-area noz/lc 
which can be adjusted to give maximum thrust at any given altitude. When a 
convergent-divergent nozzle is used, the jet pipe efficiency is less because of 
the increased friction of the divergent portion, and the jet pipe is bulkier. When 
the pressure ratio across the jet pipe is not large a convergent nozzle is preferred, 
since the pressure thrust obtained due to undcrcxpansion makes up for the loss 
of momentum thrust. When the pressure ratio across the jet pipe becomes large, 
a convergent-divergent nozzle is required to make full use of the energy 
available. The nozzle throat area must be made variable to avoid the losses 
which would occur if the nozzle were undcrcxpanding. 

Another means of obtaining a thrust boost is by using afterburning ; this 
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is thermodynamically equivalent to reheat. Fuel is sprayed into the gases leaving 
the turbine thus increasing the jet velocity leaving the nozzle. A 50% increase 
in thrust can be obtained in this way. but it is very wasteful on fuel. Afterburning 
can be used on starting and as a reserve power source for thrust augmentation 
over short periods. It is usually arranged to keep the same pressure ratio ucross 
the nozzle when afterburning is used. Therefore, since jet velocity changes 
approximately directly with the square root of the exit temperature, but specific 
volume changes directly with the temperature, it follows that the exit area of 
the nozzle must be increased proportionately with the increase of jet velocity, i.e. 

A ■ mv/C l = constant x T/JT * constant x JT = constant x C, 

Thus a variable-area nozzle is necessary when afterburning is used in order to 
keep the mavs flow through the unit constant, and therefore to allow the 
compressor and turbine to operate efficiently. The volume of the afterburner is 
large compared with a normal combustion chamber, since it operates at a lower 
pressure. This additional bulk and weight must be set against the increase in 
thrust available. 


10.10 The turboprop 

In a turboprop aircraft the ram effect of the incoming air relative to the aircraft 
can be used as in the turbojet At exit from the turboprop engine, the gases 
should theoretically have a velocity relative to the aircraft, just high enough to 
carry the exhaust clear of the aircraft. In practice the whole pressure drop 
available is not used by the turbine, and the gases leaving the turbine expand 
in the jet pipe, thus leaving with a velocity relative to the aircraft which is 
higher than the relative velocity of the air entering the engine This provides a 
momentum thrust which complements the thrust from the propeller. For basic 
calculations this additional thrust will be neglected, and it will be assumed that 
the gases leave the turbine at the ambient pressure. However, in order to make 
use of the stagnation isentropic efficiency of the turbine (given by equation 
(10.32)), it is necessary to know the stagnation temperature at turbine exhaust. 
This can be found if the exhaust velocity is known. 


Examplo 10.7 A turboprop aircraft is flying at 650 km/h at an altitude where the ambient 
temperature is -18 C. The compressor pressure ratio is 9/1 and the 
maximum cycle temperature is 850 C. The intake duct efficiency is 0.9, and 
the stagnation isentropic efficiencies of the compressor and turbine arc 0.89 
and 0.93 respectively. Calculate the specific power output and the cycle 
efficiency, hiking a mechanical efficiency of 98% and neglecting the pressure 
loss in the combustion chamber. Assume that the exhaust gases leave the 
aircraft at 650 km/h relative to the aircraft, and take c, and •/ as in 
Example 10.6. 

Solution The cycle is shown on a T-s diagram in Fig. 10.27. 
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Fig. 10.27 Cycle on a 
T-s diagram for 
Example 10.7 



Kinetic energy of the air at inlet 


1 / 650 x UP V 

2 * \ 3600 ) 


180.5 2 


N m/kg 


therefore 


= 16 2 K 


180.5 2 180.5 2 

/p ' ° “ 2c, 2 x 10* x 1.005 

i.e. T 0i = ( -18 + 273) + 16.2 = 271.2 K 
Now from equation (10.30) 

Intake efficiency = ^^ = 0.9 

*o, — 7 0 


therefore 

T Ci> - T 0 = 0.9 x 16.2 = 14.6 K 
i-c. T 0j - 269.6 K 

- s-(*r-(sr-“ 

For the compressor we ha\c 


T 0u = To 


tr 


271.2 x 9 0,4/l 4 - 508 K 


Then using equation 110.31) 


Iscntroptc efficiency 


-5l rr 0.89 

7i. - T 0 , 


therefore 


To, - To, 


508 - 271.2 


266 K 


\ = 271.2 + 266 537.2 K 
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Also Compressor work inpul = c k {T 0i - T 0i ) = 1.005 x 266 

= 267.5 kJ/kg 

Now S*-22ixSi-9x 1.215 = 10.935 
P4 Po, Po 

therefore 


7i 




-IVT 


1123 


10.935°’ ,,,/,-,1J 


■ 617.8 


Then using equation (10.19) 


To. 




617.8+ 14.2 


i.e. T 0 . = 632 K 

Then using equation (10.32) 


Isenlropic efficiency 


BiZJk = 0.93 
\ ~ T„_ 


therefore 


T 0t - To. = 0.93 ( 1123 - 632) = 456.6 K 
Then Turbine work output = c p {T 0t - 7^) = 1.15 x 456.6 

= 525.1 kJ/kg 

therefore 

Net work output = (525.1 - 267.5)0.98 = 252.5 kJ/kg 
i.e. Specific power output = 252.5 kW per kg/s 
Also Heat supplied = c*(T 0 , - \) = 1.15( 1123 - 537.2) 

= 675 kJ/kg 

Then Thermal efficiency = = 0.374 or 37.4% 


For aircraft flying at low speeds the amount of thrust from the jet pipe of a 
turboprop engine is usually very small, but as the aircraft speed is raised it 
becomes an advantage to use a portion of the available energy to obtain thrust 
in a nozzle, since the propulsion efficiency for a jet increases as shown in 
Fig. 10.21 (p. 313). 

It was stated at the beginning of this section that the turbojet is more efficient 
than the turboprop at speeds of about 850 km ^h and above. At lower speeds 

the propulsive efficiency can be increased by using a ducted fan engine. In the 
ducted fan engine a turbine drives a fan which draws air through a duct 
surrounding the engine, and delivers it either to the main gas stream leaving 
the turbine, or to atmosphere where it surrounds the main jet. Some of the 
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energy available is used in driving the fan. but the decreased jet velocity at a 
higher mass flow gives a higher propulsive efficiency and a similar thrust to 
that of the turbojet engine. A ducted fan engine is shown diagrammatically in 
Fig. 10.28. Against the advantage of increased propulsive efficiency must be set 
the disadvantage of increased size and weight due to the ducting required to 
deal with the comparatively large volumes of air. 


Fig. 10.28 Diagram of 
a ducted fan engine 


Air 

inlet 


Turbine 

An alternative to the ducted fan engine is the bypass engine, in which some 
of the air flow is bypassed at an intermediate stage in the compression and 
passed directly to the main jet. In this engine and the ducted fan. fuel may be 
injected into the secondary airstream to give thrust boost over short periods. 

Another important feature of the ducted fan and bypass engines (sometimes 
called turbofan engines) is the great reduction in noise level compared with the 
turbojet engine. This is of great importance for aircraft flying on commercial 
airlines, taking ofT and landing at airports in congested areas. 

In considering the performance of gas turbine units many variables are 
involved. It is usual to express the variables in non-dimensional form. The 
non-dimensional characteristics of the compressor and turbine must then be 
matched (together with the propulsion nozzle, if a jet engine is considered), and 
a set of equilibrium running curves obtained for the unit. A good introductory 
treatment of equilibrium running is given in ref. 10.3. 


Problems 

10.1 Calculate ihc lhroat and exit areas of a nozzle to expand air at the rate of 4.5 kg/s from 
8.3 bar. 327 'C into a space at 1.38 bar. Neglect the inlet velocity and assume isentropic 
flow. 

(3290 mm 1 : 4840 mm 1 ) 

10.2 It is required to produce a stream of helium at the rate of 0.1 kg/s travelling at sonic 
velocity at a temperature of 15 C. .Assuming negligible inlet velocity, isentropic flow. 


Combustion Propulsion 

Fan Compressor chambers nozzle 
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and a back pressure of 1.013 bar. calculate: 

(i) (he required inlet pressure and temperature; 

(ii) the exit area of the nozzle. 

For helium take the molar mass as 4 kg/ k mol. and y = 1.66. 

(2.077 bar; II0°C;593 mm 2 ) 

10.3 Recalculate Problem 10.1 assuming a coefficient of discharge of 0.96 and a nozzle 
efficiency of 0.92. 

(3430mm*; 5310 mm 2 ) 

10.4 A convergent -divergent nozzle expands air at 6.89 bar and 427 ‘C into a space at I bar. 
The throat area of the nozzle is 650 mm* and the exit area is 975 mm 2 . The exit velocity 
is found to be 680 m/s when the inlet velocity is negligible. Assuming that friction in 
the convergent portion is negligible, calculate: 

(i) the mass flow through the nozzle, stating whether the nozzle is underexpanding or 
overexpanding; 

(ii) the noz/Jc efficiency and the coefficient of velocity. 

(0.684 kg/s: underexpanding. p : « 1.39 bar; 0.895, 0.946) 

10.5 Steam enters a conve'gent-divergent nozzle at II bar. dry saturated at a rate of 0.75 kg/s, 
and expands isentropically to 2.7 bar. Neglecting the inlet velocity, and assuming the 
expansion follows a law. - constant, calculate: 

(i) the area of the nozzle throat; 

(ii) the area of the nozzle exit. 

(474 mm 2 ; 646 mm 2 ) 

10.6 Steam at 20 bar and 240 : C expands isentropically to a pressure of 3 bar in a 
convergent-divergent nozzle. Calculate the mass flow per unit exit area: 

(i) assuming equilibrium flow; 

(ii) assuming supersaturated flow. 

For supersaturated flow assume that the process follows the law. pr 1 - 2 - constant. 

(1540 kg/s; 1751 kg/s) 

10.7 A thermometer inserted into an airstream flowing at 33.5 m/s records a temperature of 
15 X: the static pressure in the duct is found to be 1.01 bar. Assuming that the air round 
the thermometer bulb is brought to rest adiahatically, calculate: 

(i) the true static temperature of the air; 

(ii) the stagnation pressure of the air. 

(14.44 °C; 1.017 bar) 

10.6 A turbojet aircraft is travelling at 92$ km/h in atmospheric conditions of 0.45 bar and 
-26 C. The compressor pressure ratio is 8, the air mass flow rate it 45 kg/s, and the 
maximum allowable cycle temperature is 800’C. The compressor, turbine, and jet pipe 
stagnation iscntropic efficiencies are 085. 089. and 0.9 respectively, the mechanical 
efficiency of the drive is 0.98. and the combustion efficiency is 0.99. Assuming a convergent 
propulsion nozzle, a loss of stagnation pressure in the combustion chamber of 0.2 bar. 
and a fuel of calorific value 43 300 kJ kg. calculate: 

(i) the required nozzle exit area; 

(ii) the net thrust developed; 

(iii) the air-fuel ratio; 

(iv) the specific fuel consumption. 

For the gases in the turbine and propulsion nozzle take y = 1.333 and c r = 1.15 kJ/kg K; 
for the combustion process assume an equivalent r ( value of 1.15 kJ/kg K. 

(0.216 m 2 ; 19.94 kN; 70.87; 0.0319 kg/kN s) 
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10.9 In a turboprop engine the compressor pressure is 6 and the maximum cycle temperature 
is 760 C. The stagnation iscntropic efficiencies of the compressor and turbine arc 0.85 
and 088 respectively; the mechanical efficiency is 99%. The aircraft is travelling at 
725 km h at an altitude where the ambient temperature is -7*C. Taking an intake 
duct efficiency of 09. neglecting the pressure loss in the combustion chamber, and 
assuming that the gases in the turbine expand down to atmospheric pressure, leaving 
the aircraft at 725 km h relative to the aircraft, calculate: 

(i) the specific power output; 

(ii) the cycle efficiency. 

Kor the gases in the turbine take •/ • 1.333 and c f *- 1.15 kJ/kg K; for the combustion 
process assume an equivalent c f value of 1.15 kJ/kg K. 

(170.2 kW per kg/s; 284%) 

10.10 Afterburning is used in the aircraft of Problem 10 8 to obtain an increase in thrust. The 
stagnation temperature after the afterburner is 700'C and the pressure loss in the 
afterburning process is 0.07 bar. Calculate the nozzle exit area now required to pass the 
same mass flow rate as in Problem 108, and the new net thrust. 

(0.244 m : ; 22.0 kN) 
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Rotodynamic Machinery 


A rotodynamic machine is one in which a fluid flows freely through an impeller 
or rotor; the transfer of energy between the fluid and the rotor is continuous 
and the change of angular momentum of the fluid causes, or is the result of, a 
torque on the rotor. When energy is transferred from the fluid to the rotor the 
machine is known as a turbine; when energy is transferred to the fluid from 
the rotor the machine is known as a fan. pump, or compressor. Note that rotary 
machines such as the vane type discussed in Chapter 12 are defined as positive 
displacement rather than rotodynamic since the fluid does not flow freely 
through the rotating part of the machine but is displaced from sealed spaces. 

This chapter covers the basic theory of turbines and compressors used in 
steam plant and gas turbine plant The analysis of pumps, fans, and turbines 
using liquids or incompressible gases is not dealt with in this text; the reader 
is referred to books on fluid mechanics such as that by Douglas. Gasiorck and 
Swaffield (ref. 11.1) for the analysis of such rotodynamic machines. Compressors 
and turbines with air, hot gases, or steam, as the working substance can be 
analysed in a generalized way (refs 11.2, 11.3. 11.4), but in this text a more 
pragmatic approach is used; for example, steam and gas turbine plant use 
rotodynamic turbines, but the conditions of use and the working substance arc 
so different that over the years designers have developed separate methods, and 
different design conventions. 


11.1 Rotodynamic machines for steam and gas turbine plant 

A rotodynamic turbine or compressor may be classified in two ways: firstly by 
the direction of flow of the fluid relative to the rotor; secondly by the way in 
which the rate of change of angular momentum of the fluid is achieved. 

The flow of fluid can be either in a direction parallel to the axis of the rotor, 
in a radial direction, or less commonly in a mixed mode. The bulk of this 
chapter is concerned with axial-flow machines which are used most often in 
practice; the most commonly used radial machine is the centrifugal compressor 
considered in section 11.9; mixed mode machines are found mostly in pump 
applications and are not considered in this text. 
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Impulse turbine 

The ntost ha«c lurbine lakes a high-pressure. high-enthalpy fluid, expands it 
in a fixed nozzle, and then uses the rale of change of angular momentum of 
ihe fluid in a rotating passage to provide the torque on the rotor. Such a 
machine is called an impulse turbine A simple example of an impulse turbine 
is shown in Figs 11.1(a) and (b) Since the fluid flows through the wheel at a 


Hr. Il.l Simple 
impulse turbine (a) 
showing ctmi-vcction 
through blades and 
noulcs lb) 




Ibl View on A A 





Fig. IIJ Tangential 
flow on to a moving blade 


fixed mean radius, then the change of linear momentum tangential to Ihe wheel 
gives a tangential force that causes the wheel to rotate. Assume initially that 
the fluid is able to enter and leave the wheel passages in the tangential direction 
with an absolute velocity at inlet. C„. and an absolute velocity at exit, C,„ as 
shown in Fi* 11.2; the blade velocity is denoted by C % . The rate of increase 
of fluid momentum in the tangential direction from left to right in Fig. 11.2 
gives the tangential force acting on the fluid. 


ix. Force on the fluid from left to nght - m( -C„ - C„) 


(assuming a constant mass flow rate, *). 


An equal and opposite force. F. must act on the blades, 
ix. F = »*(C.j + C„| from left to right 


349 







Rotodynamic Machinery 


(C M - CJ 



Fig. 113 Relative 
velocities for a moving 
blade 


The lorque acting on the wheel is then given by 
7 » mR(Cgi + C M ) 

where R is the radius of the wheel, and the rate at which work is done for a 
rotational speed of N is 

W =» 2nNT - 2nNmR(C„ + C.,) 

" "tcjr., + c„) 

where C„ is the blade tangential speed = 2nNR. 

Referring to Fig. 11.3. the velocity of the fluid relative to the blade at inlet 
is (C,, - C b ) and the velocity of the fluid relative to the blades at outlet in the 
direction of the blade movement is (-C, f - C b |. (Note: the relative velocity 
can be obtained by imagining slopping the blade by applying an equal and 
opposite velocity. C b . from right to left at inlet and at outlet.) 

In the absence of friction the relative velocity at inlet is equal in magnitude 
to the relative velocity at outlet. 

i.e. C ti - C b = — (— C„ — C b ) 

C.. = C,i - 2C b 

Substituting for in the previous equation for \V. we have 
W = mC h {C» + C. t - 2C b ) 

= 2mC b (C., - C b > 

This result could have been derived directly by considering the rate of change 
of momentum of the fluid relative to the blades. Since, in the absence of friction, 
the relative velocity changes from (C, ( — C b ) at inlet to - (C,* — C b ) at outlet, 
the rate of increase of momentum is -2m(C,, - C b ). 


Reaction turbine 

The first known turbine of this type is atlnbutcd to Hero of Alexandria about 
the first century ad. A turbine built on Hero’s principle was demonstrated by 
Gustaf dc Laval in 1883. Figure 11.4 shows the reaction type; the radial tubes, 
which arc connected to the supply tube, arc free to rotate about a vertical axis. 
The end of each tube is shaped as a nozzle and the steam from the supply tube 
expands through the nozzles to atmosphere in a tangential direction. There is 
an increase of velocity of the steam, and the rate of increase of momentum is 
provided by a force on the steam from the nozzle walls in the direction of the 
steam flow; an equal and opposite force acts on the nozzle walls causing the 
tubes to spin round in a direction opposite to the steam flow. De Laval's turbine 
was an achievement of its time and showed the possibility of high shaft speeds 
using steam, but it is now only of historical interest. 

The reaction principle is used in modern turbines and compressors although 
in a very different way to that shown above. In modem reaction turbines half 
the expansion or compression occurs in fixed passages and the remainder of 
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Fig. 11.4 Simple 
reaction turbine 


Steam m!el 



the expansion or compression in moving passages. An expansion in the moving 
passages of a turbine causes the velocity of the fluid relative to the passages to 
increase, giving a reactive force on the blade walls. This type of blading is called 
50% reaction, or Parsons blading after C A Parsons who built the first 
commercial steam turbine in 1885 using this principle. 


Choice of rotodynamic machine 

Because of the principle of using the rate of change of momentum of a flowing 
fluid to obtain a torque on a rotor, a rotodynamic machine has a high rotational 
speed. The rotating wheel and blades are subject to high stresses due to the 
centripetal accelerations involved and there is thus a limit to the energy that 
can be utilized in a single row of blades. Most rotodynamic machines are 
therefore multistage in operation. 

There is a considerable difference in the pressure range of a typical steam 
turbine compared with that of a gas turbine. A steam turbine expands down 
to a condenser pressure governed by the temperature of the cooling water 
available (say about 0.035 bar), and the supply pressure may be as high as 
170 bar giving overall pressure ratios of the order of 4500:1; even with a much 
lower supply pressure of about 40 bar the pressure ratio is still over 1000:1. 
The gas turbine, on the other hand, has an overall pressure range of the order 
of 10:1 with a supply pressure at ground level of about 10 bar. 

It is common steam turbine practice to use one or more impulse stages at 
the HP end of the turbine so that the steam pressure is reduced rapidly over 
the first few stages: this prevents the high leakage losses that would otherwise 
occur due to the large pressure differences if reaction-type blading were used. 
Reaction blading is then used for the I.P end of the turbine. It is rarely necessary 
to use an impulse stage for a gas turbine since the supply pressure is relatively 
low. Axial-flow compressors in a gas turbine plant have the same order of 
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pressure ratio as the turbine and hence the blading is also of the 50% reaction 
type. 

Early gas turbine-driven aircraft used centrifugal compressors with pressure 
ratios of about 2:1, usually with tw o compressors in series. As maximum cycle 
temperatures increased it became necessary to introduce axial-flow compressors 
to obtain the required higher pressure ratios. Further research into the 
aerodynamics of centrifugal compressors and into blade materials has led more 
recently to centrifugal compressors using aluminium alloys with pressure ratios 
of about 4:1; using titanium alloys pressure ratios greater than 8:1 have been 
achieved. Axial compressors are still the better option for units developing high 
power because of the higher pressure ratios and the greater mass flow rates 
possible for a given flow area. 


11.2 The impulse steam turbine 

In this section it will be assumed that steam is the working substance since, for 
reasons given in section 11.1. most steam turbine plant use impulse steam 
turbines, whereas gas turbine plant seldom do. The general principles are the 
same whether steam or gas is the working substance. 

The steam supplied to a single wheel impulse turbine expands completely in 
the no/zles and leaves with a high absolute velocity. This is the absolute inlet 
velocity to the blades as shown in Fig. 11.5(a). The steam is delivered to the 
wheel at an angle a,. The selection of the angle a, is one of compromise since 
an increase in x, reduces the value of the useful component, C Jt cos and 
increases the value of the axial, or flow, component. C ti sin a,. The absolute 
velocity. C,;, can be considered as the resultant of the blade velocity. C b , and 
the velocity of the steam relative to the blade at inlet. C„. The two points of 
particular interest are those at the inlet and exit of the blades. The velocities 
of these points arc as shown in Fig 11.5(b) as C„ and C„ respectively, and the 
directions are defined by the angles fa and fa as shown. If the steam is to enter 
and leave the blades smoothly without shock, then fa is the angle of the blades 
at inlet, and p t the angle of the blades at exit. The velocity triangle for the inlet 
conditions is drawn in Fig. 11.6(a) from the information of Fig. 11.5. The steam 
leaves the blade with a velocity. C„, relative to the blade, and at the blade exit 
angle of fa. The absolute velocity at exit C„ is determined from the velocity 
triangle of Fig. 11.6(b). and its direction is v Since both triangles have the 
common side OA = C fc . the triangles can be combined to give a single diagram 
as shown in Fig. 11.6(c). 


Fig. 11.5 Absolute and 
relative velocities for a 
simple impulse turbine 
blade 
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Fif. 11.6 Inlet (a) and 
outlet (b) blade velocity 
diagrams for an impulse 
turbine and a composite 
diagram (c) 




If the blade is symmetrical then P t = /? e , and if the friction effects of the blade 
on the steam are zero, then C„ = C ti . It is usual, however, that the velocity of 
the steam relative to the blade is reduced by friction, and this is expressed by 

C,. = *C ri (11.1) 

where k is a blade velocity coefficient. 

The velocities of flow across the blade at inlet and exit arc given by C fJ and 
C fc (i.c. EB and DC respectively in Fig. 11.6(c)). There may be a difference 
between these values which means that there is a change in velocity in the axial 
direction and an associated axial thrust. The horizontal components of the 
absolute velocities at inlet and exit arc called the whirl velocities, C ml and C w „ 
as shown in Fig. 11.6(c). 

From Newton's second law the tangential force acting on the jet is given by 
F = m x (change of velocity in the tangential direction). 

The tangential velocity of the steam relative to the blade at inlet is given by 

AE - C n cos /?, 

The tangential velocity of the steam relative to the blade at exit is given by 
AD - - C n cos ft. 

Therefore 

Change in velocity in tangential direction 
= -C„ cos p, — C„ cos p t 
= -( C n cos p, + C lt cosp t ) 

therefore 

Tangential force = — m(C„ cos P t + C„ cos P,) 
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The reaction to this force provides the driving thrust on the wheel, 

i.e. Driving force on wheel = m(C„ cos /), + C,, cos /),) 

Referring to the combined diagram of Fig. 11.6(c), 

(C„ cos ft, + C„ cos 0,) = AD + AE = DE = AC. 

where AC. is the change in the velocity of whirl - C«, - ( - C.,) - C., + C. # . 
Therefore 

Driving force on wheel - rfiAC. (11.2) 

The rate at which work is done on the wheel is given by the product of the 
driving force and the blade velocity. Therefore, using equation (11.2) 

Power output - mC„AC. (11.3) 

It is usual to construct the blade velocity diagram to scale and to determine 
the value of AC. from it by measurement. Referring to Fig. 11.6(c) it can be 
seen that the above result can also be obtained by considering the changes in 
absolute velocity of the steam between inlet and exit. 

A part of this diagram is repeated in Fig. 11.7(a) as defined by the lines OB 
and OC The change in absolute velocity of the jet is given by BC and the 
resultant force on the jet is equal to m x BC. The reaction to this is the force 
on the wheel (i.e. m x CB). This force can be expressed as its components 
m x CF and m x FB as in Fig. 11.7(b). From Fig. 11.6(c), FB = DE = AC. 
and m x FB is the tangential driving force as determined previously. The axial 
component of the force, m x CF. is the axial thrust on the wheel, which must 

be taken up by the bearings in which the shaft is mounted. From Fig. 11.6(c) 
it can be seen that CF = EB — DC = C f , — C, t = AC f , 

i.e. Axial thrust = mAC f (11.4) 


Fig. 11.7 Absolute 
velocities at inlet and 
exit and the forces 
produced 



If the enthalpy of the steam at entry to the nozzle is h 0 . and at the nozzle 
exit is h„ then the maximum velocity of the steam impinging on the blades is 
given by equation (10.4) as 

(H.5) 

(assuming negligible velocity at inlet to the nozzles). 

The energy supplied to the blades is the kinetic energy of the jet, C 2 J 2. and 
the blading efficiency or diagram efficiency is defined by 

. rate of doing work per unit mass of steam 

Diagram efficiency. = -—--;--- 

energy supplied per unit mass of steam 
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Example 11.1 


The numerator is obtained from equation (11.3) as C b AC. per unit mass flow 
rate of steam, therefore, 

= (116) 

For purpose of analysis. AC. can be expressed as 

AC. • C n cos fa + C r , cos fit (11.7) 

Also, if the blade velocity coefficient, k » 1 (i.e. C„ * C„), and if the blades arc 
symmetrical (i.e. then we have 

AC. = 2C„cos/l, 

But C„ cos 0, = C„ cos a, - C b (see Fig. 11.6(a)) 

Hence 

AC.-2(C.,cosa,-C b ) 

and Rate of doing work per unit mass = 2(C„ cos a, - C b )C b (11.8) 
Therefore 


rj 4 = 2(C ai cos a, -C b )C b x 



4(C., cos 2 j - C b )C b 


C 


2 

Si 


i.e. Diagram efficiency 



(11.9) 


where C b /C„ is called the blade speed ratio. 

The simple impulse turbine is called the de Laval turbine, since it was invented 
by Dr Gustaf dc Laval and patented by him in 1888. The first turbine produced 
by de Laval was a 11 kW marine turbine in 1892; this turbine ran at 
16000 rev/min with an output shaft speed of 330rev/min using a double 
reduction in a double helical gear It is a tribute to de Laval that so much of 
his work is cither current practice or has received little modification up to the 
present day. He pioneered the use of high pressures and high speeds for steam 
turbines. His mechanical design from the point of view of blading shape and 
blade attachment compare with the best in modern practice. He also developed 
a form of double helical reduction gearing which is similar to that used in ships 
of modern construction. 


The velocity of steam leaving the nozzles of an impulse turbine is 900 m/s 
and the nozzle angle is 20 s . The blade velocity is 300 m/s and the blade 
velocity coefficient is 0.7. Calculate for a mass flow of 1 kg/s, and symmetrical 
blading: 

(i) the blade inlet angle; 

(ii) the driving force on the wheel; 
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(iii) (he axial thrust; 

(iv) the diagram power; 

(v) the diagram efficiency. 

Solution The information given is indicated on Fig. 11.8, and the required quantities can 
be obtained either by construction or by calculation. In many eases calculation 
becomes tedious and long, and a graphical construction is recommended for 
all but the simplest problems. 

(i) The blade inlet angle can be measured directly from Fig. 11.8 if this figure 
is drawn to scale, but the angle will be found by an analytical method to illustrate 
the procedure. 


Fig. 11.8 Blade 
velocity diagram for 
Example 11.1 


20 



C„ - 307.6 m/s 


Applying the cosine rule to triangle OAB 
Cfi = Cfi + C£ — 2C h C» t cos a, 

= 900 : + 300 : - (2 x 300 x 900 x cos 20 c ) = 39.25 x I0 4 

therefore 


C„ = 626.5 m/s 

Then using the sine rule in triangle OAB, 

Cl _ c rt 
sin OAB sin a, 

also sin OAB = sin(180 — fi t ) = sin /f, 
therefore 


sin /}, 


C., sin a, 900 x sin 20' 


C. 

i e. A - 29*24' - 0. 
(ii) Using equation (11.1) 


626.5 


0.491 


C„ - kC fl - 626.5 x 0.7 - 438.5 m/s 

AD - C f4 cos 0, - 626.5 cos 29 v 24' - 545.8 m/s 

AE - C f , cos *= 438.5 cos 29 i 24' - 381.9 m/s 


therefore 


AC. = 545.® ; 331.9 = 927.7 m/s 
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From equation (11.2) 

Driving force on wheel = mAC. = 1 x 927.7 - 927.7 N per kg/s 

(iii) C„ = C rt sin ff t - 626.5 sin 29 c 24' * 307.6 m/s 

C„ - C„ sin P, - 438.5 sin 29° 24' - 215.3 m/s 
therefore 

AC f = 307.6 — 215.3 = 92.3 m/s 
Then from equation (11.4) 

Axial thrust - mAC, = 1 x 913 = 92.3 N per kg/s 

(iv) From equation (11.3) 

Diagram power per unit mass flow rate = C b AC. 

1 x 927.7 x 300 

= * K VV 

io 3 

= 278.3 kW 


(v) From equation (11.6) 


Diagram efficiency, rj a 


_ C b AC. 

ci 


2 x 927.7 x 300 
900 2 


= 0.687 or 68.7% 


Optimum operating conditions from the blade velocity 
diagrams 


From equation (11.8) the rate of doing work on the blade wheel per unit mass 
flow rate of steam is given by 2C b (C., cos a, - C b ). For a given steam velocity 
C„ and a given blade velocity C b , it can be seen that the rate of doing work 
is a maximum when cosa,= 1 (i.e. when a, » 0). For this value of a, the 
axial-flow component would be zero. It is essential to have an axial-flow 
component to allow the steam to reach the blades and to clear the blades on 
leaving. As a, is increased the rate of working on the blades is reduced, 
but the blade annulus area required for a given mass flow is also reduced since 
the axial-flow component of the velocity is increased. Further, the surface area 
of the blades will be reduced at higher values of a,, and this means friction 
losses will be less. A selection of a, must be made based on these conflicting 
requirements, and the usual values of a, lie between 15" and 30°. For a fixed 
value of a, the optimum blade speed ratio for maximum diagram efficiency can 
be obtained by differentiating equation (11.9) and putting the result equal to 
zero. 


i.e. 


Diagram efficiency, »/ d 


4 — (cos a 

C.A 
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therefore 


d(fc) 

m 


4 cos a, — 8 — — 0 


therefore 


£b cos*. 

C., 2 


i.e. 


. .. _ . 4cosa,/ cosa,\ 

Maximum diagram efficiency - —-—I cos a,-— I 


- cos 3 a, 


( 11 . 10 ) 


( 1111 ) 


The rate of doing work corresponding to the maximum diagram efficiency is 
then given by substituting in equation (11.8), i.e. 

Power output per unit mass flow rate at maximum diagram efficiency 

= 2 C 3 (11.12) 



Fig. 11.9 Diagram 

efficiency against blade 
speed ratio for a 
single-stage impulse 
turbine 


The variation in tj a with C*/C„ is shown in Fig. 11.9. 

The single-stage impulse steam turbine is used only as a small power machine. 
The steam velocities may be as high as 1070 m/s, and for a, — 20° the optimum 
blade speed ratio would be about 0.47, giving the maximum blade speed as 
500 m/s. In practice the blade speed is limited to about 420 m/s. This value of 
velocity used in small machines would give high speeds of rotation of the order 
of 30000 rev/min. Smaller-diameter rotors mean a more economic construction, 
but high rotational speeds mean high stresses. Further, the high turbine speeds 
are too high for direct use. and a reduction gear is required to give output 
speeds which are in the useful range. 

The expansion of steam in the simple impulse turbine is carried out in a 
single stage, so the steam velocity at inlet to the wheel is high. There is no drop 
in pressure in the wheel casing. The blade velocity must be limited for mechanical 
reasons of strength and operating speed. From these considerations, and an 
inspection of the velocity diagrams, it is evident that the steam leaves the blade 
wheel with a high velocity. This constitutes a loss in the work available on the 
wheel, although a moderate velocity must be accepted in order to take the 
steam to the condenser. This leaving loss may amount to 11 % of the input 
energy. The leaving velocity in the velocity diagram of Fig. 11.6(c) is C,„ and 
the leaving loss is given by C\JZ 

Methods of improving the efficiency of the simple impulse turbine, known 
as compounding, will be considered in the following section. 


11.3 Pressure and velocity compounded impulse steam 
turbines 
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Pressure compounding (the Rateau turbine) 

The pressure drop available to the turbine is used in a series of small increments, 
each increment being associated with one stage of the turbine. The physical 



11.3 Pressure end velocity compounded impulse steam turbines 


Fig. 11.10 

Pressure-compounded 
impulse turbine showing 
pressure and velocity 
variations 




arrangement is shown in Fig. 11.10. The nozzles are carried in diaphragms 
which separate each stage from the next. The steam pressure in the space between 
each pair of diaphragms is constant, but there is a pressure drop across each 
diaphragm as required by the nozzles. Precaution must be taken to prevent 
leakage of the steam from one section to the next at the shaft and outer casing. 
The steam speeds, and hence the blade speeds, are low if the number of stages 
is high. In Fig. 11.10 the variations in pressure and velocity through the turbine 
are shown, the final pressure being that of the condenser, and the final velocity 
that required for the steam to leave the turbine. In Fig. 11.10 only one set of 
wheels is shown, but these may be followed by another set with a larger mean 
radius. Each of the stages can be analysed by the method used previously for 
the single stage. A turbine with a series of simple impulse stages is called a 
Rateau turbine. 


Velocity compounding (the Curtis turbine) 

From previous considerations it is seen that in the simple impulse stage the 
optimum condition of blade speed is hardly practicable, and with the speeds 
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Fig. 11.11 Two-row 
velocity-compounded 
impulse turbine showing 
pressure and velocity 
variations 


actually used only a small amount of the kinetic energy of the steam can be 
utilized. The velocity compounded stage, called the Curtis stage after its designer, 
is used to employ lower blade speeds and a higher utilization of the kinetic 
energy of the steam. This design was patented by an American, C G Curtis, in 
1895. but there were turbines of this type being used by the dc Laval company 
some years previously. 

In this type all the expansion takes place in a single set of nozzles, and the 
steam then passes through a scries of blades attached to a single wheel or rotor. 
Since the blades move in the same direction it is necessary to change the direction 
of the steam between one set of moving blades and the next. For this purpose 
a stationary ring of blades is fitted between each pair of moving blades. A 
two-row wheel version of this turbine is shown in Fig. 11.11. The steam velocity 
is high, but the blade velocity is less than that for the single row turbine. The 
kinetic energy of the jet is thus utilized in the multiple stages. The inlet velocity 
to the fixed blades is the absolute exit velocity from the first row of moving 
blades. The absolute inlet velocity to the second row of moving blades is the 
exit velocity from the fixed blades. The velocity diagrams are shown in Fig. 11.12. 

Work done in the first row = mC b AC. ( 

Work done in the second row = mC b AC. l 
therefore 

Total work done on the wheel = mC b (AC. t + AC.,) (11.13) 

If the moving and stationary* blades are symmetrical and the relative velocities 
are unchanged on passing over a blade, then by the procedure used for the 
single-row impulse turbine it can be shown that the diagram efficiency is a 
maximum when 


c„ 


cos x, 


(11.14) 


and for this condition the absolute velocity at exit is in the axial direction. The 
maximum diagram efficiency is then 

n d = cos 1 *,, (11.15) 

The corresponding rate at which work is done is given by 

Rate of doing work per unit mass flow rate ® 8C b (11.16) 


Comparing equations (11.16) and (11.12) it can be seen that the enthalpy 
drop used in the two-row stage is four times that of the single-row stage. The* 
variation of m with C b /C Wi is shown in Fig 11.13. 

The stage efficiency of a turbine is defined in section 11.7 by equation (11.33), 
and is a measure of the useful enthalpy drop for a given available enthalpy 
drop. The single-row. two-row. and three-row velocity compounded wheels 
show maximum stage efficiencies of approximately 0.8.0.67 and 0.52 respectively, 
at blade-speed ratios of 0.46. 0.23. and 0.13 respectively. Hence the steam 
consumption increases with the increase in the number of rows of blades. The 
three-row wheel is used usually for small turbines employed on auxiliary work. 
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Fig. 11.12 Velocity 

diagrams for a two-row 
velocity-compounded 
impulse turbine 



Fig. 11.13 Diagram 
efficiency against blade 
speed ratio for a 
two-row 

velocity-compounded 
impulse turbine 



The Curtis stage permits a large expansion of the steam in a machine of compact 
dimensions. 

For maximum economy in a two-row impulse turbine, the blade-speed ratio 
is about 0.23. w hich means blade velocities of about 275 m/s. In order to reduce 
the blade velocity and at the same time utilize a large enthalpy drop a fairly 
obvious solution is to pressure compound two or more two-row wheels in series, 
as shown in Fig. 11.14. 


Fig. 11.14 Pressure- 
compounded two-row 
velocity-compounded 
impulse turbine showing 
pressure and velocity 
variations 


Nooks 


Nooks 
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Example 11.2 The first stage of a turbine is a two-row velocity-compounded impulse wheel. 

The steam velocity at inlet is 600 m/s, the mean blade velocity is 120 m/s, 
and the blade velocity coefficient for all blades is 0.9. The nozzle angle is 16° 
and the exit angles for the first row of moving blades, the fixed blades, and 
the second row of moving blades, art 18, 21, and 35° respectively. Calculate: 

(i) the blade inlet angles for each row; 

(ii) the driving force for each row of moving blades and the axial thrust on 
the wheel, for a mass flow rate of 1 kg/s; 

(iii) the diagram power per kilogram per second steam flow, and the diagram 
efficiency for the wheel; 

(iv) the maximum possible diagram efficiency for the given steam inlet 
velocity and nozzle angle. 

Solution (i) The velocity diagrams arc drawn to scale, as shown in Fig. 11.15, and the 
relative velocities. C n> and C„ 2 arc calculated using equation (11.1), 

i.e. C ni m k, C rt , « 0.9 x 486 =• 437.4 m/s 

Crt, - * 2 C ri| = 0.9 X 187.5 = 169 m/s 



The absolute velocity at inlet to the second row of moving blades. C W| , is equal 
to the velocity of the steam leaving the fixed row of blades, 

U. C Mj = kC Mi = 0.9 x 327 « 294 m/s 

The blade inlet angles are measured from the velocity diagram as 

Inlet blade angle, first row of moving blades, ft ( ~ 20° 

Inlet blade angle, fixed blades, x, - 24.5° 

Inlet blade angle, second row of moving blades, ft. 34.5“ 

(ii) Using equation (11.2) 

Driving force = mAC\ 
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Then Firsl row of moving blades. mAC. ( = 1 x 874 = 874 N 

Second row of moving blades. mAC., = 1 x 292.5 = 292.5 N 
where AC„ ( and AC., are scaled from the velocity diagram. 

Using equation (11.4) 

Axial thrust - mAC, - m(C ft - C k ) 

Then, First row of moving blades, mAC f| =» I x (167 - 135) - 32 N 
Second row of moving blades, mACf, ■ I x( 106 — 97) » 9 N 
i.e. Total axial thrust « 32 + 9 ■ 41 N per kg/s 


(iii) Now 

Total driving force - 874 + 292.5 « 1166.5 N per kg./s 
and Power output * driving force x blade velocity 


i.e. Power output 


1166. 5 x 120 
10 * 


140 kW per kg/s 


Energy supplied to the wheel = 


wCj, _ 1 x 600 : 
2 ~ 2 x 10 3 


kW 


therefore 


Diagram efficiency 


140 x 10 3 x 2 
600 2 


= 0.779 or 77.9% 


(iv) From equation (11.15) 

Maximum diagram efficiency = cos 2 <x I( = cos 2 16° 

= 0.923 or 92.3% 


Turbine blade height 

In the impulse turbine the no^/lc* do not occupy the complete circumference 

leading into the blade annulus, and this is referred to as partial admission . 

The total nozzle exit area must be such as to satisfy the conditions of 
continuous mass flow of steam. Referring to Fig. 11.16, if n is the length of the 
arc covered by the nozzles and the nozzle height is /, then the nozzle area in 
the exit plane is nl. If the specific volume of the steam at the nozzle exit condition 
is pj t , and the mass flow is m. then the volume flow rate is mr,,. The component 
of the steam velocity at exit from the nozzles and perpendicular to the area nl 
is C„ ( sin Xj. Therefore we have 

mr l( » C Wi sin a, x nl (11-17) 


✓ 
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Fig. 11.16 Diagram 
showing blade passage 
widlh (a) and length (b) 
for impulse blading 



The mass flow of steam, m, passes through the channels of the first moving row 
and. due to friction, the relative velocity of the steam at exit is C Ki . If the 
blade pitch at exit is p, and the blade thickness is r,, then each blade channel 
exit area is (pi sin p t — f|)/,. where /, is the height of the blades at exit. These 
quantities arc shown in Fig. 11.16(a) and (b) where p, sin is shown to be 
the effective width of the channel perpendicular to the direction of the relative 
velocity, and r, is the blade thickness measured in the same direction. The arc 
covered by the nozzles is of length n, therefore the number of blade channels 
accepting steam is given by n/p,, and the total blade channel exit area by 
(n/p,)(p, sin - f,)/,. As before, for the condition of continuity of mass flow 
of steam, we have 

“ —(P, »in A, - li)l|C n , ( 11 . 18 ) 

Pi 

Figure 11.16(a) shows only the nozzles and the first moving row of bludcs, 
and Fig. 11.16(b) shows the nozzles as supplying steam to a two-row velocity 
compounded wheel. The blade height is increased progressively, and for each 
row of blades, fixed and moving, an expression similar to that of equation 
( 11 . 18 ) can be established. 

Due to friction effects as the steam passes over the blades, the enthalpy at 
exit is higher than it would be if friction were absent. There is an associated 
increase in the specific volume of the steam compared with the frictionless case, 
but this is small enough to be negligible compared with the reduction in the 
relative velocity of the steam. 
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Example 11.3 


Solution 


11.3 Pressure and velocity compounded impulse steam turbines 

For the nozzles and wheel of Example 11.2 the steam flow is 5 kg/s and the 
nozzle height is 25 mm. The specific volume of the steam leaving the nozzles 
is 0.375 kg m\ Neglecting the wall thickness between the nozzles, and 
assuming that all blades have a pitch of 25 mm and exit tip thickness of 
0.5 mm, calculate: 

(i) the length of the nozzle arc; 

(ii) the blade height at exit from each row. 


(i) Using equation (11.17) 

25 

mr (i - C Mt sin x, x nl - 600 x sin 16 x n x — 
i.c. 5 x 0.375 a* 600 x 0.2756 x n x 

10 * 


therefore 


n = 0.454 m 

i.e. Length of nozzle arc = 0.454 m 
(ii) Using equation (11.18) 


mry = -(p sin /f e — t)lC n 
P 

applied to each row of blades, we have, for the first row: 


5 x 0.375 


0.454 


therefore 


/, « 


0.025 

5 x 0.375 x 0025 


(0.025 x sin 18 - 0.0005)/, x 437.4 


- 0.0327 m 


0.454 x 0.00723 x 437.4 
i.e. Blade height at exit *» 32.7 mm 
For the fixed row: 

Q4M 

5 x 0.375 - g^(°.°25 x sin 21' - 0.0005)/, x 294 


therefore 


It 


5 x 0.375 x 0.025 


■ 0.0415 m 


0.454 x 0.00846 x 294 
i.e. Blade height at exit = 41.5 mm 
For the second row: 

0 454 

5 x 0.375 = -—(0.025 x sin 35 s - 0.0005)/, x 169 
0.025 2 
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therefore 


S x 0.375 x 0.02S 
0.454 x 0.01384 x 169 


= 0.0442 m 


i.c. Blade height at exit » 44.2 mm 


11.4 Axial-flow reaction turbines 

The reaction turbine applies the principle of both the pure impulse and the 
pure reaction turbine. Each stage of the reaction turbine consists of a fixed row 
of blades over the whole of the circumferential annulus, and an equal number 
of blades on a wheel. Admission of fluid in the reaction turbine takes place 
over the complete annulus, and so there is full admission. The fixed blade channels 
are of nozzle shape and there is a comparatively small drop in pressure 
accompanied by an increase in velocity. The fluid then passes over the moving 
blades and. as in the pure impulse turbine, a force is exerted on the blades by 
the fluid. There is a further drop in pressure as the fluid passes through the 
moving blades, since the moving blade channels are also of nozzle shape, and 
therefore there is an increase in the fluid velocity relative to the blades. This is 
illustrated in the velocity diagram of Fig. 11.17(a). With a simple impulse type 
the value of C„ would be given by AD. but in the reaction turbine this velocity 
is increased to AC by further expansion of the fluid in the blade channels. The 
net change in velocity of the fluid is given by BC and the resultant force on 
the blades by m(CBX as shown in Fig. 11.17(b). This force can be resolved into 
the tangential and axial thrusts, m(CE) and m(EB) as shown in Fig. 11.17(b). 


Fif. 11.17 Blade 
velocity (a) and thrust 
diagram (b) for an 
axial-flow reaction 
turbine 




Axial-flow steam turbines 
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The reaction steam turbine was invented by Sir Charles Parsons who produced 
a 7.5 kW steam turbine running at 17000 rev/rain in 1884. Parsons was a 
contemporary of dc Laval. 




11.4 Axial-flow raaction turbines 


The reaction effect is one of degree since the impulse effect is always there. 
The degree of reaction. A, is defined as 

^ the enthalpy drop in the moving blades _ h, - h 2 (11 19) 

the enthalpy drop in the stage h 0 - h 2 

where h 0 , h lt and h 2 are the enthalpies of the steam at inlet to the fixed blades, 
at entry to the moving blades, and at exit from the moving blades respectively. 

For the simple impulse turbine. A - 0; for the Parsons type of blading, which 
has the same section for both the fixed and moving blades, A - 0.5. This 
arrangement has the practical advantage that most of the blades used in a 
turbine of this type can be extruded from one set of dies. The two set of blades, 
fixed and moving, arc mounted in the relationship shown in Fig. 11.18(a), and 
the h-s diagram for the expansion is shown in Fig. 11.18(b). The moving blade 
exit angle 0, is the same as the fixed blade exit angle a,, and the velocity diagram 
for this blade arrangement is shown in Fig. 11.19. The steam leaving the moving 
blade must be travelling in such a direction that it enters the next row of 
fixed blades smoothly without shock; the fixed blades have an inlet angle equal 


Fig 11.18 Fixed and 
moving blades of a 
reaction turbine 
blade pair showing 
pressure and velocity 
variations (a) and the 
process on an 
h-s chart (b) 
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Fig. 11.19 Blade 

velocity diagram Tor a 
reaction turbine stage 



to that of the inlet angle of the moving blades. It follows therefore that when 
the fixed and moving blades arc geometrically similar, then the velocity diagram 
must be symmetrical, as shown in Fig. 11.19. Then, applying the steady-flow 
energy equation to the fixed blades 
rJ _ rt 

" (11.20) 

(This assumes that the velocity of the steam entering the fixed blade is equal 
to the absolute velocity of the steam leaving the previous moving row; it therefore 
applies to a stage which is not the first.) 

Similarly, for the moving blades. 

p* (11-21) 

From Fig. 11.19. C„ “ C at and C ri — C„. therefore 
h 0 - h x = h t - h 2 or h 0 = 2 h t - h 2 
i.c. h 0 — h 2 — 2(h, — /i 2 ) 

Therefore for this case 

h 0 -h 2 2 

This type of blading is called the Parsons half-degree reaction or 50% reaction 
type. 

The energy input to the moving blade wheel can be written as 

cl , cl - cl 

2 2 

Therefore, since C„ - C,„ this becomes 



From Fig. 11.19. 

C?,-Ci + Ci-C. 1 C*cos« l 
r ^ / C;, + Cj - C al C b cos a,\ 

i.c. Energy input = C;, - I —- - , -) 

Cj — Cl + 2C„(\cos a, 

" 2 
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Example 11.4 


Solution 




Fig. 11.20 Blade 
velocity diagram (a) 
and turbine blading 
annulus (b) for 
Example 11.4 


From equation (11.3), 

Rate of doing work per unit mass flow rate *= C b AC. 

Also AC. *= ED = 2C„ cos a, - C b . therefore 

Rate of doing work per unit mass flow rate 
- C b (2C, t cos a, — C b ) (11.22) 

Therefore the diagram efficiency of the 50% reaction turbine is given by 
rale of doing work 
energy input 

jc 2C b (2p gl cosa,-Cj 

4 Ci-C{ + 2C.,C b cosa l 

2(C»/C. > ){2cosa > -(C»/C.,)} 
l-(C b /C.,) 2 + 2(C k /C^)cosa, 
where (C b /C„) is the blade speed ratio. 


A stage of a steam turbine with Parsons blading delivers dry saturated steam 
at 2.7 bar from the fixed blades at 90 m/s. The mean blade height is 40 mm. 
and the moving blade exit angle is 20\ The axial velocity of the steam is 
three quarters of the blade velocity at the mean radius. Steam is supplied to 
the stage at the rate of 9000 kg/h. The effect of the blade tip thickness on 
the annulus area can be neglected. Calculate: 

(i) the rotational speed of the wheel; 

(ii) the diagram power; 

(iii) the diagram efficiency; 

(iv) the enthalpy drop of the steam in this stage. 

The velocity diagram is shown in Fig. 11.20(a), and the blade wheel annulus 
is represented in Fig. 11.20(b). 

(i) C f - -C„ - C„ sin a, - 90 x sin 20 s - 30.78 m/s 
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therefore 


c.- 


The mass flow of steam is given by 

*-Sd 


where A is the annulus area, and v is the specific volume of the steam. 
In this case, v = v t at 2.7 bar ■ 0.6686 m*/kg. Therefore 


9000 30.78 A 

3600 " 0.6686 


therefore A - 0.054 m J 


Now Annulus area, A = 2r.rh 

where r is the mean radius, and h the mean blade height. 
Le. 0.054 - 2 nr x 0.04 therefore r = 0.215 m 


then Wheel speed, N = blad ^ spccd = = 30.4 rev/s 

2 nr In x 0.215 


(ii) Using equation (11.3) 

Diagram power = mC b AC. 

Now AC. = 2C^ cos a, - C b = (2 x 90 x cos 20 c ) - 41.04 = 128.1 m/s 
therefore 


Diagram power 


9000 x 128.1 x 41.04 
3600 x 10 3 


13.14 kW 


(iii) Rate of doing work per unit mass flow rate - C b AC. 

« 128.1 x 41.04 N m/s 

Also Energy input to the moving blades per stage =* Cj, - (C?,/2) 
Referring to Fig. 11.20(a), 

Cj-Ci + Cj-C^cosar, 

- 90* + 41.04* - (2 x 90 x 41.04 x cos 20’) 

therefore 


C n - 53.32 m/s 


Energy input - 90 2 - 
Diagram efficiency. if 4 


53.32* 


- 6679 N m per kg/s 


128.1 x 41.04 
6679 


0.787 or 78.7% 
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(iv) 


Enthalpy drop in the moving blades 


C} t - C?, 90 2 - 53.32* 

2 2 x 10 3 


therefore 


= 2.63 kJ/kg 


Total enthalpy drop per stage ■ 2 x 2.63 * 5.26 kJ/kg 


Optimum operating conditions from the blade velocity diagram 
The diagram efficiency for the 50% reaction wheel is given by equation (11.23) as 
_ 2(C»/CJ{2 cos a,-(C»/C.,)} 

“ I -(CJCj* + 2(C»/CJcotdt 

By equating d tj 4 d(C b /C„) to zero, the value of blade speed ratio for maximum 
diagram efficiency can be shown to be given by 

CO.*, (11.24) 

<-.l 

From equation (11.22) 

Rate of doing work = C b (2C„ cos a* — C b ) 
therefore for maximum diagram efficiency 

Rate of doing work = C b ^2C„^ - C b ) = Cl (11.25) 

Also substituting from equation (11.24) in equation (11.23) 

Maximum diagram efficiency ■ * ■ ' ■ (11.26) 

1 + cos 2 a, 


O C. A 



Fig. IUI Blade 

velocity diagram for the 
optimum blade speed 
ratio for a reaction 
turbine stage 


For the optimum blade speed ratio a blade velocity diagram as shown in 
Fig. 11.21 is obtained (i.e. C b * C„ cos a,). 

The variation of rj 4 with blade speed ratio for the simple impulse and the 
reaction stage arc shown in Fig. 11.22. It can be seen that for the reaction 
turbine the curve is reasonably flat in the region of the maximum value of 
diagram efficiency, to that a variation in cot a„ and hence CJC M , can be 
accepted without much variation in the diagram efficiency from the maximum 
value. 

The variation of pressure and velocity through a reaction turbine is shown 
in Fig. 11.23. The pressure falls continuously as the steam passes over the fixed 
and moving blades of each stage. The steam velocities are low compared with 
those of the impulse turbine, and it can be seen from the diagram that the steam 
velocity is increased in each set of fixed blades. It is no longer convenient to 
talk of'nozzles' and 'blades', since in the reaction turbine both fixed and moving 
blades act as nozzles. It is usual to refer to the two sets of blades as the stator 
blades and the rotor blades. 
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Fit. 11-22 Diagram 
efficiency against blade 
speed ratio for impulse 
and reaction turbines 



Fig. 11.23 Reaction 
turbine showing 
pressure and velocity 
variations 



The pressure drop across the rotor produces an end thrust equal to the 
product of the pressure difference and the area of the annulus in contact with 
the steam. For the 50V* reaction turbine the thrust due to the change in axial 
velocity is zero, but the side thrust is nevertheless greater than that of an 
equivalent impulse turbine, and larger thrust bearings arc fitted. The net end 
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thrust can be reduced by admitting the steam to the casing at the mid-scction 
and allowing it to expand outwards to each end of the casing, passing over 
identical sets of blades. This has the additional feature of reducing the blade 
height at a given wheel for a given total mass flow of steam. 

Steam turbine blade design 

Reaction turbines arc used for the lower pressure stages of most large steam 
turbines. A common combination is that of a Curtis stage followed by u scries 
of reaction stages. 

Since the blade velocity of any blade is greater at the tip than at the root 
due to the increased radius at the same angular velocity, then a turbine designed 
for 50% reaction at the mean radius, say. will have a degree of reaction at the 
root lower than 50% and a degree of reaction at the tip greater than 50%. In 
steam turbine design practice it has been usual to keep the blade angles the 
same from root to tip and to accept the consequent slight reduction in efficiency, 
except when the root to tip radius ratio is very low as is the case for the LP 
turbine of a large unit. For such units the root to tip radius may be as low us 0.4. 

For the steam turbine of Example 11.4 the mean radius is found to be 0.215 m 
with the given blade height of 40 mm, giving a root to tip radius ratio of 
0.195/0.235 = 0.83. The blade velocity at the mean radius is calculated 
as 41.04 m s. hence the blade velocity at the blade tip is given by 
(41.04 x 0.235/0.215 1 = 44.86 m/s. and the blade velocity at the blade root is 
given by (41.04 x 0.195 0.215) = 37.22 m/s. The flow velocity is calculated in 
the example as 30.78 m s; assuming this is constant from root to lip. and that 
the steam enters the moving blade at 90 m s at 20* at every radius along the 
moving blade, then the angles at which the steam flows relative to the moving 
blade are as shown in Fig. 11.24. The blade angle at inlet to the blade can be 


Fig. 11.24 Blade 
velocity diagrams at the 
blade lip. blade root, 
and at the blade mean 
diameter 


C\, a 44*6 m > 



C*, - J0 7X m/» 
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Figure 11.25 is drawn for the general case for a stage where the degree of 
reaction is not 50%; the diagram is asymmetric unlike the steam turbine stage 
of Fig. 11.19 where the degree of reaction is 50%. It is usual to assume that 
for any stage the absolute velocity at inlet to each stage is equal to the absolute 
velocity at exit from the moving blades, and thal the flow velocity, C f , is constant 
throughout the turbine. 

The degree of reaction. A, is defined by equation 11.19 as the ratio of the 
enthalpy drop in the moving blades to the enthalpy drop in the stage. Referring 
to Fig. 11.25 we therefore have 

A 

2C b AC„ 

. C * <scc * ~ A) 

" 2C b (C f tan ft + C f tan ft) 

Then, since (sec 2 * 1 + tan 2 ), we have 
A _ C f (tan 2 ft-tan 2 ft) 

2C„(tan ft + tan ft) 

Le. = ^-(tan /), — tan ft) (11.27) 

Note that putting A = 0.5 in equation (11.27) gives 
C f (tan ft-tan ft) = C b 
i.e. C b + C r tan a c — C f tan ft = C b 
therefore 

*« " ft 

From the diagram (Fig. 11.25) it follows also that a, = ft. The fixed and moving 
blades have the same cross-section and the diagram is symmetrical as shown 
earlier (Fig. 11.19). 


Vortex blading 

Vortex blading is the name given to the twisted blades designed using 
three-dimensional flow equations in order to decrease fluid flow losses. A radial 
equilibrium equation can be derived (sec for example reference 11.5), and it can 
be shown that one set of conditions which satisfies this equation is as follows: 

(i) constant axial velocity along the blades, i.e. C, - constant; 

(ii) constant specific work over the annulus, i.e. C b AC w » constant; 

(iii) free vortex at entry to the moving blades, i.e. C»,r = constant, where r is 
the blade radius at any point. 

Since the specific work output is constant over the annulus it can be calculated 
at the mean radius, say, and multiplied by the mass flow rate to obtain the 
power for the stage. On the other hand, the fluid density varies along the blade 
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and hence the continuity equation should be integrated across the annulus to 
give the mass flow rate; it is usually sufficiently accurate for an initial design 
to use the density at the mean radius, p M , then m = where A is the 

annulus area. 

The free vortex condition is not the only condition that satisfies the radial 
equilibrium equation. Two other possible methods arc the constant nozzle angle 
method and the constant specific mass flow method. For further discussion on 
blade design consult reference 11.5. 

Example 11.5 At the mean diameter of a gas turbine stage the blade velocity is 350 m/s. 

The blade angles at inlet and exit arc 20 and 54' respectively, and the blades 
at this section are designed to have a degree of reaction of 50%. The mean 
radius of the blades is 0.216 m and the mean blade height is 0.07 m. Assuming 
the blades arc designed according to vortex theory calculate: 

(i) the flow velocity; 

(ii) the angles of blades at the tip and at the rotty 

(iii) the degree of reaction at the tip and at the root of the blades. 

Solution (i) Figure 11.26 shows the blade velocity diagram at the mean radius. The flow 
velocity can be calculated from 

C, tan 54* - C, tan 20 ; - 350 


Fig. 11.26 Blade 

velocity diagram at the 
blade mean diameter for 
Example 11.5 


C m = 350 m/s 



therefore 

C f = 345.7 m/s 

(it) The flow velocity at the tip and root is also 345.7 m/s. Considering the 
tip of the blades, the blade velocity at the tip is given by C bI = 350 x 0.251/0.216 *= 
406.7 m/s. The whirl velocity at blade inlet at the mean radius is C. lM - 
C, tan 54 - 475.8 m/s. Therefore using the free vortex condition 

C mi1 - 475.8 x 0.216/0.25! = 409.5 m/s 

Then using the condition for constant specific work: 

AC. t = 

= {350 + (2 x 345.7 tan 20')} x 350 406.7 
= 517.8 m/s 
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Fig. 11.27 Blade 
velocity diagram at the 
blade tip for 
Example 11.5 


C fcT 406 7 m/t 



The blade velocity diagram for the lip is therefore as shown in Fig. 11.27. For 
the blade angles we then have the following: 

Moving blades: 


inlet 

exit 


„ .,(409.5 - 406.7) 

Hss^-r 05 


'tT 




I 


345.7 


f 


Fixed blades: 

- 

«« ^ t = ta n -{gg} = 49.8' 

Using the same method for the root: 

C,* = 350 x 0.181/0.216 = 293.3 m/s 

C.„ ■= 475.8 x 0.216/0.181 = 567.8 m/s 

AC. K = 589.4 x 350/293.3 = 703.3 m/s 

Then, referring to Fig. 11.28: 

Moving blades: 

o . (567.8 - 293.3) , 

mk ' = ' ln 1 345. 7 ~r 38 - 5 


Fig. 11.28 Blade 
velocity diagram at the 
blade root for 
Example 11.5 
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of friction was allowed for by means of a nozzle efficiency defined by equation 
(10.1 l)as 


Nozzle efficiency 



where (/i, - h 2 ) is the actual enthalpy drop in the nozzle, and (h, - h 3l ) the 
ideal isentropic enthalpy drop. Since the actual enthalpy drop is less than in 
the isentropic case, then the actual velocity of the fluid leaving the nozzle is 
less than that obtained with isentropic expansion. The effect of friction in nozzle 
and blade passages is to cause losses which increase with the mean relative 
velocity through them, and with the surface area exposed to the fluid. The losses 
are influenced by the nature of the flow, w hether it is laminar or turbulent. The 
friction effects occur in the boundary layer on the surface and losses are higher 
in a turbulent boundary layer than in a laminar one. It is found that with curved 
blades the boundary layer is usually turbulent at the concave surface, and 
initially laminar at the convex surface. This laminar condition persists for some 
distance along the blade and then gives way to turbulence. In reaction stages, 
where a continuous pressure drop, and hence an acceleration of the fluid exists, 
the laminar condition persists over a greater length of the passage, so the friction 
loss is less than in the impulse stage. For a reaction turbine the enthalpy drop 
per stage is low and a large number of stages is required. This increases the 
blade surface area required, which increases the friction loss, but the average 
velocities are low and this helps to reduce friction losses. 

In Fig. 11.10 (p. 339), a blade wheel and a diaphragm arrangement for a 
compounded impulse steam turbine is shown. It is evident that the wheel is 
rotating in a space full of steam. There is a loss at the surfaces of the wheel due 
to viscous friction of the steam on the wheel, and there is an admission loss as 
the steam passes from the nozzles to the wheel. Also, in impulse turbines the 
nozzles occupy only a part of the area opposite the blade annulus, and the 
blades pass areas in which they are not being served by nozzles. This tends to 
create eddies in the blade channels. The effects of this partial admission are 
referred to as blade windage losses. 

The leakage loss in the impulse steam turbine between one stage and the 
next through the clearance space between the diaphragm and the shaft has been 
mentioned previously. Another leakage loss occurs at the external glands where 
the turbine shaft passes through the casing. At one end the tendency is for high 
pressure steam to escape into the atmosphere, and at the condenser end for air 
to leak in from the atmosphere. In diaphragm and external glands it is usual 
to use a form of labyrinth packing, examples of w hich arc shown in Figs 11.29(a) 
and (b). Figure 11.29(a) shows a possible application to a diaphragm, and 
Fig. 11.29(b) shows a section through part of an external gland. At the LP 
gland it is usual to feed a supply of steam at low pressure to the centre 
of the gland. By this means there is a leakage of steam into the turbine, but 
the leakage of air into the turbine is prevented. For the diaphragm gland the 
labyrinth packing fits across the clearance space, but there is a small clearance 
at the lip through which some steam is throttled. For a more detailed description 
and discussion of the operation of this type of packing reference 11.6 should 
be consulted. 
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Fig. 11.29 Examples of 
labyrinth packing for a 
steam turbine 
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Fig. 11 JO Drum 
construction for a 
reaction turbine 


There is a leakage loss between the blade lips and the casing in all turbines, 
and this is greater in the reaction turbine than in the impulse type due to the 
pressure difference across the clearance passage. 

In reaction turbines the drum construction as shown in Fig 11.30 is usually 
preferred to the diaphragm and wheel construction of Fig. 11.10. 

The effect of leakages is more important in the smaller turbines since, although 
the wheels, etc. can be scaled down, the working clearance cannot be reduced 
on the same scale. Leakages are highest where the pressure is high and are 
predominant over the friction losses in that case. It is advantageous to use 
impulse stages at the HP end of the turbine and reaction stages thereafter. At 
the lower pressures the friction losses become more important than the leakage 
losses. 


11.6 Axial-flow compressors 

In the earliest gas turbine units for aircraft the centrifugal type of compressor 
was used. For low pressure ratios (no greater than about 4/1) the centrifugal 
compressor is lighter, and is able to operate effectively over a wider range of 
mass flows at any one speed than its axial flow counterpart. Using titanium 
alloys pressure ratios of above 8 have now been achieved. 

For larger units with higher pressure ratios the axial-flow compressor is more 
efficient and is usually preferred. For industrial and large marine gas turbine 
plants axial compressors are usually used, although some units may employ 
two or more centrifugal compressors with intercooling between stages. For 
aircraft the trend has been to higher pressure ratios, and the compressor is 
usually of the axial-flow type. In aircraft units the advantage of the smaller 
diameter axial-flow compressor can offset the disadvantage of the increased 
length and weight compared with an equivalent centrifugal compressor. 
However, centrifugal compressors arc cheaper to produce, more robust. less 
prone to icing troubles at high altitudes, and have a wider operating range than 
the axial-flow types. 

All design is a compromise, and it may be that under certain circumstances 
two centrifugal compressors in series may be preferred to an axial compressor. 
Perhaps the best example of this was in the senes of Rolls-Royce Dart turboprop 
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11.6 Axial-flow compressors 


engines which used pressure ratios from 5.4/1 to 6.35/1 with two centrifugal 
compressor stages. 

The design of the blading of a rotary compressor is more the province of 
the acrodynamicist. particularly in the ease of axial-flow compressors for 
high-speed aircraft. For a more extensive theoretical treatment references 11.2, 
1 1.4. and 11.5 should be consulted. 

Axial compressor blading 

An axial-flow compression stage is similar to an axial-flow turbine stage; it 
consists of a row of moving blades arranged round the circumference of a rotor, 
and a row of fixed blades arranged round the circumference of a stator. The 
air flows axially through the moving and fixed blades in turn; stationary guide 
vanes arc provided at entry to the first row of moving blades. The work input 
to the rotor shaft is transferred by the moving blades to the air, thus accelerating 
it. The blades arc arranged so that the spaces between blades form diffuser 
passages, and hence the velocity of the air relative to the blades is decreased 
as the air passes through them, and there is a rise in pressure. The air is then 
further diffused in the stator blades, which arc also arranged to form diffuser 
passages. In the fixed stator blades the air is changed in direction so that it can 
pass to a second row of moving rotor blades. It is usual to have a relatively 
large number of stages and to maintain a constant work input per stage (e.g. 
from 5 to 14 stages have been used). 

The necessary reduction in volume may be allowed for by flaring the stator 
or by flaring the rotor. It is more common to use a flared rotor, and this type 
is show n diagrammatically in Fig. 11.31. The rotor is built up of discs of steel 
or light alloy and the blades are fitted into tee-shaped, or dove-tailed, slots in 
the periphery of the disc. The stator blades arc normally spot welded on to a 
ring at one end of the blade, and loosely fitted to a ring at the other end, to 
allow for expansion of the blade. This annulus of blades is then fixed to the 
casing by set screws. There arc many possible alternative methods of blade 
fixing and rotor and stator design; the above brief description has been included 
to give a general impression only. 


Fig. I Ml Axial 
compressor with flared 
rotor 



/ 

Moving 

Wades 


/ 

Fued 

Wades 


I 
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discs 
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Due to the non-uniformity of the velocity profile in the blade passages the 
work that can be put into a given blade passage is less than that given by the 
ideal diagram. A work done factor. Y, is introduced, defined by 

Work done f.c.or, y - ^ . SSSjeg 1 ,11.29) 

mC k AC. 

This is usually about 0.85 for a compressor stage; for a turbine stage the velocity 
profile is much more uniform and this effect can be neglected. 


Example 11.6 In an axial-flow air compressor producing a pressure ratio of 6/1 with air 
entering at 20 6 C the mean velocity of the rotor blades is 200 m/s, and the 
inlet and exit angles of both the moving and the fixed blades at the mean 
radius arc 45 and 15° respectively. The degree of reaction at the mean radius 
is 50%. the work done factor is 0.86 throughout, there arc 12 stages, and 
the axial velocity may be taken as constant through the compressor. 

Calculate the isentropic efficiency of the compressor. 

Solution By drawing the blade diagram to scale (sec Fig. 11.33). the value of AC. may 
be found. 

i.e. AC. = 115 m/s 

Specific power input per stage = C b AC. x work done factor 

= 200 x 115 x 0.86= 19780 J 
= 19.78 kJ 


i.e. Compressor specific power input = 12 x 19.78 = 237.4 kJ 
For isentropic compression. 

Exit temperature = (20 + 273) x 6° 4 ' 14 = 488.9 K 
i.e. Isentropic specific power input = 1.005(488.9 - 293) = 196.9 kJ 
therefore 


Compressor isentropic efficiency 


196.9 

237.4 


0.83 or 83% 


11.7 Overall efficiency, stage efficiency, and reheat factor 

Overall efficiency 

It has been shown that as a fluid expands through a turbine or compressor 
there are friction effects between the fluid and the enclosing boundary surfaces 
of the nozzles and blade passages. Further losses are produced by leakage. 
Both of these are irreversibilities in the expansion or compression process and 
there is a reduction in the useful enthalpy drop in the case of a turbine and an 
increase in the enthalpy rise required in the case of a compressor (see 
Fig. 11.34(a) and (b)). 
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Fig. UJS Multistage 
expansion for a reaction 
turbine on an h-s chart 



From an inspection of Fig. 11.35 it is seen that BC < A h, 2 , etc. since the lines 
of constant pressure diverge from left to right on the diagram, 

£ Ah„> AB-f BC + ... + MN 

1 

i.e. f A h u > Ah l0 

i 

From equation (11.30). Ah, = Ah u , and if it can be assumed that the stage 
efficiency is the same for each stage, then 

I Ah, - »j, £ Ah u 

i i 

therefore 

Ah 0 = 1 % X Ah u 

i 

Dividing by Ah, Q we have 



Ah* " n ‘ Ah, 0 
or x(RF) 

where RF is known as the rehear factor 

_ 

i.c. RF — ■“— = — (11.34) 

A/1.0 n , 
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Since 1“ Ah^ is always greater than Ah#, it follows that RF is always greater 
than unity; RF is usually of the order of 1.04 for a steam turbine. Reheat factor 
was first used by steam turbine designers and is not normally used in gas turbine 
practice; polytropic efficiency (see later) is used for axial-flow gas turbines and 
air compressors. 


Example 11.7 (i) Steam at 15 bar and 350 °C is expanded through a 50% reaction turbine 

to a pressure of 0.14 bar. The stage efficiency is 75% for each stage, and the 
reheat factor is 1.04. The expansion is to be carried out in 20 stages and the 
diagram power is required to be 12000 kW. Calculate the flow of steam 
required, assuming that the stages all develop equal work. 

(ii) In the turbine above at one stage the pressure is 1 bar and the steam 
is dry saturated. The exit angle of the blades is 20°, and the blade speed 
ratio is 0.7. If the blade height is one-twelfth of the blade mean diameter, 
calculate the value of the mean blade diameter and the rotor speed. 

Solution (i) The expansion is shown on an h-s chart in Fig. 11.36(a). Using 
equation (11.34) 

^o»iI,xRF» 0.75 x 1.04 - 0.78 


Fig. 1136 

h-s chart (a) and blade 
velocity diagram (b) for 
Example 11.5 






(b| 


From the chart. h, » 3148 kJ/kg, and state I is fixed. 

Now s, = s„ therefore state 2 is fixed, and h 2 , - 2293 kJ/kg. 

i.e. Overall isentropic enthalpy drop = 3148 — 2293 * 855 kJ/kg 

From equation (11.30) 

Ah 0 = /j 0 x &h, 0 - 0.78 x 855 - 667 kJ/kg 

i.e. Enthalpy drop per stage = ^ = 33.35 kJ/kg 

20 

Also Total diagram nower = mAh 0 
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Example 11.8 A gas turbine unit operates in ambient conditions of 1.012 bar, 17 P C, and 
the maximum cycle temperature is limited to 1000 K. The compressor, which 
has a poly tropic efficiency of 88%. is driven by the HP turbine, and a separate 
LP turbine is geared to the power output on a separate shaft; both turbines 
have polytropic efficiencies of 90%. There is a pressure loss of 0.2 bar between 
the compressor and the HP turbine inlet. Neglecting all other losses, and 
assuming negligible kinetic energy changes, calculate: 

(i) the compressor pressure ratio which will give maximum specific power 
output; 

(ii) the isentropic efficiency of the power turbine. 

For the gases in both turbines, take c r — 1.15 kJ/kg K and y — 4/3. 

For air take c p ** 1.005 kJ/kg K and y = 1.4 

Solution (i) The cycle is shown on a T-s diagram in Fig. 11.38. Let p 2 /p, - r. From 
equation (11.38), 

T a - 7,»■»-*'"- - (17 + 273) x fO ‘a.4.0 •• _ 2 90r 0 3,s 

Now 

Pi “ Pi - 0.2 = (p, x r) - 0.2 = 1.0l2r - 0.2 
p 5 = p, = 1.012 bar 


p, 1.012r — 0.2 
p, = 1.012 


r- 0.198 
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Then 


Also 


Pi (1000)*'° 9 


Pa iT A ) 


(784.3) 


2.944 


p, - 6.6Sp, - 0.2 - (6.65 x 1.012) - 0.2 - 4.73 bar 


therefore 


Then 


p *-Sr 1 - 607bir 

T< (p 4 (1.607) 0 - 9 ' 4 


1* <Ps) (1-012) 

r 4 _(p 4 r^_ (1.607) ° a y 
7-,. (p,) (1012) 

Using equation (9.2) 


- 1.110 


1.123 


Turbine iscntropic efficiency, rji = 


T a -T, 1-(T 3 /T 4 ) 
T A -T it 1-(T,./T 4 ) 


i.c. 


7t = 


1 — ( 1 / 1 . 11 ) 
1-(1/1.123) 


= 0.905 or 90.5% 


Example 11.9 Derive an expression for the pressure ratio for the yth stage of an axial-flow 
air compressor in terms of the stage efficiency, the blade velocity, the change 
of the velocity of whirl across the stage, the inlet temperature to the 
compressor, the work done factor, and the specific heat at constant pressure 
of air. Explain why the pressure ratio for any stage of an axial-flow air 
compressor is not equal to the overall pressure ratio to the power of 1/n, 
where n is the number of stages. 

Assume (a) the compressor is designed such that each stage requires the 
same work input; (b) the stage efficiency of each stage is the same. 

Solution Each stage has the same work input and hence the same temperature rise. Then, 
using equation (11.29) for unit mass flow rate. 


Actual work done per stage = KC^AC. 

yc„Ac. 

Actual temperature nsc -- 


i.c. Isentropic temperature rise for any one stage 


n.YC h *C w 


where ij, is the stage efficiency and Y is the work done factor. 
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Ld the temperature at inlet to the compressor be 7,. Then at the yth stage 
of the compressor 


Actual temperature at exit « T, + 


yvc^c. 


Actual temperature at inlet - T, + 


(y-l)yC„AC. 


Isentropic temperature rise 


_ i?.C h AC,y/c, 

Temperature at inlet 7, + (>• - 1)( C b AC»/c, ) Y 
ntropic temperature at exit rj % C h AC m Y 


Temperature at inlet c, 7 , + (>• - 1 )C b AC w Y 

Pressure ratio for the yth stage ~ { ——— — + 1 1 

(c^7, + (y — I )C b AC. 7 j 


Since rj t , C b . Y and AC. are constant throughout the compressor, and 7, is 
fixed, it follows that the pressure ratio for any stage varies according to the 
number of the stage, y. As y increases the pressure ratio decreases. The overall 
pressure ratio for the compressor must be equal to the product of the stage 
pressure ratios, but since these are not equal then the overall pressure ratio is 
not equal to the pressure ratio for a stage raised to the power of n, where n is 
the number of stages. 


11.9 Centrifugal compressors 

A centrifugal compressor consists of an impeller with a scries of curved radial 
vanes as shown in Fig 11.39. Air is drawn in near the hub. called the impeller 
eye. and is whirled round at high speed by the vanes on the impeller as the 
impeller rotates at high rotational speed The static pressure of the air increases 
from the eye to the tip of the impeller in order to provide the centripetal force 
on the air. As the air leaves the impeller tip it is passed through dilTuscr passages 
which convert most of the kinetic energy of the air into an increase in enthalpy, 


Fig. I1J9 Centrifugal 
compressor impeller 
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and hence the pressure of the air is further increased. The complete compressor 
is shown diagrammaticaJly in Fig. 11.40. In a gas turbine plant the air from 
the discharge scroll passes to the combustion chamber. 


Fig. 11.40 Centrifugal 
compressor showing 
discharge scroll 



The impeller may be double-sided, having an eye on cither side of the 
compressor, so that air is drawn in on both sides, as shown diagrammatically 
in Fig. 11.41. The advantage of this type is that the impeller is subjected to 
approximately equal forces in an axial direction. 


Fig. 11.41 
Double-sided 
impeller for a centrifugal 
compressor 


Air out 

t t 



II 

Air out 


In practice about half the pressure rise occurs in the impeller vanes and half 
in the diffuser passages. 

Centrifugal compressors or blowers are used for a wide variety of purposes 
in engineering in addition to their use in gas turbine units (e.g. blowers and 
superchargers for IC engines), and there is no basic difference in the design for 
any of the different applications. 

Referring to Fig. 11.39. if the airflow into the impeller eye is in the axial 
direction the blade velocity diagram at inlet is as shown in Fig. 11.42(a). (Note 
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Solution Temperature after isentropic compression 
- (20 + 273) x 4 04 14 - 435.4 K 
i.c. Isentropic temperature rise = 435.4 - 293 = 142.4 K 
therefore 

Actual temperature rise = = 178 K 

08 


i.c. Power input per unit mass flow rate 
= c, x actual temperature rise 
- 1.005 x 178 - 178.9 kJ 


Referring to Fig 11.42(b) C„ = 150 m/s (given), and the angle of pre-whirl is 
given as 25': 


and 


C* 

C . 4 


15000 x it x 250 


196.4 m/s 


60 x I0 J 

C„ sin 25 = 150 x sin 25 = 63.4 m/s 


At exit, referring to Fig. 11.43(a): 


C * 


15000 x n x 590 
60 x 10 3 


463.4 m/s 


i.e. C w , = 463.4 m/s, since the blades are radial. 

Also, 

Power input per unit mass flow rate = C b< C' w , t — j 

= 178.9 kJ (see above) 

i.e. 178.9 x I0 3 = 463.4C;, - (196.4 x 63.4) 

CU-412.9 m/s 


Hence 


Slip factor — 


C„. ’ 463.4 


-0.89 


11.10 Radial-flow turbines 

The turbines considered in the previous sections were of the axial-flow type. In 
the radial flow turbine the fluid is supplied near the axis and expands in 
concentric rings. This is called an outward-flow radial turbine, but inward-flow 
turbines are also used. The concentric rings of blades may be alternatively fixed 
and moving or all moving with alternate rings moving in opposite directions. 
The blade velocities are effectively doubled by this relative velocity in the latter. 
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and higher fluid speeds are used. One turbine using this arrangement is the 
Ljungstrdm steam turbine which has impulse-reaction blading. The turbine is 
shown diagrammatically in Fig. 11.44. The blade wheels A and B rotate in 
opposite directions and their output shafts may be connected to different loads 
which operate at the same speed. The steam is supplied to the centre of the 
turbine and then expands radially outwards through the blades of wheels A 
and B. The blades arc of the 50% reaction type. For a more detailed description 
and a theoretical analysis of this type of turbine, reference 11.6 should be 
consulted. 


Fig. 11.44 Radial-flow 
Ljungstrom steam 
turbine 



Problems 

11.1 The velocity of steam at inlet to a simple impulse turbine is 1000 m/s, and the nozzle 
angle is 20*. The blade speed is 400 m/s and the blades are symmetrical. Determine the 
blade angles if the steam is to enter the blades without shock. If the friction effects on 
the blade are negligible, calculate the tangential force on the blades and the diagram 
power for a mass flow of 0.75 kg/s. What is the axial thrust and the diagram efficiency? 

If the relative velocity at exit is reduced by friction to 80% of that at inlet, what is 
then the diagram power and the axial thrust? Calculate also the diagram efficiency in 
this case. 

<32.36*; 810 N; 324 kW; 0; 86.4%; 291.5 kW; 51.3 N; 77.7%) 

1U The steam from the nozzles of a single-wheel impulse turbine discharges with a velocity 
of 600 ra/s and at 20* to the plane of the wheel. The blade wheel rotates at 3000 rev/min 
and the mean blade radius is 590 mm. The axial velocity of the steam at exit from the 
blades is 164 m/s and the blades are symmetrical. Calculate: 

(i) the blade angles; 

(ii) the diagram work per unit mass flow rate of steam; 

(lii) the diagram efficiency; 

(iv) the blade velocity coefficient. 

(28*47’; 126.2 kJ per kg/s; 70%; 0.799) 
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11.3 The nozzles of the impulse stage of a turbine receive steam at IS bar and 300 C C and 
discharge it at 10 bar. The nozzle efficiency is 95V. and the nozzle angle is 20°. The 
blade speed is that required for maximum work, and the inlet angle of the blades is that 
required for entry of the steam without shock. The blade exit angle is 5* less than the 
inlet angle. The Wade velocity coefficient is 0.9. Calculate for a steam flow of 1350 kg/h: 

(i) the diagram power; 

(ii) the diagram efficiency. 

(30.3 kW; 86 3%) 

11.4 The following particulars apply to a two-row velocity compounded impulse stage of a 
turbine: nozzle angle 17'. blade speed 125 ra/s;exit angles of the first row moving blades, 
the fixed blades, and the second row moving blades. 22, 26. and 30" respectively. Take 
the blade velocity coefficient for each row of blades as 0.9, and assume that the absolute 
velocity of the steam leaving the stage is in the axial direction Draw the velocity diagram 
for the stage and obtain: 

(i) the absolute velocity of the steam leaving the stage; 

(ii) the diagram efficiency. 

(712 m/s; 80%) 

11.5 The first stage of a turbine is a two-row velocity compounded wheel. Steam at 40 bar 
and 400 C is expanded m the nozzles to 15 bar. and has a velocity at discharge of 
700 m/s. The inlet velocity to the stage is negligible. The relevant exit angles are: nozzle 
18 ; ; first row blades 21"; fixed bbdes 26.5'; second row blades 35°. Take the blade 
velocity coefficient for all blades as 0.9. The mean diameter of the blading is 750 mm 
and the turbine shaft speed is 3000 rev/min. Draw the velocity diagram for this wheel 
and calculate: 

(i) the diagram efficiency; 

(ii) the stage efficiency. 

(70.8%; 67.4%) 

11.6 For the turbine of Problem 11.5 the mass flow of steam for each set of nozzles is 4.5 kg/s. 
Calculate the length of arc occupied by the nozzles if the nozzle height is 25 mm and 
the wall thickness between them is negligible. If the blades of the wheel have a pitch of 
25 mm and the blade tip thickness at exit is 0.5 mm. calculate the blade exit height for 
each row. 

(132 3 mm; 30.2 mm; 33.4 mm; 38.9 mm) 

1.7 In a reaction stage of a steam turbine the nozzle angle is 20' and the absolute velocity 
of the steam at inlet to the moving Wades is 240 m/s. The blade velocity is 210 m/s. If 
the blading is designed for 50% reaction, determine: 

(i) the blade angle at inlet and exit; 

(ii) the enthalpy drop per unit mass of steam in the moving blades and in the complete 
stage; 

(iii) the diagram power for a steam flow of 1 kg/s; 

(iv) the diagram efficiency. 

(79.3 s , 20 # ; 25.3 kJ/kg; 50 6 kJ/kg; 50.6 kW; 93.5%) 

11.8 The speed of rotation of a Wade group of a reaction turbine is 3000 rev/min. The mean 
blade velocity is 100 m/s. The blade speed ratio is 0.56 and the exit angle of the blades 
is 20''. If the mean specific volume of the steam is 0.65 m s /kg. and the mean height of 
the blades is 25 mm. calculate the mass flow of steam through the turbine. Neglect the 
effect of blade thickness on the annulus area, and assume 50% reaction Wading. 

(16900 kg/h) 
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11.16 A reaction turbine is supplied with steam at 60 bar and 600 e C. The condenser pressure 
is 0.07 bar. If the reheat factor can be assumed to be 1.04 and the stage efficiency is 
constant throughout at 80%. calculate the steam flow required for a diagram power of 
25000 kW. 

(75600 kg/h) 

11.17 A reaction turbine expands 34000 kg/h of steam from 20 bar. 400X to a pressure of 
0.2 bar. The turbine is designed such that the steam leaving is just dry saturated. The 
reheat factor is 1.05 and the isentropic efficiency of each stage is the same throughout. 
There are 14 stages and the enthalpy drop is the same in each. All the blades have an 
exit angle of 22’ and the mean value of the blade speed ratio is 0.82. Calculate the stage 
efficiency, the diagram power, the drum diameter, and the blade height for the last row 
of moving blades. The turbine speed is 2400 rev/tnin. Calculate also the pressure ut the 
entry to the last stage and make a sketch on the h-s diagram showing the last stage 
expansion. 

(67.7%; 6035 kW; 1.34 m; 175 mm; 0.31 bar) 

11.18 The gases enter an axial-flow gas turbine at 8 bar. 850 °C and leave at 25 bar. There 
are 10 stages, each developing the same specific work with the same stage efficiency; the 
flow velocity is constant throughout at 110 m/s, and the polytropic efficiency is 0.85. 
At one particular stage the mean blade velocity is 140 m/s. the stage is designed for 
50% reaction at the mean blade height, and the specific work output is constant across 
the stage at all radii. 

Assuming that the gas velocities entering and leaving the turbine are approximately 
equal, and taking y - 4/3 and c f - 1.15 kJ/kg K for the gases, calculate: 

(i) the blade angles at the mean radius for the stfge; 

(ii) the overall isentropic efficiency of the turbine 

(iii) the stage efficiency of each turbine stage. ( 

(15.7°. 57.3 s ; 86.8%; 85.2%) 


11.19 (a) Show that for an axial compressor of 50% reaction design with blade velocity C„. axial 

flow component of airflow, C„ and inlet blade angle, /?„ that 


Specific power input per stage 


1 


] 


x (work done factor) 


lb) A 10-stage axial-flow compressor of 50% reaction design has a mean blade velocity 
of 250 m/s and the blade inlet angle for each row is 45*. The ratio of flow velocity to 
blade velocity is 0.75. the work done factor for each stage is 0.87 and the isentropic 
efficiency of the compressor is 0.85. Assuming an air inlet temperature of 20 X, calculate; 

(i) the exit angle of the blades; 

(ii) the pressure ratio of the compressor; 

(iii) the pressure ratio of the first stage. 

I Hint: For part (iii) as a first approximation take the stage efficiency to be equal to the 
compressor polytropic efficiency.) 

(I8.4-; 7.6/1; 1.317/1) 


1120 A centrifugal compressor running at 16000 rev/min takes in air at 17 X and compresses 
it through a pressure ratio of 4 with an isentropic efficiency of 82%. The blades arc 
radially inclined and the slip factor Is 0.85. Guide vanes at inlet give the air an angle of 
pre-whirl of 20 to the axial direction; take the mean diameter of the impeller eye as 
200 mm and the absolute air velocity at inlet as 120 m/s. Calculate the impeller tip 
diameter. 

(549 mm) 
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Positive Displacement Machines 


The function of a compressor is to take a definite quantity of fluid (usually a 
gas. and most often air) and deliver it at a required pressure. The most efficient 
machine is one which will accomplish this with the minimum input of mechanical 
work. Both reciprocating and rotary positive displacement machines are used 
for a variety of purposes. On the basis of performance a general distinction can 
be made between the two types by defining the reciprocating type as having 
the characteristics of a low mass rate of flow and high-pressure ratios, and the 
rotary type as having a high mass rate of flow and low-pressure ratios. The 
pressure range of atmospheric to about 9 bar is common to both types. 

Some rotary machines are suitable only for low-pressure ratio work, and arc 
applied to the scavenging and supercharging of engines, and the various 
applications of exhausting and vacuum pumping. For pressures above 9 bar 
the vane-type rotary machine can be used to supply boost pressures, but for 
sustained high-pressure work up to 500 bar and above, for special purposes, 
the reciprocating type is used. 

Both basic types exist in many different forms each having its own 
characteristics. They may be single or multistage, and have cither air or water 
cooling. The reciprocating machine is pulsating in action which limits the rate 
at which fluid can be delivered, but the rotary machine is continuous in action 
and docs not have this disadvantage. The rotary machines arc smaller in size 
for a given flow, lighter in weight and mechanically simpler than their 
reciprocating counterparts. The treatment and scope of the following sections 
is fundamental and is not exhaustive. Many compressors arc designed to 
overcome the deficiencies of the basic machines and to satisfy special 
requirements. For descriptions of these machines the excellent literature supplied 
by the manufacturers concerned should be consulted. 

For a compressor which operates in a cyclic or pulsating manner, such as 
a reciprocating compressor, the properties at inlet and outlet are the average 
values taken over the cycle. Alternatively the boundary of the control volume 
is chosen such that states 1 and 2 arc constant with time, the positions selected 
being remote from the pulsating disturbance. 




Positive displacement machines 


12.1 Reciprocating compressors 

Typical reciprocating compressor cylinder arrangements are shown in 
Fig. 12.1(a) and (b). The mechanism involved is the basic piston, connecting-rod, 


Fig. Ill 

Single-acting (a) and 
double-acting (b) 
reciprocating air 
compressors 




crank, and cylinder arrangement. Initially the clearance volume in the cylinder 
will be considered negligible. Also the working fluid will be assumed to be a 
perfect gas. The cycle takes one revolution of the crankshaft for completion 
and the basic indicator diagram is shown in Fig. Ill 

The valves employed in most air compressors are designed to give automatic 
action. They are of the spring-loaded type operated by a small difference in 
pressure across them, the light spring pressure giving a rapid closing action. 
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i 


Fig. 12J Compression 
process on a p ('diagram 


Example 12.1 


Solution 


Using equation (3.24) for area abef. 

Work input - ~ Pi *** h p, K, - p, 1' 

n — I 


“ (P: - Pi + 1 ) 


i.e. Work input ■ (Pj K - Pi K) 


I + n - I 
■ 

n - I 


■-^-MPiK-p.K) 

n - I 

From equation (2.6) we can wntc 

Pi K — and p 2 F b = mRT 2 
where m is the mass induced and delivered per cycle. Then 


( 12 . 1 ) 


Work input per cvclc = —■— mR{ 7» — T,) 

n - I 


( 12 . 2 ) 


Work done on the air per unit time is equal to the work done per cycle times 
the number of cycles per unit time. The rate of mass flow is more often used 
than the mass per cycle: if the rate of mass flow is given the symbol m. and 
replaces m in equation ( 12 . 2 ). then the equation gives the rate at which work 
is done on the air. or the indicated power. 

The working fluid changes state between a and b in Fig. 12.2. from p, and 
7, to p 2 and 7*.. the change being shown in Fig. 12.3. which is a diagram of 
properties, (i.e. p against r). 

The delivery temperature is given by the equation (3.29). 



A single-stage reciprocating compressor takes I m s of air per minute at 
1.013 bar and 15 C and delivers it at 7 bar. Assuming that the law of 
compression is pF 1 ,s = constant, and that clearance is negligible, calculate 
the indicated power. 


Mass delivered per min. m 


P^\ 

RT X 


1.013 x I x IQ 1 
287 x 288 


1.226 kg/min 


where T, = 15 + 273 = 288 K. 


Delivery temp.. T : 




= 475.4 K 
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therefore 

d 3 =0.002 83 m* 

i.e. Cylinder bore - 141.4 mm 

4.238 

Power input to the compressor - = 4.99 kW 


therefore 


Motor power 


499 

0.9 


- 5.54 kW 


Proceeding from equation (112). other expressions for the indicated work 
can be derived. i.e. 

Indicated power —- mR{T 2 — 7",) —--A8Tj[^ — 1 j 

n — 1 n — 1 \7, / 


Also from equation (3.29) 


HtJ 


Therefore 


or 


Indicated power = —^m/?T, ^ — 1 j 

Indiced power -^ *{(*)" "*-l} 


where V is the volume induced per unit time. 


( 12 . 6 ) 

(117) 


The condition for minimum work 

The work done on the gas is given by the area of the indicator diagram, and 
the work done will be a minimum when the area of the diagram is a minimum. 
The height of the diagram is fixed by the required pressure ratio (when p, is 
fixed), and the length of the line da is fixed by the cylinder volume, which is 
itself fixed by the required induction of gas. The only process which can influence 
the area of the diagram is the line ab. The position taken by this line is decided 
by the value of the index n; Fig. 114 shows the limits of the possible processes. 

Line ab, is according to the law pV - constant (i.e. isothermal) 

Line ab 2 is according to the law pV - constant (i.e. iscntropic) 

Both processes are reversible. 

Isothermal compression is the most desirable process between a and b, giving 
the minimum work to be done on the gas. This means that in an actual 
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12.1 Reciprocating compressors 


Fi*. 12.4 Possible 
compression processes 
on a p-r diagram 


Example 12.3 



compressor Ihc gas temperature must be kept as close as possible to its initial 
value, and a means of cooling the gas is always provided, cither by air or by water. 

The indicated work done when the gas is compressed isothermally is given 
by the area ab,cd. 

Area ab,cd = area ab,ef + area b,cOc — area adOf 

Area ab,ef = p 2 k' bi In — (from equation (3.9)) 

Pi 

n, 

i.c. indicated work per cycle = p : V bl In — + p, V bi — p, V, 

Pi 

Also p, V t = p : V b , since the process ab, is isothermal, therefore 


indicated work per cycle =■ pjV b In — 


Pi 


-P,Kin- 

(12.8) 

Pi 


- mRT\n — 

(12.9) 

Pi 


When m and V m in equations (12.8) and (12.9) are the mass and volume induced 
per unit time, then these equations give the isothermal power. 


Isothermal efficiency 


By definition, based on the indicator diagram 

_ , isothermal work 

Isothermal efficiency = :---— 

indicated work 


( 12 . 10 ) 


Using the data of Example 12.1 calculate the isothermal efficiency of the 
compressor. 
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i.e. 


Indicated power 


n 

n - I 


K(m.-m d )<T J - 



m — M KTj-Tt) 
n - I 


( 12 . 11 ) 


where m it the mass induced per unit time = (m, - m d ). 

A comparison of equations (111 I) and (12.2) shows that they are identical. 
The work done on compressing the mass of gas m e (or m d ) on compression, 
a-b, is returned when the gas expands from c to d. Hence the work done per 
unit mass of air delivered is unaffected by the size of the clearance volume. 
Other expressions can be derived as before. From equation (12.7) 

Indicated power - ” 1 

Also, if there are /cycles per unit time, then wc have: 

y-M-yj (i2.i2) 

therefore 

Indicated power - /»,/(!', “ “ 1 j (1213) 

The mass delivered per unit time can be increased by designing the machine 
to be double acting, i.c. gas is dealt with on both sides of the piston, the induction 
stroke for one side being the compression stroke for the other (sec Fig. 12.1). 


Example 12.4 A single-stage, double-acting air compressor is required to deliver 14 m 3 of 
air per minute measured at 1.013 bar and 15°C. The delivery pressure is 
7 bar and the speed 300 rcv/min. Take the clearance volume as 5% of the 
swept volume with a compression and re-expansion index of n — 1.3. 
Calculate the swept volume of the cylinder, the delivery temperature, and 
the indicated power. 

Solution Referring to Fig. 12.8 

Swept volume - ( V g - V t ) - V % 
and Clearance volume, V t - 0.05 K 
i.e. K = 1.05 K 

Using equation (1112) for a double-acting machine 

Volume induced per cycle, (t* - Kj) “ — 

300 x 2 

= 0.0233 m*/cycle 

(cycles per minute = revolutions per minute x cycles per revolution). 
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Fig. 12 J Pressure- 
volume diagram for 
Example 12.4 


12.2 Reciprocating compressor* including clearance 



Now 




0.05 K 



1/1.3 


i.e. K,- 0.221 K 


therefore 

( V t - v 6 ) =- 1.05K, - 0221K - 0.0233 m 3 /cyde 
therefore 


,, _ 0 °233 

* 0.829 


0.0281 m‘/cycle 


Le. Swept volume of compressor — 0.0281 m 3 

-ij from equation (3.29) 

and T, - 15 + 273 - 288 K 


i.e. 


T 2 



therefore 

Delivery temp. - 177*0 

Using equation (12.7) 
Indicated power 
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1.3 1.013 x 10 5 x 14 f/ 7 y , a " ,M 5 

* 0.3 * I0 J x60 (V 1.013/ 
i.c. Indicated power *= 57.6 kW 


The approach used for a particular problem depends on how the data arc 
stated and the quantities evaluated during the solution. In some problems it is 
better to evaluate m and T 2 and then use equation (12.11) for the indicated 
power; e.g. in Example 12.4 above. T 3 has been calculated, and the mass induced 
is given by 


1. 013 x 1 4 x 10 5 
0 287 x 288 x 10* 


17.16 kg/min 


Then, using equation 112.11) 


Indicated power =- mR{T 2 — T,) 

n — 1 


1.3 x 17.16 x 0.287(450- 288) 
0.3 x 60 


* 57.6 kW (as before) 

The diagrams previously shown (e.g. Fig. 12.8) arc ideal diagrams. An actual 
indicator diagram is similar to the ideal except for the induction and delivery 
processes which are modified by a valve action. This is shown in Fig. 12.9. The 
waviness of the lines d-a and b-c is due to valve bounce. Automatic valves 
arc in general use (see Fig. Ill), and these arc less definite in action than 
cam-operated valves; they also give more throttling of the gas. The induction 
stroke d-a is a mixing process, the induced air mixing with that in the cylinder. 


Fig. 119 Actual 
indicator diagram for a 
reciprocating 
compressor 



Volumetric efficiency, ij w 
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It has been shown that one of the effects of clearance is to reduce the induced 
volume to a value less than that of the swept volume. This means that for a 



12.2 Reciprocating compressors including clearance 


required induction the cylinder size must be increased over that calculated on 
the assumption of zero clearance. The volumetric efficiency is defined as follows: 

tj, = the mass of gas delivered, divided by the mass of gas which would 
fill the swept volume at the free air conditions of pressure and 
temperature (12.14) 

or 

> 1 , m the volume of gas delivered measured at the free air pressure and 
temperature, divided by the swept volume of the cylinder (12.15) 

The volume of air dealt with per unit time by an air compressor is quoted as 
the free air delis cry (FAD), and is the rate of volume flow delivered, measured 
at the pressure and temperature of the atmosphere in which the machine is 
situated. 

Equations (12.14) and (12.15) can be shown to be identical. i.e. if the FAD 
per cycle is V, at p and T, then the mass delivered per cycle is 

RT 


The mass required to fill the swept volume. V„ at p and T is given by 

P K 




RT 


Therefore by equation (1214). 

m _ pV_ RT _ V 
’’ m,~ RT" pV,~V, 

The volumetric efficiency can be obtained from the indicator diagram. 
Referring to Fig. 1210 

Volume induced ■ K “ K - K + K - Ki 


Flg. 1211) Indicator 
diagram for a 
reciprocating 
compressor 
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FI*. 12.11 Pressure- 
volume diagram for 
Example 12.5 


122 Reciprocating compreaaora Including clearance 



where ihc FAD is V at p and T, 
1.013 x 14 x 10 5 

i.e. m - 


17.16 kg/rain 


0.287 x 288 x 10 J 
where 7= 15 + 273 = 288 K. 

T 2 = ^ l (~) k° m cquation (3-29) 

( 7 \(1.3 — in j 

55s) =4836K 


i.e. 


where T x = 32 + 273 = 305 K. 
From equation (12.11) 


Indicated power 


n - 1 


mR[T 2 -T x ) 


1.3 x 17,16 x 0,287(483.6- 305) 
0.3 x 60 

= 63.5 kW 


As before 



( 7 V' 1 * 

—j -0.05K x 7.368° 1e ’ 

- 0.232 K 

therefore 

\\ - y 4 =V,~ 0.232K = 1.05K - 0.232K. = 0.8181; 
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12.3 Multiitatf* compression 


Fig. 1112 Effect on 
the volumetric efficiency 
of increasing the 
delivery pressure 



The indicator diagram for a two-stage machine is shown in Fig. 1113. In 
this diagram it is assumed that the delivery process from the first or LP stage 
and the induction process of the second or HP stage are at the same pressure. 


Fig. 1113 Pressure- 
volume diagram for 
two-stage compression 


Pf 



The ideal isothermal compression can only be obtained if ideal cooling is 
continuous. This is difficult lo obtain during normal compression. With 
multistage compression the opportunity presents itself for the gas to be cooled 
as it is being transferred from one cylinder to the next, by passing it through 
an intercooler. If intercooling is complete, the gas will enter the second stage 
at the same temperature at which it entered the first stage. The saving in work 
obtained by intcrcooling is shown by the shaded area in Fig. 12.14 and the 
diagram of the plant is shown in Fig. 12.15. The two indicator diagrams abed 
and a'b’c'd' are shown with a common pressure, p,. This docs not occur in a 
real machine as there is a small pressure drop between the cylinders. An 
after-cooler can be fitted after the delivery process to cool the gas. 
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Positive displacement machines 


Fig. 1114 Effect of 

intercooling on the 
compression work 


Fig. 1115 Plan 

showing intercooling 
between compressor 
stages 



The delivery temperatures from the two stages are given by 

w 'fer - 

respectively. This assumes that the gas is cooled in the intercooler back to the 
inlet temperature, and is called complete intercooling. To calculate the indicated 
power the equations (1111) or (1113) can be applied to each stage separately 
and the results added together. Two-stage compression with complete 
intercooling and after-cooling, and equal pressure ratios in each stage, is 
represented on a T-s diagram in Fig. 12.16. 


Fig. 1116 T-s 
diagram showing 
intcrcooling and 
aftcrcooling 
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12.3 Multistage compression 


Example 12.6 In a single-acting, two-siage reciprocating air compressor 4.5 kg of air per 
minute are compressed from 1.013 bar and 15 °C through a pressure ratio 
of 9 to 1. Both stages have the same pressure ratio, and the law of compression 
and expansion in both stages is pV' y = constant. If intercooling is complete, 
calculate the indicated power and the cylinder swept volumes required. 
Assume that the clearance volumes of both stages are 5 Vo of their respective 
swept volumes and that the compressor runs at 300 rev/min. 

Solution The two indicator diagrams are shown superimposed in Fig. 12.17. The LP 
stage cycle is abed and the HP cycle is a'b'c'd'. 


Fig. 12.17 Pressure- 
volume diagram 
showing both stages for 
Example 12.7 



Now pj = 9p,. also pjPi = Pi/Pt. therefore 

Pi =PxP2 = 9p] 
therefore 

PilPi = V 9 = 3 

Using equation (3.29) 

therefore — =» 3 «-*"Uf»J 
288 

where T, - 15 + 273 - 288 K. and 7; is the temperature of the air entering the 
intercooler, 

i.e. 7J * 288 x 1.289 » 371 K 

Now as n. m. and the temperature difference are the same for both stages, 
then the work done in each stage is the same. Therefore using equation (12.11) 

Total indicated power — 2 x —-— mRlT t — 7*,) 

it — 1 

2 x 1.3 x 4.5 x 0.287(371 - 288) 

0.3 x 60 


W . 


- 15.5 kW 
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Potltlv* displacement machines 


Example 12.7 


Solution 


Total minimum power - 2 x (power required for one stage) 

nmRT x 


-2 x 




Or in terms of the overall pressure ratio p, /p,, we have, using equation (12.20), 


Pi _ y/PtPi _ I Pi 
Pi Pi V P. 


therefore 


Tcu. minimum po«r-2 

This can be shown to extend to z stages giving in general. 

Total minimum power - r—^rnKT, -ij (12.22) 


Also 


Pressure ratio for each stage 


er 


(12.23) 


Hence the condition for minimum work is that the pressure ratio in each stage 
is the same and that intercooling is complete. (Note that in Example 12.6 the 
information given implies minimum work.) 


A three-stage, single-acting air compressor running in an atmosphere at 
1.013 bar and 15 e C has a free air delivery of 2.83m 3 /min. The suction 
pressure and temperature are 0.98 bar and 32 °C respectively. Calculate the 
indicated power required, assuming complete intercooling, n - 1.3, and that 
the machine is designed for minimum work. The delivery pressure is to be 
70 bar. 


y . . . a pV 1.013 X 10 s X 2.83 
Mass of air delivered - - - ^ „ 288 

where 7- 15 + 273 - 288 K. 

Then using equation (1122) 

Total indicated power 

-■A-Mer-'} 

- 3 x — x 147 * 0 287 x 288 U 70 \ (l > 

X 0.3 X 60 |\0.98/ 

- 24.2 kW 


- 3.47 kg/min 


-IMS" l.J) 


-} 


422 


Besides the benefits of multistage compression already dealt with there are 
also mechanical advantages. The higher pressures are confined to the smaller 



12.4 Steady-flow analysis 


assumed that about 50% of the friction power goes to increasing the energy 
transferred to the cooling water, in addition to the heat transferred to the cooling 
water from the air in the cylinder. 


12.4 Steady-flow analysis 

In section 112 an expression was obtained (equation (12.11)) for the indicated 
power required to take a mass flow rate of gas. m. in state I and deliver it at 
a higher pressure in stale 2. This was done by analysing the internal processes 
of the machine. Another approach is to consider the compression process as 
one of steady flow, as shown in Fig. 12.20, with the change of state from 1 
to 2 being achieved by a non-flow process of poly tropic compression, as indicated 
in the property diagram of Fig. 12.21. 


Fig. 12.2(1 Steady flow 
through a reciprocating 
compressor 


Fig. 12.21 

Compression process on 
a p- r diagram 


V 

nprev 

V 


r t 


' 



The steady-flow energy equation for the system show n in Fig. 12.20, neglecting 
changes in potential and kinetic energy and for unit mass flow rate, is 

h t +Q+ ir - h 2 
therefore 

Q + I V = h 2 - /., 
or for an elemental process 

dtf + dM'-dA (a) 
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Positive displacement machines 


Then a comparison may be made on ihc basis of a Roots efficiency, 

work done iscntropically 


i.e. Roots efficiency ■ 

i.e. Roots efficiency = 


actual work done 

Kip*-Pi) 
y(r<'-»>’-!) 

<7-DU— I) 


where r - pressure ratio. p 2 /p,. 

From equation (2.22). we can write 


y 

7-1 R 

therefore 

c f r «T-*V7_ n 

Roots efficiency ^ j—--jy—j (12.29) 

For a Roots air blower values of pressure ratio, r, of 1.2, 1.6. and 2 give 
values for the Roots efficiency of0.945,0.84, and 0.765 respectively. These values 
show that the efficiency decreases as the pressure ratio increases. 

The actual compression process is not quite as simple as that described. 
When the displacement volume V is opened to the delivery space a pressure 
wave enters which increases with the opening and moves at the velocity of 
sound. This wave is reflected from the approaching lobe to the delivery' space. 
The pressure oscillations set up unsteady conditions in the delivery space which 
vary considerably from one design to another. The actual torque and loading 
on the rotors arc higher than is suggested by the p V diagram, and fluctuate 
with high frequency. This fluctuation is transmitted to the drive and creates 
difficulties due to vibrations. This machine has a number of imperfections, but 
is well suited to such tasks as the scavenging and supercharging of IC engines. 

Roots blowers arc built for capacities of from 0.14 to 1400m 3 /min, and 
pressure ratios of the order of 2 to I for a single-stage machine and 3 to 1 for 
a two-stage machine. Other designs have been produced to improve on the 
Roots blower, one of these being the Biccra compressor, designed by the British 
Internal Combustion Engineering Research Association (BICERA). 


Vane typo 

The simple vane type is shown in Fig. 1124 and consists of a rotor mounted 
eccentrically in the body, and supported by ball- and roller-bearings in the end 
covers of the body. The rotor is slotted to take the blades which arc of a 
non-mclallic material, usually fibre or carbon. As each blade moves past the 
inlet passage, compression begins due to decreasing volume between the rotor 
and casing. Delivery begins with the arrival of each blade at the delivery passage. 
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12.6 Rotary machines 


Fig. 12.24 Vane-type 
positive displacement 
compressor 


Fig. 12^5 Pressure- 
volume diagram for a 
vane-type compressor 


Example 12.9 


Solution 



This type of compression differs from that of the Roots blower in that some or 
all of the compression is obtained before the trapped volume is opened to 
delivery. Further compression can be obtained by the back-flow of air from the 
receiver which occurs in an irreversible manner. 

The p- V diagram is shown in Fig. 12.25. V % is the induced volume at pressure 
Pi and temperature T x . Compression occurs to the pressure p„ the ideal form 
for an uncooled machine being isentropic. At this pressure the displaced gas is 
opened to the receiver and gas flowing back from the receiver raises the pressure 
irreversibly to p 2 . The work input is given by the sum of the areas A and B. 
referring to Fig. 1125. Comparing the areas of Figs 12.23 and 12.25 it can be 
seen that for a given airflow and given pressure ratio the vane type requires 
less work input than the Roots blower. 



A rotary sliding vane two-stage machine is shown in Fig. 12.26; in this type 
the vanes arc in contact with the cylinder walls. 

Compare the work inputs required for a Roots blower and a vane-type 
compressor having the same induced volume of 0.03 m , /rev, the inlet pressure 
being 1.013 bar and the pressure ratio 1.5 to 1. For the vane type assume 
that internal compression takes place through half the pressure range. 

p, ■* 1.013 bar 
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Positive displacement machin 


Fig. 12.26 Rotary 
sliding vane two-stage 
positive displacement 
compressor 


therefore 



p 2 - 1.013 x 1.5 - 1.520 bar 
For the Roots blower, referring to Fig. 12.23 
Work done per revolution = ( p 2 — p,)K 


= (1.520- 1.013) x 


10 5 x 0,03 
10 » 


= 1.52 kJ/rev 


For the vane type 


P.= 


(1.5 x 1.013)+ 1.013 

2 


= 1.266 bar 


Referring to Fig. 12.25 

Work required = (area A + area B) 
Now using equation (12.7) with n = y 


area 


{(aar-'H- 


14 1.013 x IQ 5 x 0 .03 

0.4 X I0 3 ~ 


-0.70 kJ/rcv 
area B - (p 3 - p,)F fc 
where V h is given by equation (3.19), 


i.e. 


'--ter-—o. 


- 0.0256 m 3 


i.e. 
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area B = ( 1.520 - 1.266) x 10 2 x 0.0256 kJ/rcv 
= 0.65 kJ/rev 


12.6 Vacuum pump# 


therefore 

Work required = 0.70 + 0.65 = 1.35 kJ/rev 
(compared with the work required for the Roots machine of 1.52 kJ/rev). 

Rotary sliding vane compressors are used with free air deliveries of up to 
150m 3 /min and pressure ratios up to 8.5 to 1. For special applications and 
boosting, pressure ratios of the order of 20 to 1 have been obtained from this 
type. The larger machines arc usually water-cooled. 

Lubrication is important with vanc-typc machines and is accomplished by 
injecting oil to the vane tips in contact with the casing. Some machines, having 
carbon vanes, require no lubrication. Another version is designed to reduce the 
friction between vane and casing. This employs a floating drum which rotates 
between the rotor and casing, and does not allow the vanes to make contact 
with the casing. The only movement of the blades relative to the floating drum 
is along the slots. See Fig. 12.26. 


12.6 Vacuum pumps 

Rotary positive displacement pumps arc used to produce a vacuum or to 
scavenge a vessel. An example of this type of pump is shown in Fig. 12.27. The 
rotor is eccentrically mounted in the stator and carries two blades which sweep 
the space between the rotor and stator. The gas being exhausted enters through 


Fig. 1L27 Rotary 
positive displacement 
vacuum pump 
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Positive displacement machines 


the vacuum connection and is compressed before delivery through the discharge 
valve. The efficiency of such pumps is impaired by the presence of condensable 
vapours, and means must be provided to deal with these if necessary. The 
vapours tend to condense before delivery through the discharge valve and mix 
with the scaling oil. The liquid eventually evaporates into the vacuum system 
and lowers the vacuum obtainable, as well as impairing the scaling and 
lubricating properties of the oil. 


12.7 Air motors 

Compressed air is used in a wide variety of applications in industry. For some 
purposes air-operated motors arc the most suitable forms of power, especially 
where there arc safety requirements to be met as in mining applications. 

Pneumatic breakers, picks, spades, rammers, vibrators, riveters, etc. form a 
range of hand tools which have wide applications in constructional work. They 
are light in construction and suitable for operation in remote situations for 
which other forms of power tools may not be suitable. The action required of 
such tools, with the associated simplicity and robustness of construction, is 
obtained with air-operated design. 

Basically the cycle in the reciprocating expander is the reverse of that in the 
reciprocating compressor. Air is supplied to the air motor from an air receiver 
in which the air is at approximately ambient temperature. There is a pressure 
drop in the air line between the receiver and the motor. The air expands in the 
motor cylinder to atmospheric pressure in a manner which is polytropic (i.e. 
the expansion is internally reversible and the law of expansion is pv’ - constant, 
where n < 7 . and is usually about 1.3 k If the air is initially at ambient 
temperature, then this form of expansion will bring about a reduction 
in the air temperature as lower pressures arc reached. The temperatures reached 
may be sufficiently low to be below the dew-point of the moisture in the air 
(see section 15.2); this moisture may be condensed, and the water formed may 
even be cooled to its freezing-point. This may lead to the formation of ice in the 
cylinder with the consequence of blocked valves. To prevent this condition it 
may be necessary to preheat the air to an initial temperature which is high 
enough to prevent the formation of ice. This heating of the air causes an increase 
in volume at the supply pressure and reduces the demand from the compressor. 
Further, the tcmpcrjture at which the heat transfer is required is low. and h 
low-grade supply of heat or ‘waste heat' may be utilized for the purpose. 

A hypothetical indicator diagram for an air motor is shown in Fig. 12.28. 
In this case the air expands from 1 to the pressure />, at the end of the stroke. 
There is then a blow-down of air from 2 to 3. Air is exhausted from 3 to 4. and 
at 4 compression of the trapped or cushion air begins Air at the supply pressure, 
p t . is admitted to the cylinder at the point 5 where it mixes irreversibly with 
the cushion air. The pressure in the cylinder is rapidly brought up to the inlet 
value, /v The further supply of air is made at constant pressure behind the 
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12.7 Air motors 


Fig. 1L28 Pressure- 
volume diagram for an 
air motor 


1 



moving piston to the point of cut-off at 1. The cut-off ratio is given by 


Cut-off ratio 



The effect of the cushion air is to give a smoother-running motor. The position 
of the point 5 depends on the point of initial compression 4, and on the law of 
compression pF" = constant. The conditions may be such that the points 5 
and 6 coincide. 

The analysis of such a diagram is best carried out from basic principles, as 
illustrated in the following example. 


Example 12.10 The cy linder of an air motor has a bore of 63.5 mm and a stroke of 114 mm. 

The supply pressure is 6.3 bar. the supply temperature 24 5 C, and the exhaust 
pressure is 1.013 bar The clearance volume is 5% of the swept volume and 
the cut-off ratio is 0.5. The air is compressed by the returning piston after 
it has travelled through 0.95 of its stroke. The law of compression and 
expansion is pF : - J = constant. Calculate: 

(i) the temperature at the end of expansion; 

(ii) the indicated power of the motor which runs at 300 rev/min; 

|iii) the air supplied per minute. 

Solution (i) Referring to the cycle of Fig. 1128 

Clearance volume - F* « F, - 0.05 F, 

Since the cut-off ratio, ( F, - F 6 )/(F, - F 6 k is 0.5, therefore 
F, - 0.5 K + 0.05 F, - 0.55 F, 

Vi m K+K m 1-05K 

Now 


or 


I j — - 0.95( Fj — F s ) (given) 

V A - F s = 0.05 K 
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Positive displacement machines 


therefore 


v A = cos k + 0.05 k = oik 
PiVi-PiV 


ihcrefore 


also 




244 6 K 


i.c. Tcmperalure after expansion = 244.6 - 273 * -28.4°C 
(ii) Now 

--©-““(as)"-"" 1 ' 

Work output per cycle = area I 234 561 
Work output = p,(P, - V 6 ) + 

and Swept volume = ? * - 61S * * 114 = 0.361 x I0" J m 3 


4 x 10’ 


therefore 


Work output per cycle 
- (6.3 x 10 5 x 0.361 x 10- 3 x 0.5) 
10 5 x 0.361 x 10" J 


0.3 


{(6.3 x 0.55)-(2.718 x 1.05)} 


i.c. 


-(1.013 x I0 5 x 0361 x 10" 3 x 0.95) 

- *° — * {(2.494 x 0.05) - (1.013 x 0.1)} 

Work output per cycle ■ 113.7 + 73.5 — 34.7 — 2.8 
- 149.7 J/cycle 

ij() 7 « ton 

Power developed - —--- - 0.749 kW 

60 x 10 s 

(iii) The mass induced per cycle is given by (m, - mj. It is necessary to 
determine the temperature of the air at 4. which can be taken as equal to that 
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12.7 Air motor* 


at 3. It is assumed that the air in the cylinder at the point 2 expands iscntropicalty 
to the exhaust pressure. Therefore 

p.v. 6.3 x 10 5 x 0.55 x 0.361 x lO' 3 . 

■"-«? -S7T297-1-4675 x 10 Hg 

therefore 

Induced mass per cycle - (1.4675 x 10” 3 ) — (0.0691 x I0~ 3 ) 

* 1.398 x I0 -3 kg 

i.e. Mass flow rate of air supplied = 1.398 x 10“ 3 x 300 * 0.42 kg/min 


Fig. 1129 
Characteristics of a 
small vane-type air 
motor: (a) power- 
speed, (b) torque speed, 
(c) air consumption- 
speed 


Air motors can be rotary in action and arc then similar in form to their 
compressor counterparts, see section 12.5. Figure 1129(a). (bX and (c) show 
the forms of the performance characteristics of a small. 0.3 kW, vane type air 
motor in terms of power/speed, torque, speed, and air consumption/speed. An 
air motor which receives air from a constant pressure supply can be controlled 
to meet the load requirements by fitting a restrictor either before or after the 
motor. It can be shown by a consideration of a simplified p-V diagram, 
neglecting clearance, that fitting the restrictor before the motor requires a lower 
airflow than fitting it after. The reader should establish this for himself and also 
show that the airflow rate required is approximately proportional to the supply 
pressure to the motor for a given duty. Figure 1130 shows the results of a test 
on a small air motor which gives a 25% reduction in air requirement if the 
restrictor is on the inlet side to the motor. 
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Fig. 12.30 Test results 
for a vunc-typc air 
motor with restrictor 
control |no load) 


4 
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Problems 


12.1 Air is to be compressed in a single-stage reciprocating compressor from 1.013 bar and 
15 X to 7 bar. Calculate the indicated power required for a free air delivery of 0 3 m */ min, 
when the compression process is as follows- 

(i) isentropic; 

(ii) reversible isothermal; 

(iii) polytropic, with n ■- 1.25. 

What will be the deh.cry temperature in each case? 

(1.31 kW; 0.98 kW; 1.20 kW'; 227.3 C; ISX; 150.9'C) 

12.2 The compressor of Problem 111 is to run at 1000 rev/mm. If the compressor is 
single-acting and has a stroke/hore ratio of 1 . 2 / 1 . calculate the bore size required. 

(68.3 mm) 

12.3 A single-stage, single-acting air compressor running at lOOOrcv/min delivers air at 
25 bar. For this purpose the induction and free air conditions can be taken as 1.013 bar 
and 15 C. and the FAD as 0.25m*/niin The clearance volume is 3% of the swept 
volume and the stroke, bore ratio is 1.2/1. Calculate: 

(i) the bore and stroke. 

(ii) the volumetric efficiency; 

(iii) the indicated power: 

Civ) the isothermal efficiency. 

Take the index of compression and re-expansion as 1.3. 

(73.2 mm; 87.R mm; 67 7%; 2 kW 1 ; 67.7V.) 

12.4 The compressor of Problem 12.3 has actual induction conditions of ! bar and 40 C, 
and the delivery pressure is 25 bar Taking the bore and stroke as calculated in 
Problem 12.3. calculate the FAD referred to 1.013 bar and 15 X and the indicated power 
required. Calculate also the volumetric efficiency and compare it with that of Problem 
12.3. 

(0226 mV'min; 1.98 kW; 61.2%; 67.7%) 
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Problems 


12.5 A single-acting compressor is required to deliver air ai 70 bar from an induction pressure 
of I bar. at the rale of 2.4 m Vmin measured at free air conditions of 1.013 bar and I5"C 
The compression is earned out in two stages with an ideal intermediate pressure and 
complete intcrcooling. The clearance volume is 3% of the swept volume in each cylinder 
and the compressor speed is 750 rev min The index of compression and rc-cxpansion 
is 1.25 for both c>ltndcrs and the temperature at the end of the induction stroke in each 
cylinder is 32 C. The mechanical efficiency of the compressor is 85%. Calculate: 

It) the indicated power required; 

lii) the saving in power over single-stage compression between the same pressures; 
(nit the swept volume of each cylinder. 

(iv| the required power output of the drive motor. 

<22.74 kW; 5.98 kW; 0.003% m 1 . 0.000474 m»; 26.75 kW| 

12.6 For the compressor of Problem 12.5 calculate the heat rejected per minute to the jacket 
cooling water of each stage, and the heat rejected per minute to the intercooler. Assume 
that 50% of the friction power in ejeh stage is transferred to the jacket cooling water. 

(264 kJ/min; 478 kJ/min) 

12.7 A singlc-cyhndcr. single-acting air compressor of 200 mm bore by 250 mm stroke is 
constructed so that its clearance can be altered by moving the cylinder head, the stroke 
being unafTcctcd. 

(a) Using the data below calculate: 
fi) the free air delivery; 

(li) the power required from the drive motor. 

Data Clearance volume set at 700 cm’; rotational speed. 300 rev/min; delivery pressure. 5 bar; 
suction pressure and temperature. 1 bar and 32 C; free air conditions, 1.013 bar and 
15 C; index of compression and re-expansion, 1.25; mechanical efficiency, 80%. 

Cbi To what minimum value can the clearance volume be reduced when the delivery 
pressure is 4 2 bar. assuming that the same driving power is available and that the suction 
conditions, speed, value of index, and mechanical efficiency, remain unaltered? 

(1.68 m J /min; 7.1 kW; 458 era 5 ) 

12.8 A single-acting, single-cylinder air compressor running at 300 rev/min is driven by an 
electric motor. Using the data given below. anJ assuming that the bore is equal to the 
stroke, calculate: 

fi) the free air delivery; 

(ti) the volumetric efficiency; 

(iii) the bore and stroke. 

Dato Air inlet conditions, 1.013 bar and 15 C. delivery pressure. 8 bar. clearance volume. 7% 
of swept volume; index of compression and re-expansion. 1.3; mechanical efficiency of 
the drive between motor and compressor, 87%; motor power output, 23 kW. 

(4.47 in 3 /min; 72.7%; 297 mm) 

12.9 A two-stage air compressor consists of three cylinders having the same bore and stroke. 
The delivery pressure is 7 bar and the FAD is 4.2 m , /min. Air is drawn in at I 013 bar. 
15 C and an intercooler cools the air to 38 C The index of compression is 1.3 for all 
three cylindcrv Neglecting clearance calculate: 

(i) the intermediate pressure. 

(ii) the power required to drive the compressor; 

(iii) the isothermal efficiency. 

(2.19bar; 16.2 kW; 84.5%) 

12.10 A four-stage compressor works between limits of I bar and 112 bar. The index of 
compression in each stage is 1.28, the temperature at the start of compression in each 
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stage is 32 C, and the intermediate pressures are so chosen that the work is divided 
equally among the stages. Neglecting clearance, calculate: 

(i) the temperature at delivery from each stage: 

(ii) the volume of free air delivered per kilowatt-hour at 1.013 bar and I5°C; 

|ui) the isothermal efficiency. 

(122'C; 6.23 m»/kWh; 87.6%) 

12.11 A single-cylinder, single-acting reciprocating air compressor supplies a water-cooled 
receiver from which the air is drawn off for process work. Taking the polytropic index 
of compression and re-expansion as 1.3. and using the data below, calculate: 

(i) the pressure in the receiver; 

(ii) the rate of heat rejection from the receiver; 

(iii) the volumetric efficiency of the compressor; 

(iv) the required power input to the compressor 

Data Cylinder bore. 200 mm; stroke. 250 mm; rotational speed. 440 rev/min;clearance volume, 
5% of swept volume; ambient pressure and temperature in compressor house. 1.01 bar 
and 10 C; average pressure and temperature during the induction stroke. I bar and 
20 C; volume flow rate of air drawn off for process work. 0.6 m\ min at 17 J C. 

Note: Use a tnal-and-error method for part (■>. 

(5 bar; 8.14 kW; 83.9%; 9 85 kW) 

12.12 Air at 1.013 bar and 15 C is to be compressed at the rate of 5.6 ra J /min to 1.75 bar. 
Two machines are considered: (a) the Roots blower; and (b) a sliding vane rotary 
compressor. Compare the powers required, assuming for the vane type that internal 
compression takes place through 75% of the pressure rise before delivery takes place, 
and that the compressor is an ideal uncooled machine. 

(6.88 kW; 5.71 kW) 

12.13 Air is compressed in a two-stage vanc-typc compressor from 1.013 bar to 8.75 bar. Using 
the data below, and assuming equal pressure ratios in each stage, that compression is 
complete in each stage, that the machine operates in an ideal manner, and is uncooled 
apart from the intercooler, calculate: 

(i) the power required; 

(ii) the volume flow rate measured at the delivery pressure. 


Data 


Free air delivery, 42 m’ min at 1.013 bar and 15 C; intcrcooling between stages is 75% 
“’ mp " ,c (IS7 kW; 7.21 m’/min) 


12.14 The following particulars refer to a single-acting air motor: cylinder diameter 380 mm; 
stroke 610 mm; speed 200 rev min. supply pressure and temperature 6.2 bar and 150 'C; 
back pressure 1.03 bar; index of expansion and compression 1.35; cut-off ratio 0.46; 
clearance volume 20% of swept volume; mechanical efficiency 95%. 

Assuming that the temperature and pressure of the air in the clearance space at the 
beginning of admission are 6.2 bar and I50'C calculate: 

(i) the air consumption; 

(ii) the air temperature after blow-down; 

(iii) the fraction of stroke travelled by the piston before recompression begins; 

(iv) the shaft power developed. 

^ ^ (0.54 kg/s; - 14.3 C; 0463; 729 kW) 


Reference 
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Reciprocating Internal 
combustion Engines 


Theoretical power cycles arc considered in Chapter 5. and the p-v diagrams 
analysed are similar to those obtained from actual reciprocating engines. There 
are. however, fundamental mechanical and thermodynamic differences between 
the cycles, which make comparison less valuable than might be expected. 

In the theoretical cycles there is no chemical change in the working fluid, 
which is assumed to be air. and the heat exchanges in the cycle arc made 
externally to the working fluid. In the practical cycle the heat supply is obtained 
from the combustion of a fuel in air and thus the air charge is consumed during 
combustion and the combustion products must be exhausted from the cylinder 
before a fresh charge of air can be induced for the next cycle. The practical 
cycle consists of the exhaust and induction processes together with the 
compression and expansion processes as in the theoretical cycle. Further 
differences between the ideal and the actual cycles are discussed in section 13.8. 

The reciprocating engine mechanism consists of a piston which moves in a 
cylinder and forms a movable gas-tight plug, a connecting-rod and a crankshaft 
(see Fig. 13.1k If the engine has more than one cylinder then the cylinders, 
pistons, etc. are identical, and all the connecting-rods arc fastened to a common 
crankshaft The angular positions of the crank-pins arc such that the cylinders 
contribute their power strokes in a selected and regular sequence. By means of 
this arrangement the reciprocating motion of the piston is converted to rotary 
motion at the crankshaft. 

There are many types and arrangements of engines, and some classification 
is necessary to describe a particular engine adequately. The methods of 
classification arc as follows: 

(i) By the fuel used and the way in which the combustion is initiated. Petrol 
engines and gas engines have spark ignition (SI). Diesel engines or oil 
engines have compression ignition (Cl). In the SI engine the air and the 
fuel arc mixed before compression. In the Cl engine the air only is 
compressed, and the fuel is injected into the air which is then at a sufficiently 
high temperature to initiate combustion. 

(ii) By the way in which the cycle of processes is arranged. This is defined by 
the number of complete strokes of the piston required for one complete 
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FT*. 13.1 Reciprocating 
1C engine 



cycle. The stroke of the piston is the distance it moves from the position 
most extreme from the crankshaft to that nearest it. This lakes place over 
half a revolution of the crankshaft. In petrol engine practice the extreme 
positions of the piston are referred to as top dead centre (TDC). and bottom 
dead centre (BDC) (see Fig. 13.IX In oil-engine practice they arc referred 
to as outer dead centre and inner dead centre respectively. An engine which 
requires four strokes of the piston (i.c. two revolutions of the crankshaft) 
to complete its cycle is called a four-stroke cycle engine. An engine which 
requires only two strokes of the piston lie. one crankshaft revolution) is 
called a l\ut~sfroke eyrie engine. 

In all reciprocating internal-combustion (1C) engines the gases arc induced 
into and exhausted from the cylinder through ports, the opening and closing 
of which arc related to the piston position. In a two-sirokc engine the ports 
can be opened or closed by the piston itself, but in the four-stroke engine a 
separate shaft, called the camshaft, is required; this is driven from the crankshaft 
through a 2 to ! speed reduction The cams on this shaft operate valves, called 
poppet \al\cs. cither directly or by means of push tods. Modern high-speed 
petrol engines have two camshafts, one operating the exhaust valves, and the 
other operating the inlet valves. The timing of the valves and the point of 
ignition are fundamental to the engine performance, and the specified liming 
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is a result of compromise between the many factors involved and is determined 
empirically. The beginning and end of each process does not coincide with the 
TDC and BDC positions, although nominally each process may be associated 
with a piston stroke. The timing of the valves can be indicated on a p-V 
diagram, but is more conveniently represented by means of a timing diagram 
(sec Fig. 13.3) in terms of crankshaft angle. 


13.1 Four-stroke cycle 


Figure 13.2 shows a typical p-V diagram for a SI petrol engine. The individual 
strokes arc given under the headings below. 


Fig. 13 1 Pressure- 
volume diagram for a SI 
engine 



Induction stroke. 1-2 

The air-plus-fuel charge is induced into the cylinder as the piston moves from 
TDC to BDC. Due to the movement of the piston the pressure in the cylinder 
is reduced to a value between the atmospheric pressure, and air flows through 
the induction system because of this pressure difference. On its way to the 
cylinder the air passes through the carburettor in which the metered amount 
of petrol is added to the air. Nominally the inlet valve closes at point 2, but in 
fact this does not occur until the piston has moved part of the way along the 
return stroke. 


Compression stroke, 2-3 

With both valves closed the charge is compressed by the piston. At the TDC 
position the charge occupies the volume above the piston, which is called the 
clearance volume, and consists mainly of the volume of the combustion chamber. 
The spark is timed to occur at a point such as S, which is before TDC. There 
is a time delay between S and the actual commencement of combustion. The 
combustion process occurs mainly at almost constant volume, and there is a 
large increase in pressure and temperature of the charge during this process. 
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Working stroke. 3-4 

The hot high-pressure gas expands, pushing the piston down the cylinder. It 
would appear that this expansion should proceed to completion at 4, but in 
order to assist in exhausting the gaseous products the exhaust valve opens at 
some point E which is before BDC. At this point the pressure is about 3.5 bar 
or higher and about 60% of the gas is exhausted between E and 4 as the 
pressure in the cylinder falls to nearly atmospheric pressure. 


Exhaust stroke. 4-1 

The returning piston clears the swept volume of exhaust gas, and the pressure 
during this stroke is slightly higher than atmospheric pressure. In a normally 
aspirated engine as described, the clearance volume cannot be exhausted, and 
at the commencement of the next cycle this volume is full of exhaust gas at 
about atmospheric pressure. The mixture which is compressed thus consists of 
the fresh air plus fuel mixture, diluted by a quantity of exhaust gas from the 
previous cycle. 

It should be remembered that the maximum volume of fresh charge which 
can be induced is equal to the swept volume, V t , but the actual mass induced 
in practice is less than the maximum possible, for reasons which will be 
considered later. 


Timing diagrams 

A typical timing diagram for a four-stroke petrol engine is shown in 
Fig. 13.3, and the angular positions in terms of crank angle position are quoted in 
relation to the TDC and BDC positions of the piston. The points on the diagram 
are as follows: 

IO Inlet valve opens. The actual position is between 10° before TDC and 15° 
after TDC 


Fig. I3J Timing 
diagram for a 
four-stroke SI engine 
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13.2 Two-stroka cycla 


Fig. 13.7 Two-stroke 
SI engine with 
crankcase compression 



E. is uncovered by the piston and exhaust begins. The transfer port, T, is 
uncovered later in the stroke due to the shape of the piston or the position of 
the port in relation to the port E. and the charge in the crankcase. C which 
has been compressed by the descending piston, enters the cylinder through the 
port T. 

The piston can be shaped to deflect the fresh gas across the cylinder to assist 
the scavenging of the cylinder; this is called cross-flow scavenge. As the piston 
rises, the transfer port, T, is closed slightly before the exhaust port E, and 
after E is closed compression of the charge in the cylinder begins. The p-V 
diagram and the timing diagram for a two-stroke petrol engine arc shown in 
Fig. 13.8(a) and (b). 


Fig. 13.8 Pressure- 
volume (a) and 
timing (b) diagrams for 
a two-stroke SI engine. 
(I) inlet angle (80' 
approx.); (E) exhaust 
angle (120" approx.); 
(T) transfer angle (100° 
approx.) 
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Instead of the spring-loaded valve. S. a design with a third port may be used. 
This is an induction port controlled by the piston, and through which the 
mixture is drawn into the crankcase. 

The above description of the two-stroke cycle applies also to Cl engines with 
the exception that air only is compressed, and the sparking plug is replaced by 
a fuel injector. 

Crankcase compression has been described but the scavenging and charging 
of the cylinder may be achieved by other means. A separately phased pump 
cylinder with its piston driven from the crankshaft may be used. A positive 
displacement compressor or blower driven from the engine is a third way of 
charging the cylinder. 

The deflector piston, which is unbalanced and can cause ‘rattle*, may be 
dispensed with and a flat piston used. The scavenging is then obtained by using 
two transfer ports which divert the incoming air up the cylinder. This is called 
‘reverse flow’, or ’inverted flow’, and the system is called loop scavenge. 

In engines which have simple inlet ports and poppet or sleeve valve controlled 
exhaust ports, the inlet and exhaust ports are placed at opposite ends of the 
cylinder and the fresh charge sweeps along the cylinder towards the exhaust 
port. This is called uni-flow scavenge and is applied with great mechanical 
simplicity in opposed piston engines. 

For several reasons the two-stroke cycle has more application in the Cl field 
than in the SI field, especially for stationary constant-speed engines. In such 
engines a number of ingenious arrangements have been patented in an attempt 
to dispense with the scavenge blower. Some designs have used the Kadenacy 
effect, which employs the high vacuum created by suddenly releasing the exhaust 
gas through large-area, sharp-edged ports. With constant-speed engines it is 
possible to ‘tune’ the exhaust system such that the HP exhaust gas leaving one 
cylinder can be used to ‘pack’ another cylinder which is on the early part of 
its induction stroke. 


13.3 Other types of engine 

In the early days of development of the four-stroke engine one of the difficulties 
was the noisy poppet valve mechanism. As an alternative the sleeve valve became 
popular. A sliding sleeve is fitted in between the piston and the cylinder, the 
movement of the sleeve being controlled by an overhung crank-pin driven from 
a shaft at half crankshaft speed. The movement of this valve controls the inlet 
and exhaust ports in the cylinder. 

Engines have been developed which arc called multi-fuel engines ; such engines 
will run on any petroleum fuel from diesel fuel to premium petrol. The main 
application of such engines is for military purposes and it is unlikely that they 
will have extensive commercial application. 

The dual-fuel engine is of considerable industrial interest. Some diesel engines, 
naturally aspirated or turbocharged (see section 13.12) can be used as dual-fuel 
engines. They arc started on diesel oil and then run on an available gaseous 
fuel such as methane, natural gas. sewage gas, coal gas, etc. The combustion 
process requires a pilot injection of oil which amounts to 7-10% of the full 
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power supply when running as a diesel engine. The changeover from diesel 
fuel to gas can be done automatically or manually. To supply the pilot injection 
of oil a second set of pumps is required which delivers fuel to the standard 
injectors. 

A considerable amount of effort has been put into the development of the 
free piston engine. In this type of engine the crankshaft and connecting-rod arc 
dispensed with, and two opposed but connected pistons operating in the same 
cylinder are used. The free piston engine is described more fully in section 13.14. 
One of the main applications of the engine is that instead of having a separate 
air compressor driven by an IC engine the compressor and the engine can be 
combined with the result that the intermediate rotating shafts are eliminated 
and a more compact unit is obtained. This is especially important for portable 
air compressors which are used extensively. Another use for the free piston 
engine is as a ‘gasifier’ from which the gaseous products of combustion are 
exhausted at a suitable pressure and allowed to expand through a gas turbine. 
No power output is taken from the free piston engine, the power output of the 
unit being that obtained from the turbine. The potential field for the smaller 
size free piston engine is regarded as being with road, rail, and tracked vehicles, 
earth-moving equipment, high-speed marine craft, cargo ships, and in generating 
stations. 

Some classification of IC engines has been given, but this is not exhaustive. 
The applications for such engines are wide, both in the type of duty to be 
performed and in the power required. Modem developments promise the 
application of IC engines not only as individual units but as part of a complete 
plant to suit some specialized purpose. 


13.4 Criteria of performance 

An engine is selected to suit a particular application, the main consideration 
being its power/speed characteristics. Important additional factors arc initial 
capital cost and running cost. In order that different types of engines or different 
engines of the same type may be compared, certain performance criteria must 
be defined. These arc obtained by measurement of the quantities concerned 
during bench tests, and calculation is by standard procedures. The results arc 
plotted graphically in the form of performance curves. 


Indicated power (ip) 

This is defined as the rate of work done by the gas on the piston as evaluated 
from an indicator diagram obtained from the engine. An indicator diagram has 
the form shown in Fig. 13.9. Figure 13.9 shows both the power and the pumping 
loops. 

The mean effective pressure has been defined in section 5.9 and may be 
applied here. 

Net work done per cycle x (area of power loop - area of pumping loop) 
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hp 


Fig. 13.11 Variation of 
mechanical efficiency 
with brake power 


Brake power (bp) 

This is the measured output of the engine. The engine is connected to a brake 
or dynamometer which can be loaded in such a way that the torque exerted 
by the engine can be measured. The dynamometer may be of the absorption 
or the transmission type. Absorption dynamometers arc the more usual and 
can be classified as: (i) friction type, used for the smaller powered, lower-speed 
engines; (ii) hydraulic; (iii| electrical; (iv) air-fan type. With types (i), (ii). and 
(iiiK the torque is obtained by reading ofT a net load, W, at a known radius. K, 
from the axis of rotation, and hence the torque. T. is given by 

T~WR (13.4) 

The brake power is then given by- 

bp - 2nNT (13.5) 

In the transmission type of dynamometer the torque. T. transmitted by the 
driving shaft is measured directly, and the bp is obtained by substitution in 
equation (13.5). With air fans the torque is obtained from a calibration curve 
for the fan. 


Friction power (fp) and mechanical efficiency, rj M 

The difference between the ip and the bp is the friction power (fp). and is that 
power required to overcome the frictional resistance of the engine parts. 

i.c. fp = ip - bp (13.6) 

The mechanical efficiency of the engine is defined as 

Mechanical efficiency. /; M - — (13.7) 

'P 

where usually lies between 80 and 90%. 

The fp is very nearly constant at a given engine speed; if the load is decreased 
giving lower values of bp. then the variation in with bp is as shown in 
Fig. 13.11. At zero bp at the same speed the engine is developing just sufficient 
power to overcome the frictional resistance. 

Mechanical efficiency depends on the ip and bp. and is therefore found by 
evaluating these experimentally. A considerable amount of literature lias been 
published dealing w ith mechanical efficiency and the analysis of engine power 
losses. A useful report on this subject is that of ref. 13.1. and the conclusion 
is that no single method is satisfactory in every respect for the evaluation of 
mechanical efficiency. The four main methods arc as follows: 

<i) Measurement of the ip and the bp by the means already described in the 
preceding subheadings. 

(ii) Measurement of the bp at a given speed followed by ‘motoring' of the 
engine with the fuel supply cut off. This method can only be used on engines 
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with an electrical dynamometer, the dynamometer being used as a motor 
instead of as a generator in order to motor the engine at the tiring speed. 
The torque can be measured under firing and under motoring conditions 
and the mechanical efficiency evaluated. The fact that an electrical 
dynamometer can be used to find the mechanical efficiency in this way is 
one of the main advantages of this type of dynamometer. 

(iii) The Morse test: this is only applicable to multicylindcr engines. The engine 
is run at the required speed and the torque is measured. One cylinder is 
cut out. by shorting the plug if an SI engine is under test, or by disconnecting 
an injector if a Cl engine is under test. The speed falls because of the loss 
of power with one cylinder cul out. but is restored by reducing the load. 
The torque is measured again when the speed has reached its original 
value. If the values of ip of the cylinders arc denoted by /,. / 2 , /,. and 1 4 
(considering a four-cylinder engine), and the power losses in each cylinder 
arc denoted by L„ L a . L,. and L 4 . then the value of bp. B, at the test 
speed with all cylinders firing is given by 

* = (/,-/.,) + (/, - L 2 ) + (/, - L,) + ( 1 4 - L 4 ) 

If number 1 cylinder is cut out. then the contribution /, is lost; and if the 
losses due to that cylinder remain the same as when it is firing, then the 
bp. B ,, now obtained at the same speed is 


B, = (0 - L,) + ( 1 2 - L 2 ) + (/, - L s ) + ( 1 4 - L 4 ) 
Subtracting the second equation from the first gives 



km 

Fig. 13.12 Fuel 
consumplion against 
brake power for a Cl 
engine 


B — B i = /, (13.8) 

By cutting out each cylinder in turn the values / 2 . /,. and 1 4 can be obtained 
from equations similar to (13.8) Then for the engine 

/-/,+/, + /, + / 4 (13.9) 

(iv) * Willan's line': this method is applicable to Cl engines only. At a constant 
engine speed the load is reduced in increments and the corresponding bp 
and gross fuel consumption readings are taken. A graph is then drawn of 
fuel consumption against bp. as in Fig. 13.11 The graph drawn is called 
the 'Willan’s line', and is extrapolated back to cut the bp axis at the point 
A. The reading OA is taken as the power loss of the engine at that speed. 
The fuel consumption at zero bp is given by OB; if the relationship between 
fuel consumption and bp is assumed to be linear, then a fuel consumption 
OB is equivalent to a power loss of OA. 


Brake mean effective pressure (bmep). thermal efficiency, 
and fuel consumption 

The bp of an engine can be obtained accurately and conveniently using a 
dynamometer. 

From equation (13.7) 

bp = >ImX ip 
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Example 13.1 


Solution 


Dividing equation (13.11) by equation (13.13) gives 


'Jbt bp 
— “ — = 'Jm 
lit IP 


therefore 


" '/m x 'fir 


(13.14, 


A four-cylinder petrol engine has a bore of 57 mm and a stroke of 90 mm. 
Its rated speed is 2800 rcv/min and it is tested at this speed against a brake 
which has a torque arm of 0.356 m The net brake load is 155 N and the 
fuel consumption is 6.74 l/h. The specific gravity of the petrol used is 0.735 
and it has a lower calorific value. Q m „ x of 44 200kJ/kg A Morse test is 
carried out and the cylinders arc cut out in the order I. 2. 3. 4. with 
corresponding brake loads of 111, 106.5. 104.2. and MIN, respectively. 
Calculate for this speed, the engine torque, the bmep. the brake thermal 
efficiency, the specific fuel consumption, the mechanical efficiency and the 
imep. 

Using equation (13.4, 

Torque. T = WR = 155 x 0 356 = 55.2 N m 
Using equation (13.5k 

bp = 2xNT = — * - kN m / s = I*-2 kW 


From equation (13.10k 


bmep = 


bp x 2 
ALNn 


16.2 x 2 x 4 x 60 x I0 J 
x x 0.057 2 x 0.09 x 2800 x 4 x I0 5 


= 7.55 bar 
Using equation (13.11) 


1 * i-t 


bp 


16.2 


m, x Q„, t 0001376 x 44200 

where m, - (6.74/3600, x I x 0.735 - 0001 376 kg/s. 
Using equation (13.12k 

rfc - ^ -OB0I376_ 00000*5 kg/k j 


— » 0.266 or 26.6% 


bp 


16.2 


It is more convenient to express sfc in terms of fuel consumption rale per unit 
power and to express the fuel consumption rate in kilograms per hour rather 
than kg/s. 

i.e. sfc - 0.000085 x 3600 - 0.306 kg/kW h 

Using equation (13.8, for each cylinder in turn, and substituting brake loads 
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Solution The condition of the exhaust implies a stoichiometric air-fuel ratio which for 
petrols can be taken to be 14.5/1. 

From Example 13.! 

m, -0.001 376 kg/s 
therefore 

Air mass flow rate - 14.5 x 0.001 376 = 0.01995 kg/s 
therefore 

„ . , . . . 001995 x 287 x 288 

V olume drawn in per unit time. 1 =- : - 

10* x 1.013 

- 0.0163 mi's 

Now 


Swept volume of engine - ALn m J cycle = m\ min 


. r. x 0.057 2 x 0.09 x 4 x 2800 . . 

“■ -4T2T60-= 0 02,4 m/s 

Then using equation (13.15) 

V 0.0163 


n. =T7 


V. 0.0214 


= 0.76 or 76% 


13.5 Engine output and efficiency 

The power output of an engine depends on the conditions under which it is 
tested. In order to make reported performances acceptable and comparable, 
standard procedures arc established which define the quantities to be measured, 
the methods of measurement to be used, and the procedure to be adopted for 
reporting. The standards which apply in the UK arc defined in British Standard 
(BS) 5514 (ref. 13.2) which is equivalent to the corresponding standards 
ISO 3046 of the International Organization for Standardization (ISO). In the 
United States the standards are those of the Society of Automotive Engineers 
(SAE)and arc described in th eSAE Handbook, I9N4, volume 3 or its replacement. 
In Germany the standards are those of the Deutsche Industrie Norm (DIN) 
and in the UK also the power and torque outputs of engines are often quoted 
to the DIN procedures. Standards arc withdrawn or updated from time to time 
and the different standards may become fewer as a single international standard 
emerges. 

The power output changes with the atmospheric conditions of pressure, 
temperature, and humidity and if the test conditions are not those of the relevant 
standard the readings of power and fuel consumption taken must be corrected 
to the defined conditions and procedures of the standard. The power output 


454 



13.5 Engine output and officiancy 


also depends on the form in which the engine is tested with regard to the 
auxiliaries with which it is fitted. i.c. fully or partly equipped. Diesel engine 
power, torque and fuel consumption values or complete characteristics arc 
readily available; for petrol engines maximum values of power (kilowatts) and 
torque (Newton metres) are quoted, but fuel consumption figures arc not so 
readily come by. For private vehicle use the overall vehicle performance figures 
arc quoted as power and torque to the specified standard, usually DIN, and 
the fuel consumption figures to official tests under the Passenger Car Fuel 
Consumption Order 1983 in litres/100 km at the specified test speeds of 90 and 
120 km/h (56 and 75 mph). 

For example, for one particular engine the power (in kilowatts) and torque 
(in Newton metres) outputs quoted to different test standards were respectively 
69 and 359 to BS 5514. 72 and 377 to DIN 70020. 79 and 369 to BS AU 1141a. 
and 72.6 and 366 to BS 649. showing a considerable variation. This range of 
variation of the main performance parameters indicates the necessity for a 
rationalization of engine test standards. 

Table 13.1 details the power and torque performances of engines (mainly 
petrol) to DIN ratings and the fuel consumptions of vehicles in which they are 
fitted. Some basic engines appear in different forms with different carburation 
or fuel injection systems, have alternative forms of ignition and may even be 
supercharged by means of a turbocharger (sec section 13.12). Similarly, the 
same engine may be available in different forms of vehicle, e.g. saloon, estate 
or cabriolet which have different aerodynamic characteristics with corresponding 
vehicle performance figures. The comparison of engine power outputs by the 
criterion power/volume should be done with the understanding that for a given 
total engine capacity the small capacity multicylinder engine will give a higher 
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value than an engine with fewer, larger cylinders because the volume is swept 
more frequently for equal piston speeds. 

The last two engines listed are different versions of the same engine and are 
the power ratings for intermittent running. The continuous running characteris¬ 
tics for the same engines are shown in Fig. 13.21 (p. 443). 

The specific fuel consumptions at maximum power vary between 0.20 and 
0.25 kg/kWh with somewhat lower values (by 0.005 to 0.010 kg, kWh at the 
maximum torque condition). 

The details quoted in Tabic 13.2 are for the smaller size diesel engines for 
industrial and commercial vehicle use. Engines in the higher power range. 
1000-3000 kW. are in service in fast patrol boats, for electrical power generation 
on warships, on offshore oil rigs, in rail traction includ.ng high-speed trains 
and in submarine applications. 


Table 13.2 Some diesel 
engine performances to 
BS 5514/DIN 6270 


Capacity 

Cylinders 

Compression 

ratio 

Breathing 

Max po»cr fkW) 
at speed (rev mint 

Max. torque (N m 1 
at speed (rev min) 

Power 

(litre) 

(kW,litre) 

2.9 

3 

17.3 

Normal 

29 at 2000 

158 at 1600 

9.9 

3.3 

3 

16.3 

Normal 

43 at 2200 

211 at 1400 

13.0 

4.4 

4 

16.3 

Normal 

57.5 at 2100 

284 at 1600 

13.0 

4.4 

4 

156 

Turbocharged 

68 7 at 2100 

359 ax 1600 

15 6 

6.6 

6 

16.3 

Normal 

90 at 2300 

436 at 1400 

13.6 

6.6 

6 

15.6 

Turbocharged 

103 at 2200 

500 at 1600 

15.6 

66 

6 

156 

Turbo - intercooling 

130 at 2200 

665 a*. 1600 

19.7 


Diesel engine competition with the petrol engine for the private car market 
is an interesting study exercise. The principles of the diesel engine were well 
known at the start of the century and prior to the Second World War a few 
diesel-engined cars had been built as conversions from petrol engines. The 
advantages of the diesel of better fuel consumption and longer engine life were 
well known, particularly for use in taxis which arc used for short journeys and 
have high annual mileages. For such applications the savings in fuel cost favour 
the diesel engine but its relative progress has been slow. In the late 1970s only 
about 69 000 diesel private cars and vans were in use in the UK. but the number 
rose to about 519000 in 1986, and currently is in excess of 1 300000 of which 
over 650000 arc private cars. The performance of an early (1974) diesel-engined 
vehicle compared favourably with that of a smaller petrol engine, c.g. a 1.8 litre 
diesel compared with a 1.3 litre petrol engine gave similar journey times and 
overall fuel costs of about half those of the petrol engine. The noise level of the 
diesel engine was not acceptable and the diesel was regarded as being sluggish 
in comparison with the petrol engine. Modern diesel engine design has narrowed 
the gap between the two with engines becoming lighter, quieter, and more 
responsive. The better fuel consumption of the diesel makes it an attractive 
power unit for the taxi and vehicle fleet owner, provided the price of diesel fuel 
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remains sufficiently lower than that of petrol. Another important factor is the 
frequency and cost of service work required by the diesel and petrol equivalents. 
Diesel engines required more frequent servicing, but the intervals between 
servicing arc approaching equality. 


13.6 Performance characteristics 

The testing of 1C engines consists of running them at different loads and speeds 
and taking sufficient measurements for the performance criteria to be calculated. 
As well as the mcasi 'cmcnts required for the criteria of section 13.4 the airflow 
is required to give the air-fuel ratio and the combustion products can be 
analysed (sec section 7.6). 

An energy balance is sometimes presented for an engine, and 'he heat taken 
by the cooling water is obtained by measuring the rate of flow of the water and 
its temperature rise. The outlet temperature of the cooling water is usually 
limited to about 80 C to prevent the formation of steam pockets. To estimate 
the energy of the exhaust gas. an exhaust calorimeter can be fitted; this is simply 
a heat exchanger in which the exhaust gas is cooled by circulating water, the 
rale of flow and temperature rise of which arc measured. In order to avoid 
condensation of the steam in the gas. the gas is not usually cooled below about 
50 C. 

The items usually included in an energy balance and expressed as percentages 
of the energy supplied by the fuel (i.e. m, x are as follows: (a) bp; 

(b) the heat to cooling water; (c) the energy of the exhaust referred to inlet 
conditions, or as obtained by an exhaust calorimeter; (d) unaccounted losses 
obtained by difference and which include radiation and convection losses,etc. 

The energy balance usually presented is not an accurate account of the energy 
distribution, but it is a useful one. The bp is conveniently and accurately 
measured and the percentage of the input energy to the bp is the most important 
item in the balance. The heat transferred to the cooling water may be used as 
an indication of how much heat could be usefully obtained if this water were 
used for other heating purposes in a combined plant. 

The energy to exhaust is best obtained by means of the exhaust calorimeter 
as described. Ideally the exhaust gas should be cooled to the temperature of 
the inlet air. and the heat taken by the cooling water in the calorimeter per 
minute would give item (c) of the balance The temperature at which the exhaust 
gas enters the calorimeter is most likely not that at which it passes through the 
exhaust valve, and some of the energy to the exhaust will have been taken by 
the cooling water or lost to the atmosphere. To obtain item (c) by calculation 
is more speculative since the gas is chemically different from the inlet air and 
the mass flow has increased due to the addition of the fuel. The error involved 
in choosing the datum is likely to be less than that produced by using an 
inaccurate value for the exhaust temperature, which is not easy to obtain with 
accuracy. It is sufficient to write 

Energy to exhaust = (m. + ih,)^ - m,/i. 
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where m, and m, are ihc air and fuel mass flow rates, h, is the specific enthalpy 
of the exhaust gas (dry exhaust + steam I, reckoned from 0'C. and h t is the 
specific enthalpy of the air at inlet reckoned from 0°C. A suitable value for c f 
for the dry exhaust gas must be calculated or assumed 

For a diesel engine at full load typical values would be: to bp 35%; to cooling 
water 20%; to exhaust 35%; to radiation, etc. 10%. The heat to the jacket 
cooling water and exhaust can be utilized in industries which have heating loads 
such as space and heating and hot-water systems, and which require either 
steam or hot water for process work. The heat to the jacket water is recoverable 
and about 18% of the total energy supplied can be recovered from the exhaust 
gas. 

The most elementary power test is that which gives the power-speed and 
the torque speed characteristics, as shown in Fig. 13.13. The test is carried out 
at constant throttle setting in the petrol engine, and at constant fuel pump 
setting in the Cl engine. 


Fig. 13.13 Engine 
characteristics of power, 
imep. hmep. and 
mechanical efficiency 
against engine speed 



In Fig. 13.13 arc shown the engine power characteristics for both ip and bp. 
As Ihc speed increases from the lower values the two curses arc similar, the 
difference between the ip and the bp at any speed being the fp. which increases 
with speed. Both curves show maximum values, but they occur ut different 
speeds. The ip falls after the maximum because of a reduction in volumetric 
efficiency with increased speed. This is influenced by gas temperatures, valve 
timing, valve mechanism dynamics, and the pressure pulsation patterns in the 
induction and exhaust manifolds. This fall in volumetric efficiency affects also 
the bp curve, but this is further decreased by an increase in the fp. This latter 
effect is predominant since the bp reaches ns maximum at a lower speed than 
the ip. 

The variation of volumetric efficiency with speed is indicated in Fig. 13.14, 
and that of mechanical efficiency with speed in Fig. 13.13. The various methods 
used for the determination of mechanical efficiency arc discussed in section 13.4. 
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ihc engine could be running unsteadily und there may be combustion of the 
mixture in the exhaust system. At E, with the weakest mixture, running will be 
unsteady and the combustion may be so slow that the gases continue burning 
in the clearance volume until the next induction stroke begins; this causes 
popping back through the carburettor. Point C is the point of chemically correct 
or stoichiometric air-fuel ratio, and is about 14,5/1. The mixture strengths 
range between those at B and D, which arc for maximum power und maximum 
economy respectively. The indicator diagrams corresponding to mixtures B, C, 
and D arc shown in Fig 13.16. 


Fig. 13.16 Pressure - 
volume and timing 
diagrams for rich, weak, 
and stoichiometric 
mixtures for a 
SI engine 



For multicylinder engines the consumption loops are less distinct, but arc 
generally similar in shape to that for the single-cylinder engine. This is also true 
for tests made at part throttle openings. A series of readings obtained at different 
throttle positions at constant speed is shown in Fig. 13.17. 


Fig. 13.17 SI engine 
consumption loops at 
different throttle settings 



hmep in d percentage 
ol the nuiimum 


In the above tests the ignition has been assumed to be constant, but other 
tests can be included to show the efTect of ignition timing on the consumption 
loop. Alternatively the ignition setting can be adjusted at each mixture strength 
to give maximum power at the speed of the test; by this means the rate of 
pressure rise on combustion can be kept approximately constant. 
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Bmep and sfc may be plotted against air-fuel ratio as shown in Fig. 13.18. 
To the same base of air fuel ratio the variation of carbon dioxide, oxygen, and 
carbon monoxide contents of the dry exhaust can be plotted as shown in 
Fig. 13.19. 


Fig. 13.18 Specific fuel 
consumption and 
bmcp against air-fuel 
ratio for a SI engine 


Stoichiometric 
air fuel ratio 



Fig. 13.19 Exhaust gas 
analysis against air-fuel 
ratio for a SI engine 



Energy balances can be drawn up for the principal points taken from the 
consumption loop. 

Testing the SI engine at part load shows the deficiency of the method of 
governing by throttling the charge since the efficiency falls with decreasing load. 
The induction pressure is reduced and the pumping losses increase. The dilution 
of the fresh charge by exhaust gas increases at lower loads, the clearance volume 
containing practically the same amount of exhaust gas since the back pressure 
in the exhaust process remains constant. For this type of mixture a greater 
amount of fuel is required for combustion to be possible. 


Cl engines 

In the main Cl engines are not controlled by throttling but by adjusting the 
amount of fuel supplied to the engine, and hence are quality governed. When 
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better-quality fuels and of improved designs of combustion chamber. The main 
features of the combustion chamber arc the distances to be travelled by the 
flame after initiation of combustion, and the gas flow pattern established. 


Fig. 13.23 Thermal 
efficiency against 
compression ratio for an 
ideal cycle for a SI engine 



It is evident that if a petrol-air mixture is compressed sufficiently it will 
ignite spontaneously. This suggests one limit to compression ratio if controlled 
combustion is to be obtained from spark ignition. However, before this limit 
is reached for the whole charge, spontaneous ignition can occur in the unburnt 
charge after combustion has commenced normally. The unburnt gas, compressed 
by the advancing flame front, is raised in temperature and may reach the point 
of self-ignition. This produces an uncontrolled combustion and its occurrence 
may be heard as a knocking sound. A critical condition can be reached which 
is called detonation, or 'heavy knock*. The advancing flame front is suddenly 
accelerated by the occurrence of a high-pressure wave and the flame front and 
shock wave traverse the cylinder together. The detonation wave suffers successive 
reflections, and a high-frequency noise is created. This is an extreme condition 
which has been produced in test rigs, but such intense conditions are less likely 
to be produced in a normal engine. These combustion phenomena arc usually 
referred to collectively as 'knock'. One of the results of knock is that local hot 
spots can be created which remain at a sufficiently high temperature to ignite 
the next charge before the spark occurs. This is called pre-ignition, and can help 
to promote further knocking. The result is a noisy, overheated, and inefficient 
engine, and perhaps eventual mechanical failure. The chemical behaviour during 
this type of combustion is still not fully understood, although a considerable 
amount of empirical data are available. The pressure crank angle diagram for 
normal combustion is shown in Fig. 13.24 with maximum pressure occurring 
at !0-12‘ after TDC. and a rate of pressure rise of 1.38 bur per degree of crank 
angle, with a compression ratio of 8/1. The spark occurs at the point S on the 
normal compression curve, but there is a delay period between the occurrence 
of the spark and a noticeable departure of the pressure curve from that of 
normal compression. This is a time delay w hich is independent of engine speed 
so that as the engine speed is increased the point S must occur earlier in the 
cycle to obtain the best position of the peak pressure. This ignition advance can 
be accomplished manually, but can also be controlled automatically by a 
mechanism in the distributor which is sensitive to engine speed; an additional 
control is obtained at small throttle openings by a pressure connection from 
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the cylinder. At about 9.5/1 compression ratio the low-frequency engine 
vibrations produced arc called rumble or pounding. At compression ratios of 
12/1 the pressure rise is about 83 bar per degree crank angle with a peak 
pressure of 83 bar. The engine noises produced arc known as thud or pressure 
rap: surface ignition is not present and fuel characteristics have little influence. 
This field of development is one which brings many new problems which are 
more likely to be solved by the chemist than the engineer. 


Cl engines 

The effect of compression ratio in the Cl engine is somewhat simpler than in 
the SI engine. For combustion to occur at the temperature produced by the 
compression of the air a compression ratio of 12/1 is required. The efficiency 
of the cycle increases with higher values of compression ratio and the limit is 
a mechanical one imposed by the high pressures developed in the cylinder, a 
factor which adversely affects the power-weight ratio. The normal range of 
compression ratios is 13/1 to 17/1, but may be anything up to 25/1. 

The combustible mixture in the SI engine is formed before compression, but 
with the Cl engine this mixture has to be formed after compression and after 
injection begins. This leads to delay periods in the Cl engine which arc greater 
than those in the SI engine (sec Fig. 13.25). The fuel droplets injected have to 
evaporate and mix with oxygen to give a combustible mixture. The delay period 
forms the first phase of the combustion process, and is dependent on the nature 
of the fuel. The second phase consists of the spread of flame from the initial 
nucleus to the main body of the charge. There is a rapid increase in pressure 
during this phase and the rate of pressure rise depends to some extent on the 
availability of oxygen to the fuel spray, which in turn depends on the turbulence 
in the cylinder. The main factor, however, is that of the delay period. A long 
delay period means more combustible mixture has had time to form, and so 
more charge will be involved in the initial combustion. As the speed increases 
the rate of pressure rise in this phase also increases. This is because the delay 
period is a function of time if surrounding conditions remain constant, and at 
the higher engine speeds more mixture will be formed in the delay period. The 
initial rapid combustion can give rise to rough running and a characteristic 


Fig. 13.25 Pressure 
against crank angle for 
a Cl engine 
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adiabatic but arc of ihc form pv a = constant: the assumption of internal 
reversibility is nevertheless a good approximation. A comparison of the real 
cycle and the ideal cycle is shown in Fig. 13.26 for a petrol engine; the pumping 
loop of the practical cycle has been omitted. 


Fig. 13.26 Comparison 
of real and ideal cycles 
for a SI engine 



A most important criterion is the temperature (and hence pressure) which 
can be attained by the 'constant volume’ combustion phase. Figure 13.27 shows 
the temperatures reached on the combustion of mixtures of fuel and air of 
different strengths between 50% weak and 50% rich, for a compression ratio 
of 5 to 1. The maximum temperature should theoretically be produced by a 
stoichiometric mixture strength, but in fact it occurs at about 20% rich. The 
shape of the temperature curve is due to the dissociation of C0 2 and H 2 0 into 
CO. H 2 , and 0 2 which is slight at a temperature of 2000 4 C. but increases 
rapidly above that. In engine combustion the dissociation of CO : affects engine 
behaviour more than that of H 2 0 which is relatively slight. Combustion theory, 
as described in Chapter 7. allows the dissociated proportions of CO. H 2 . and 
0 2 to be calculated and represented in the combustion equations. Hence the 
energy released on combustion can be calculated. If the formation of nitric 
oxide which occurs at the higher temperatures is taken into account the 
temperatures attained arc even lower, due to the absorption of energy to form 
NO as show n in Fig. 13.27. At the higher compression ratios of modern engines 
higher temperatures and pressures are attained and dissociation occurs, not 
only to a greater extent for NO. but also to some common radicals mainly OH, 
H. and O. e.g. at 3000 C a stoichiometric mixture of octane and air at 
cquilibnum will contain OH (i.4%), H (0.3%), O (0.3%). and NO (0.3%). 

Mixture strength, particularly for a spark-ignited engine, can vary 1 considerably 
due to the way in which the mixture is created and distrib jted. It is not a 
controlled process as it is in the diesel engine. One of the results of this is a 
considerable variation in the cycle to cycle and cylinder to cylin der performance 
of petrol engines. 

An important parameter which is open to selection is that of rhe spark timing 
as described in sections 13.6 and 13.7. Figure 13.28 shows ihe form of the 
variation of the maximum pressure reached in the cylinder with the advance 
of the ignition before the TDC position. 
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for computation increases rapidly. To this end charts have been prepared from 
established information to describe the behaviour of different fuels at different 
mixture ratios including the effects of dissociation and different proportions of 
recycling exhaust gas etc. (see ref. 13.5). In serious work this information 
will be included as data stored in a computer ready for use in the analysis or 
computation of different engine cycles and running conditions. 


13.9 Properties of fuels for 1C engines 

Some of the requirements of the fuels used in 1C engines have been indicated 
by the earlier sections of this chapter, and these will be added to in this section. 

Fuels suitable for petrol engines arc obtained from several sources. The 
majority arc obtained from petroleum; these consist of straight petrol distilled 
from crude petroleum, natural gasoline (which is a light spirit), and cracked or 
re-formed spirits from certain petroleum fractions. Petrol can be obtained from 
the distillation of oil shale, but the product is more expensive than that from 
petroleum. 

Alcohol in the main is ethyl alcohol obtained from the fermentation of 
residues from vegetable matter such as sugar-cane and sugar-beet. The amount 
of alcohol mixed with petrol is not usually greater than 20 %, since a higher 
content would lead to carburation difficulties. 

Fuels can be classified as those which belong to a chemical series and those 
which arc manufactured. The mam chemical groups are the paraffins, 
naphthenes, and aromatics, each group consisting of carbon and hydrogen 
atoms to a characteristic general formula. Members from two groups can have 
similar carbon to hydrogen proportions, but different chemical characteristics 
because of the different atom grouping in the molecule. This is illustrated in 
Table 13.3. 


Table 1X3 Chemical 
fuels 


Fuel group Proportions NCV 

and general by ma» Relative Air/fuel - 

formula Fuel C II density ratio (kJ/kg) 


Paraffins 

Hexane C«ll, 4 

0.837 

C.H*., 

Heptane C\H I4 

0.840 

Naphthenes 

Cyclo-hexane 

0.857 

C.H„ 

C.H„ 



Cyclo-heptane 

<mi I4 

0.857 


•Cyclo-octane 

C.H.* 

0.857 

Aromatics 

Ben/ere C,H fc 

0.92? 


Toluene C-H, 

0.913 

Xylene C*H I0 

0.905 


0.163 

0.67 

15.3 

45124 

0160 

069 

15.2 

44 660 

0.143 

0.79 

14.7 

43030 

0.143 

0.78 

14.7 

43960 

0.143 

074 

14.7 

43960 


0077 

088 

13.2 

40700 

0.087 

087 

13.4 

41054 

0.095 

0.95 

13.6 

41868 
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13.10 Fuel systems 

The purpose of an engine fuel system is to provide the cylinder with a mixture 
of air and fuel in the correct proportions for the engine requirements at any 
particular instant. There arc basically two methods available, one is called 
carburation and is used for petrol engines and the other is a type of fuel injection 
which is a characteristic method for diesel engines. There arc many different 
designs of each and only the basic principles will be dealt with in this book. 

The petrol engine for automotive purposes has been developed on the basis 
of the carburettor although petrol injection is becoming more common, the 
latter having been used for a long time for aircraft and special engines, such as 
military vehicles and racing cars. The carburettor is a iimplc, cheap device 
which has served its purpose for many years, but the trend to higher powered, 
mullicylinder engines has shown the single carburettor system to be inadequate. 
As a consequence multichoke carburettors and twin or triple carburettor layouts 
have been used to meet increasingly sophisticated engine requirements, but 
several designs of petrol injection systems have also been introduced. 

The fundamentally different methods of charge ignition by spark and by 
compression in the petrol and diesel engines respectively have dictated different 
means of fuel supply for the two engines. However, the features of the oil 
injection system from the point of view of control, accurate fuel metering, and 
good fuel consumption characteristics in comparison with the carburated petrol 
engine with its poor fuel consumption, particularly at part load, have created 
the belief that ultimately petrol injection would be the preferred method if a 
sufficiently simple system could be produced at a cost which would make it 
competitive with the carburettor. In recent years the added requirement for 
engines to meet exhaust gas emission regulations (see section 13.13) has increased 
the demand for accurate fuel metering and engine control. These factors have 
increased the interest in petrol injection although the earlier regulations were 
more satisfactorily met by carburated engines than by those with the first petrol 
injection systems. In general the fundamental problem is to measure, or compute 
accurately, the mass flow rate of air into the engine at any instant and to mix 
the correct amount of petrol into it in such a way that the air and fuel mixture 
produced is right for the engine running condition. If the airflow were steady 
in an engine and at constant temperature and pressure the problem would be 
relatively straightforward, but airflow rates, pressures and temperatures change; 
also the engine is in dynamic operation with phases of acceleration, deceleration, 
and overrun (when the throttle is closed and the vehicle wheels arc turning the 
engine) Thus a fuel supply system, to be successful, must be able to cope with 
a wide range of running conditions and demands. 


Carburation 

The term carburation’ covers the whole process of supplying continuously to 
a petrol engine a mixture of vaporued fuel and air which is suitable to each 
engine condition of load, speed, and temperature. In section 13.5 it is seen that 
the air fuel ratio varies between maximum economy and maximum power 
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carburettor arc satisfactory the fuel for acceleration is best provided, in the 
interests of economy, by a separate accelerating device. The means of doing 
this vary and the types may be classified as using an accelerating pump, or an 
accelerating well. 


Fuel injection: diesel engines 

The function of a fuel injection system is to meter the fuel accuraicly and 
uniformly to the engine cylinders under all operating conditions from idling to 
full load. The timing of the injection should be accurate enough to give the 
required combustion characteristics. The fuel from the tank is filtered before 
passing to the pump, and the metered fuel is then passed to the injection which 
is fitted in the engine cylinder. The 'jerk pump' system is the one which is used 
almost universally over the whole range of oil engines, and will be the one 
described here. The jerk pump is a piece of precision equipment, and consists 
of a barrel with plunger; the close fit required to prevent leakage at the high 
pressures reached is obtained by lapping. The plunger is driven from the camshaft 
and the control of the amount of fuel to be delivered can be made by the 
following: 

(i) using a plunger with a variable stroke; or 

(ii) measuring the quantity at the beginning of the plunger stroke and spilling 
back the excess; or 

(iii) using a constant stroke plunger and bringing delivery to an end by suddenly 
spilling off the fuel from the cylinder. 

The spill of the fuel may be controlled by a cam-controlled spill-valve (sec 
ref. 13.6). or a port control. Pumps with port control arc produced by a 
number of manufacturers and their action will be described. 

A simplified injection system is show n in Fig. 13.32. The spring-loaded injector 
needle is set to lift at a predetermined pressure in the delivery line which contains 
oil at a high residual pressure. There arc complex pressure and velocity variations 
set up m the system, the changes in the pressure being propagated in the oil 
at the speed of sound in the oil. The effect of such variations will not be 
considered here (see ref. 13.6 for a full treatment of the subject). The 
plunger is provided with a helical groove, the upper edge of which controls the 
uncovering of the spill port. The timing of the spill is thus decided by the shape 
of the helix, and this is most important. The part of the helix presented to the 
port is varied by rotating the plunger in the barrel, and a means must be 
provided for this to be done automatically or manually while the engine is 
running. An extreme position of rotation of the plunger in the barrel gives the 
position at which the pump will not deliver fuel to the engine, and this is the 
’stop' position. 

Figure 13.33 indicates the way in which the pressure in the fuel line changes 
during the injection cycle. At point 1 the pressure begins to rise above the 
residual pressure due to delivery from the pump. At 2 the injector needle begins 
to lift and the pressure variation from 2 to 3 depends on the delivery from the 
pump and the injector characteristics. At 3 the spill port is opened and the 
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Fig. 1333 Pressure 
variation in the fuel line 
during injection 


13.10 Fuel systems 



pressure falls with a characteristic depending on the spill port action and that 
of the closing of the injector needle. The pressure variation after this is due to 
the reflection of pressure waves in the line which arc damped out unless the 
next cycle commences before the damping is complete. The pressure in the line 
after spill may reach such a value that the needle opens for a second time in 
the cycle. This is undesirable and is known as secondary injection (see Fig. 13.34). 


Fig. 1334 Needle lift 
against time showing 
undesirable secondary 
injection 



Fuel injection: petrol engines 

At first sight it may appear that the application of diesel engine experience with 
injection systems to the petrol engine would produce a satisfactory mechanical 
petrol injection system. However, the different requirements of the two types 
of engine and the increased know ledge and use of electrical and electronically 
operated valves and transducers have made it evident that a petrol injection 
system would be wholly or mainly an electronic system. The development of 
electronic devices continues with increased component reliability, greater design 
sophistication, more miniaturization, and reduced cost giving flexible systems 
which arc simple to locale, robust in operation, and easy to replace. 

There are certain basic parameters to be decided upon for each system such 
as those given under the headings below. 

Manifold or in-cylinder injection 

Direct injection into the cylinder is attractive from the point of view of efficient 
fuel distribution, but the injector used would be subject to high pressure and 
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temperature conditions which it would not experience in the manifold. Injection 
into the manifold allows more time for the fuel and air to mix. giving better 
combustion, uses simpler injectors and requires easier access to the engine, 
particularly if it were not originally designed for injection. 

Continuous or pulsed injection 

The injector can be used to spray fuel continuously into the manifold and this 
requires a fuel flow rate varying by 50 to I between idle and maximum speed 
running; accurate mixture preparation requires good control on airflow 
measuring and fuel metering. With pulsed injection the fuel is injected near each 
cylinder inlet valve in each cycle by an injector which is solenoid operated for 
a measured period of lime. The range of pulse durations required is about 5 
to 1 and 'time' is a simple quantity, conveniently and accurately measured 
electronically; the demands of several engine parameters can be computed and 
expressed as a single controlling value. The very small pulse durations required 
at idling speed, of the order of 1 ms, set the criterion of quality of design for 
the injector. 

It would appear that the ability to lime the injection pulse anywhere in the 
induction stroke would be a powerful facility, but experience shows that the 
effect of such timing on power output and hydrocarbon emissions is not great. 
This allows some relaxation on the injector design as it enables injectors to be 
grouped to receive the same pulse, over a longer duration, and so injection 
occurs into different cylinders at different points in the cycle or by ‘non-time 
injection* procedure. 

The layout of a typical injection system is illustrated in Fig. 13.35 and includes 
provision for the various engine parameters which it is believed it is necessary 
to take into account. Alternative, and possibly simpler, designs could employ 
fewer parameters and so eliminate the need for some of the transducers, etc. 
described in this illustration. For instance, in this case the steady airflow 
requirement is computed from measurements of manifold pressure, inlet air 
temperature, and engine speed; a single reading of air mass flow rate would 
simplify considerably the requirements of the system. The system shown takes 
into account in addition the parameters of cooling water temperature, starter 
motor action, a measurement of change of manifold pressure by electronic 
differentiation of the pressure signal, and a throttle-actuated switch which cuts 
off the fuel supply when the throttle is closed. Information from each of the 
transducers or switches involved is 'computed' electronically to give a single 
pulse width, or a main and a second pulse, and is communicated to the pulse 
generators. 

Fuel is supplied to the injectors at a pressure of 1.72 bar above the manifold 
pressure and fuel not injected is returned through a pressure control valve to 
the supply tank. This circulation of fuel cools the injectors and purges them of 
air and vapour. The quantity of fuel injected depends on the pulse duration as 
decided by the electronic control unit, the orifice area and the pressure difference 
across it and the last two of these are constant, giving only the pulse duration 
as a variable. It would appear to be essential that the noolcs be matched very 
closely with respect to area and coefficient of discharge as small variations in 
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Fig. 13.35 Typical 
direct fuel injection 
system for a SI engine. 

(I) fuel filter; (2) fuel 
pump (electrically 
driven); (3) injectors; 

(4) fuel pressure control 
valve; (5) pressure 
transducer; 

(6) computer; (7) pulse 
generator; (8) trigger 
unit (engine driven). 

Transducers: 

(9) manifold air 
temperature; 

( 10 ) manifold air 
temperature; 

(II) cooling water 
temperature: 

( 12 ) throttle switch; 

(13) starter motor 
switch; (14) idling air 
control valve (throttle 
bypass) 

the fuel supply could affect the exhaust emissions of the engine quite considerably. 
A reduction in air-fuel ratio promotes the carbon monoxide content and an 
increase usually adversely affects the hydrocarbon content depending on the 
air-fuel ratio required, with a value of 16-16.5 to 1 being good average optimum 
values for both types of emissioa 

Information from the manifold temperature and pressure transducers and 
the engine speed is computed to give the basic pulse duration. If the engine is 
starting from cold a signal from the starter motor produces fuel enrichment, 
and a temperature signal from the cooling water controls the additional fuel 
during warm-up. Additional fuel for acceleration is provided by a control signal 
arising from the rate of change of pressure in the manifold as computed in the 
control unit. When the vehicle is in the overrun condition the throttle closes 
and switches off the fuel, thus eliminating the high output of hydrocarbons in 
the exhaust gas obtained with a car burated engine during this phase of operation. 
A throttle bypass valve allows an increase in the air supply during idling when 
the throttle is in the closed position and the opening of this is controlled by 
cooling water temperature. 



Charge stratification 

One of the developments that can utilize petrol injection is known as charge 
stratification. The objective of this is to initiate combustion in a region where 
the mixture is rich and to produce a flame that can then travel easily through 
the rest of the charge which is, on the whole, weak. One such system employs 
two injectors, one supplying the main combustion chamber and the other a 
small directly connected auxiliary chamber in which the spark plug is fitted. In 
the main chamber the air-fuel ratio is 2.18 to 1 , in the auxiliary it is 0.66 to 1 
and overall it is 1.64 to 1 relative to the stoichiometric ratio. 


479 








Reciprocating Internal-combustion Engines 


If the contents of this section arc considered in relation to that of 
section 13.13 on engine emissions a reasonable picture of the petrol engine and 
its stage of development should be obtained 


13.11 Measurement of air and fuel flow rates 

The practical determination of the air-fuel ratio consists of measuring the rate 
at which air and fuel arc consumed by the engine. 

Several means arc available for the measurement of fuel consumption and 
one simple arrangement is shown in Fig. 13.36. The measuring vessel consists 
of two reservoirs of known capacity in series, the capacities being measured 
between marks on the connecting capillary tubes. The fuel level thus falls quickly 
past the marks on the small bore capillary tube. Fuel from the tank or measuring 
vessel passes through a three-way valve to the engine. The three positions of 
the valve arc shown in Fig. 13.36. F > rovision must be nude to allow the fuel to 
fill the measuring vessel up to the level in the tank. The time is taken for the 
consumption of a know n volume of fuel, and thus the rate of fuel consumption 
can be determined. This arrangement has a number of possible variations which 
arc suitable for particular purposes. 

Fig. 13.36 Simple test 
measurement of fuel 
consumption ^ 

h ml 


* 

5 H Measuring 
> T Filling and 

v 

■ih Deliver) «m!> 



There arc types of instruments available called flow meters, which give the 
rate of flow directly and the calibration can be made in litres per hour or 
kilograms per hour as required The Amal flow meter is used widely in industry 
and is illustrated diagrammatically in Fig. 13.37. A float-controlled constant- 
level tank A is connected to a vertical glass tube B. The connecting tube carries 
an orifice at C. and a tap D is fitted between the instrument and the engine. 
When no fuel is being delivered to the engine the fuel is at the same level in A 
and B. As fuel is supplied to the engine the level in B falls until the fuel taken 
by the engine is equal to that passing through the orifice, and the level in B 
reaches an equilibrium position. The gauge reading is proportional to the fuel 
consumption and the calibration is an empirical one Fach instrument has two 
tubes such as B. each with its own range of flow. 

Such instruments as those described which depend on volumetric measurement 
are satisfactory for carburettor engines, but may not be satisfactory for Cl 
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arc described in ref. 13.7. It is a conclusion of this reference that the 
dimensions of a suitable air-box meter can be determined by the use of a 
non-dimensional factor U, defined by 


U 


I / n 'CVN 3 n : \ 
4094 x 10 5 \ Td*p 2 ) 


where rj, » the volumetric efficiency, V the engine swept volume (m J ), C the 
airbox volume (m‘). N the engine speed (rev/min), n the number of cylinders, 
T the air temperature (K). d the orifice diameter (ml, and p the strokes of the 
piston per induction stroke. 

For reasonable accuracy, U should not be less than 2.5, and the depression 
across the orifice should not exceed 100-150 mm of water. 

Another design of air meter is available for the measurement of airflow, this 
is the Alcock viscous-flow air meter and it is not subject to the errors of the 
simpler types of flow meters. With the air-box the flow is proportional to the 
square root of the pressure difference across the orifice. With the Alcock meter 
the air flows through a form of honeycomb so that the flow is viscous. The 
resistance of the clement is directly proportional to the air velocity and is 
measured by means of an inclined manometer. Felt pads are fitted in the 
manometer connections to damp out fluctuations. The meter is shown 
diagrammatically in Fig. 13.39. The accuracy is improved by fitting a damping 
vessel between the meter and the engine to reduce the effect of pulsations. 


Fig. 13.39 Alcock 
viscous flow air meter 



Filler 


loncycomb 


To engine or 
intermediate 
damping vessel 


Air 

intake 


Inclined manometer 


An entirely diflcrent principle on which the velocity of an airflow can be 
measured is that of vortex shedding. As air flows over a bluff body, vortices or 
local regions of low pressure are created in the flow behind the body as shown 
in Fig. 13.40. A sensor of some kind. c.g. a pressure transducer, optical or 
ultrasonic sensor, built into the bluff body, registers the asymmetric conditions 
in the flow during vortex shedding and the frequency of the disturbance is 
measured. An alternative method is to record the frequency by a hot-wire 
anemometer placed in the airstream. The flow velocity C and the frequency / 


Fig. 13.40 Air flow 
measurement using 
vortex shedding 
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and the quile different combustion characteristics of the two types of engine. 
The diesel induces air only and the fuel is injected under pressure into the 
cylinder with self-ignition of the fuel in the air; the petrol engine induces a 
mixture of air and fuel which is spark ignited and burns as described in sections 
13.6 and 13.7 giving fundamental combustion problems which do not occur 
with the diesel engine. To avoid charge detonation or 'knocking* in the petrol 
engine, giving uncontrolled combustion, the compression ratio may have to be 
reduced, an action which adversely affects the thermal efficiency of the engine. 
Alternatively a fuel of higher octane rating may be necessary. With the diesel 
engine higher boost pressures can give more satisfactory combustion conditions 
with a wider range of usable fuels, reduced delay periods, controlled pressure 
rise and an engine which is smoother and quieter in operation. 

The main features of supercharging are illustrated in the p-V diagrams for 
the idealized constant-volume four-stroke cycle in Fig. 13.42 and the plant line 
diagrams in Fig. 13.43. Figure 13.42(a) shows the normally aspirated cycle with 
line 1-5 representing both the induction and exhaust strokes at about the 
ambient air pressure p m . The early applications of supercharging were for 
piston-engined aircraft in which the 'blower* was driven mechanically from the 
engine as shown in Fig. 13.43(a). The power output of the engine was increased 
by the higher flow of air, and hence the fuel consumed, but part of this increase 
in power was required to drive the blower. The effects on the p-V diagram, as 
shown in Fig. 13.42(b). are to increase the pressures (and temperatures) reached 
during the cycle and to give a positive pumping loop. 15671, to add to the main 
working loop 12341. 


Fig. 13.42 Pressure- 

volume diagram for a 
four-stroke Cl engine 
with supercharging (a) 
and without 
supercharging (b) 




Fig. 13.43 Diagrams of 

a four-stroke, 
four-cylinder Cl engine 
with mechanical 
supercharging (a) and 
with turbocharging (b) 
(see p. 466) 
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Example 13.3 


Solution 


The power required to drive a blower mechanically connected to the engine 
must be subtracted from the engine output to obtain the net bp of the 
supercharged engine. Then 

'area 12341 + area 15671 


imep 


-( ! 


) 


x constant 


length of diagram 
and bp ■■ (»j M x ip) - (power to drive blower) 
(for mechanically driven blowers only). 


(13.16) 

(13.17) 


The average ip developed in a Cl engine is 12.9 kW/m* of free air induced 
per minute. The engine is a 3-litre four-stroke engine running at 3500 rev/min. 
and has a volumetric efficiency of 80%. referred to free air conditions of 
1.013 bar and 15'C. It is proposed to fit a blower, driven mechanically from 
the engine. The blower has an iscntropic efficiency of 75% and works through 
a pressure ratio of 1.7. Assume that at the end of induction the cylinders 
contain a volume of charge equal to the swept volume, at the pressure and 
temperature of the delivery from the blower. Calculate the increase in bp to 
be expected from the engine. Take all mechanical efficiencies as 80%. 

Engine capacity = 3 litres = 0.003 m J 
3500 

Swept volume = —— x 0.003 = 5.25 m J /min 

Unsupercharged induced volume = 0.8 x 5.25 = 4.2 m J /min 

Blower delivery pressure = 1.7 x 1.013 = 1.72 bar 

Temperature after iscntropic compression = 288 x 1.7 M4 " ,VI4 

= 335.2 K 


Therefore 

Blower delivery temperature = 288 + = 351 K 

The blower delivers 5.25 m J /niin at 1.72 bar and 351 K. 

5.25 x 1.72 x 288 


Equivalent volume at 1.013 bar and 15 ’C 


1.013 x 351 
= 7.32 m J /niin 


therefore 


Increase in induced volume - 7.32 — 4.2 — 3.12 m J /min 
Increase in ip due to the increased induction pressure 
(1.72 - 1.013) x 10 5 x 5.25 


10* x 60 


6.2 kW 


i.c. Total increase in ip = 40.2 + 6.2 = 46.4 kW 
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therefore 

Increase in engine bp = 0.8 x 46.4 = 37.1 kW 
From this must be deduced the power required to drive the blower. 

Mass of air delivered by blower “ - .V “ 0.149 kg/s 

60 x 287 x 351 


Work input to blower - me,l 351 - 288) - 0.149 x 1.005 x 63 


therefore 


n . . 0.149 x 1.005 x 63 ti0lt „ 

Power required --- 11.8 kW 

0.8 


therefore 

Net increase in bp ■= 37.1 — 11.8 * 25.3 kW 


Figure 13.42(a) shows the start of the exhaust process at 4 at a pressure 
substantially greater than the ambient. p,. This means that over 60% of the 
cylinder charge is suddenly exhausted by a free expansion which constitutes a 
considerable loss of the energy released on combustion; of about 30-40% 
between diesel and petrol engines. The attraction of'turbocharging* is evident 
as the energy lost in this way is used to drive a turbine wheel integral with a 
compressor wheel which delivers compressed air or charge to the cylinder. The 
additional work available from the gas is indicated, after continuing the 
reversible adiabatic expansion line 3-4 down to the pressure p, at 6, by area 
4614. The physical arrangement is shown in Fig. 13.43(b) and there is no 
mechanical connection to the engine. The turbocharger combination is a 
free-running unit with approximately equal mass flow rates over the turbine 
and compressor wheels reaching an equilibrium speed in the range 
20000-80000 rev/min. 

The simplest form of the supercharged cycle shows constant pressures created 
in the inlet manifold, p,. and in the exhaust manifold, p,, and it is essential that 
p, > p t , see Fig. 13.44(a). This pressure difference, p, — p,, can be utilized to 
scavenge residual gas from the combustion chamber if there is some overlap 
between the exhaust and inlet valve operation and particularly so for the diesel 
engine. This is called constant pressure supercharging and requires a large enough 
exhaust manifold to create a constant pressure supply to the turbine from a 
highly pulsating delivery from the engine cylinders. The T-s diagram for the 
turbocharger is shown in Fig. 13.44(b) and. using the methods of Chapter 9, 
the energy balance for the unit is obtained as follows: 

The compressor power input 




The turbine power output. 
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Fig. 13.44 Pressure - 
volume diagram (a) and 
T-s diagram (b) for the 
engine and turbocharger 
for 'constant-pressure' 
supercharging 



rt 



where and tj T arc the isentropic efficiencies of the compressor and turbine 
respectively. 

For a balance of mass flow rates 


m 


m, + ihf. 


m. m. 


where F/A = fuel to air ratio = m,/m a . 

Also li’ e = — x rj u , where rj M = mechanical efficiency of the drive, 
therefore 



H-erfe©-*™- 


where »/ 0 = n%* * Hr x He = the overall efficiency of the turbocharger. 

This expression shows how the manifold pressure p, depends mainly upon 
ij 0 and T t as the effect of the F/A ratio is small. A set of characteristics can 
be drawn of p,/p, against rj 0 for different values of 7^. A set is obtained for 
each value of p, and the minimum requirement to sustain the limit is p, * p, 
as shown in Fig. 13.45. 

For example for p,/p 4 ~ 2, and T, = 773 K (500 C C) rj 0 « 42%. The overall 
efficiency is higher for lower values of p, and higher values of p, and T 3 . The 
study of turbocharging should continue into the design of the turbocharger unit 
to meet its service requirements, but this is outside the scope of this book and 
specialist references such as 13.8 should be consulted. 

The usual arrangement for a turbocharger is a single-stage centrifugal 
compressor driven by a single-stage axial-flow turbine for the medium and 
largc-si/c engines for industrial, rail and marine applications, and by u 
radial-flow turbine for the smaller engines used in automotive applications, 
transport vehicles and cars. It is somewhat against earlier expectations that 
most car manufacturers now include supercharged petrol-engined cars in their 
product range with apparent overlap with their normally aspirated engines of 
different capacities. This is in spite of the fact that cars spend a great deal of 
their time at part throttle and that additional control is necessary to restrict 
the boost pressure and prevent the onset of knock by retarding the ignition. 
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Fig. 13.45 
Turbocharger 
characteristics of 
pressure ratio against 
turbocharger overall 
efficiency for various 
exhaust gas temperatures 


Fig. 13.46 Grouping of 
cylinders in a 
turbocharged 
multicylindcr Cl engine 



1o 

The above description has been confined to the constant-pressure charging 
of four-stroke cycle engines. The blowing of the two-stroke engine is attractive 
as the cycle docs not include a separate exhaust stroke, and a means of improving 
the scavenging process would improve the breathing and hence the power 
output. The two-stroke is particularly sensitive to exhaust back pressure which 
is increased by turbocharging and its use would require additional care in port 
timing and the matching of characteristics. 

In any cycle the gas leaves the engine cylinders at high speed through the 
opening valve and possesses high kinetic energy which is dissipated in the large 
manifold of the constant-pressure system. To utilize the kinetic energy more 
fully a pulsed system of charging can be used provided the turbocharger is 
designed to cope with the conditions created. For multicylindcr engines the 
cylinders are grouped, taking cylinders alternately from their firing order for 
entry into the turbine and this also groups them into the front and rear cylinders, 
as show n in Fig. 13.46 To improve the charging of the cylinders the compressed 
air can be cooled by passing it through a water- or air-cooled intercooler thereby 
increasing its density. 



The turbine and compressor are complex devices and further study will 
show that the complexities of design, matching of the units to each other and 
to the engine, etc. arc such that the performance may not be satisfactory over 
the whole speed range. Compound engines have been proposed, and some have 
been built which are turbocharged and have a mechanical connection between 
the engine crankshaft and the turbocharger as shown in Fig. 13.47(a). A fixed 
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Fig. 13.47 Two 
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drive improves the low-speed performance but restrains the turbine at high 
speeds. A variable-speed drive is called for but this is an expensive addition. 
An extreme arrangement for a compound engine is shown in Fig. 13.47(b) in 
which the engine drives the compressor only and the exhaust gas drives an 
independent turbine from which the power output of the combination is taken. 

Figure 13.48 shows the continuous running performance characteristics of a 
diesel engine in three modes: normally aspirated (a), turbocharged (b), and 
turbocharged with intercooling (c). The engines arc of 6.61 capacity 


Fig. 13.48 Continuous 
running performance 
characteristics of a Cl 
engine in three modes: 

(a) normally aspirated; 

(b) turbocharged; 

(c) turbocharged with 
intercooling 



Engine speed,(revmin) 
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(bore - stroke ■ 112 mm) with a compression ratio of 16.3 for (a) and 15.6 for 
(b) and (c). The maximum cylinder pressures were 90, 121, and 138 bar 
respectively for (a), (b), and (c). 


13.13 Engine emissions and legal requirements 

An atmospheric phenomenon called 'smog' was experienced on an increasing 
scale in the State of California, USA, around the city of Los Angeles until it 
became a severe social problem with political and subsequently commercial 
and engineering consequences which have had a fundamental efTcct upon the 
design and operation of the IC engine. 

Smog is a type of light fog which is unpleasant and a cause of irritation to 
the eyes and nasal passages, and although not affecting visibility greatly does 
affect vegetation and has caused serious economic losses in horticulture and 
agriculture. Smog is created by the action of sunlight on hydrocarbons (HC) 
in the atmosphere and the main source of HC is the exhaust gases of motor 
vehicles, the rapid increase in volume of town traffic causing the increase in 
smog. It was against a background of increasing public nuisance and distress 
that, in I960, the State of California legislated against the motor vehicle and 
slated the procedures against which vehicles would be tested and the levels of 
pollutants which would have to be met by vehicles to be sold in that State. The 
procedures were extensive and covered the types of emissions to be controlled. 
HC and CO. the sources of emissions (exhaust, crankcase, carburettor, and fuel 
lank), the test procedures, the instrumentation and the test equipment to be used. 

V The initial aim of the Californian Motor Vehicle Pollution Control Board 
was to reduce the total exhaust emissions to pre-1940 levels by 1980. This was 
to be done by legislation against new vehicles, as no requirement was made for 
existing vehicles to be modified, and included the effects of a continuous increase 
in the number of vehicles on the road. Although mainly American manufacturers 
of vehicles were affected so were the manufacturers of imported vehicles and 
these were penalized by having to meet prescribed rates of emission output, 
and not total amounts, as their engines were generally of small capacity. 

The legislation was introduced before the process of smog creation was 
understood and it was believed that CO and unburned HC were the cause. 
Mixture strengths were weakened to reduce the CO and HC output, but the 
smog levels were unaffected and it was later established that the oxides of 
nitrogen (NO,) und the unburned HC combined photochcmically in the strong 
sunlight to create the smog. The Californian legislation was followed by that of 
the US Federal Government through the Environmental Protection Agency 
(EPA) although smog was not the primary concern in other parts of the USA 
where the atmospheric conditions for its creation did not occur. The Californian 
and federal authorities each have emission standards. 

The introduction of emission controls for motor vehicles has spread in the 
wake of the legislation introduced in (he USA to other countries including 
Japan, the EC. Canada. Sweden, the UK. Australia, and Finland. In Europe 
the most significant effort has been to reduce the use of leaded fuels as a means 
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of raising the knock rating of petrol. The reduction of the lead content in fuels 
is a response to the demand to reduce the quantity of airborne lead particles 
in the atmosphere, 90% of which are attributed to petrol consumption. Inhaled 
lead is a smaller contributor to the consumed lead in the human body than 
food or water but it is not negligible. The lead content of fuel can be reduced 
if either a lower knock rating or an increase in the cost of fuel processing is 
accepted. Premium petrol has a research octane number of 98.5 with a lead 
concentration of 0.4 g/litrc. To reduce this to O.I5g/litrc would require an 
increase in crude oil consumption of 0.5% by mass at the refinery - a much 
more expensive operation than the proportion suggests - but which can be 
avoided by accepting the octane rating of 95.5 as a consequence of the reduction 
in the lead content to 0.15 g/litrc. This in turn could lead to a reduction in 
usable compression ratio, and hence thermal efficiency of the engine, and an 
increase in fuel consumption. In Japan and North America lead has been 
removed from petrol because it poisoned the catalyst of the chemical converters 
fitted to engines to reduce the exhaust emissions and not for environmental 
reasons related to the lead itself. 

The legislation of each country requires progressive reductions to be made 
in the HC. CO and NO, content of the exhaust gas from vehicles and this 
anticipates that the technology will be available to achieve the levels defined 
by the time stated. The requirement in the USA in 1970 was to obtain a 90% 
reduction in emissions from the 1970 levels within a stated time-scale. The aims 
of the different countries are not directly comparable as there are differences 
in the sampling and measuring techniques over test cycles which arc selected 
to represent the driving patterns of the country concerned. The diesel engine 
is low on HC and CO emissions but is higher on NO, and particulate emission, 
the latter being 10 times that of a comparable petrol engine; the technical 
objective is to reduce the levels without losing on fuel economy. 

Over the years during which emission control has applied the fuel 
consumption of the smallcr-cngined vehicles has improved, but the larger engines 
have given better emission figures at the expense of fuel economy as the engine 
has had to be •detuned’ by adjusting mixture strength and ignition timing to 
meet the emission requirements. The optimum settings were restored when 
catalytic reactors were fitted to the engines to reduce the emission levels 
chemically by units fitted external to the engine combustion systems. 

Some approaches to emission control such as increasing the air fuels ratio 
and recirculating part of the exhaust gas through the cylinders reduces the CO 
and HC output, controls the NO,, and docs not increase the fuel consumption, 
but is comparatively cheap in the additional facilities it requires on the engine. 
The modification to basic engine parameters such as those affecting mixture 
preparation and spark ignition involve small costs, but others which require 
thermal reactors or catalytic converters to be added as additional units can 
involve large cost increases. Advanced aspects of engine design involving 
stratified charge, with torch ignition or open chamber systems, are expensive 
to produce but have considerable effects on emission levels, increasing the 
possibilities if taken together with exhaust gas recirculation and a catalytic 
converter. 

A vehicle without emission control contributes to the pollution from several 
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sources with unburned HC coming from the fuel tank vent and the carburettor 
bowl vent to the atmosphere; from piston blow-by into the crankcase and leaks 
from fuel lines as well as from the exhaust gas itself which puts, in addition, 
CO. C0 2 , NO,, and particulates into the atmosphere. Crankcase emissions are 
dealt with by venting all crankcase fumes directly into the engine intake system 
to be burned in the engine cylinders. 

The exhaust gas emissions arc affected by many of the engine variables which 
also control the completeness of the combustion process, an appreciation of 
which is essential to an understanding of emission control. The w ay in which 
engines are used in the vehicles has a complex effect on emissions, and so it 
was necessary to devise representative test methods to reproduce on the road 
running as closely as possible on the test rig. As mentioned earlier, different 
countries have different test procedures and the following comments can only 
be regarded as being general to the problem. 

A chassis dynamometer is used to load a vehicle to reproduce the road 
condition with regard to wind and inertia loads, the latter being experienced 
during acceleration and deceleration. This is not easy to achieve as the tyrc/rollcr 
contact is quite different from that between tyre and road, and the engine 
operating parameters may not be the same as those experienced on the road 
for apparently corresponding conditions. 

The drive cycle includes periods of acceleration, deceleration, steady-state 
cruising, and idling and the exhaust gases are continuously analysed for CO, 
CO;, NO. and HC (as a hexane equivalent). The analyses are recorded and 
may be interpreted by a weighting procedure to give an estimate of the total 
mass emitted over the test cycle. Acceleration periods have high weight factors 
and idle periods have low. More recent techniques described as 'constant-volume 
sampling' include the collection of quantities of gas in bags either during or 
over all of the test cycle for subsequent analysis to a mass basis. 

As the test procedures have developed and experience has been gained, the 
test techniques have become established in relation to specified instrumentation 
(sec section 7.6). 

Emission control is a complex matter which was brought into existence by 
legislation and has had to develop as a science since. Different countries 
have emission-control programmes to meet their own requirements albeit related 

to the experience and procedures pioneered in the USA. The EC countries have 
their set of tests which have been adopted by member countries to their own 
requirements to suit their road systems, vehicle population, and atmospheric 
conditions. 

The number of official tests for all of the countries involved is high and the 
cover is comprehensive including the measurements of HC, CO, CO a , NO, and 
smoke (for diesel engines) with different classifications of tests for vehicles of 
different si/c. light- and heavy-duty passenger vehicles and trucks, petrol and 
diesel engines, the tests including different procedures and modes of testing. 

Emissions vary with the engine parameters and tests can be carried out on 
research engines with the facilities of variable parameters to investigate the 
characteristics of emissions. Some of these arc illustrated in Figs 13.49-53 
inclusive, for petrol engines, and serve to show the complexity of the processes 
involved. It is probably true to say that the legal emission requirements have 
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Fig. 13.49 Emission 
characieristics of a SI 
engine showing HC and 
NO, against mixture 
strength 



Fig. 13.50 HC 
emissions for a SI 
engine against air-fue! 
ratio 
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Fir. 1331 NO, 
emissions of a SI engine 
against air-fuel ratio 



Fig. 1332 CO 
emissions of a SI engine 
against air-fuel ratio 


Fig. 13.53 HC 
emissions of a SI engine 
against exhaust 
temperature 




in/1 
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added a new dimension to the development of the IC engine and have probably 
led lo more fundamental research into the process of internal combustion since 

the onset of legislation than Mas done before, (sec ref. 13.9). 

The pollution problem is closely linked to that of fuel economy with the 
increase in cost of fuel and oil and the need to conserve natural resources. It 
has therefore become essential to rationalize the experience of generations of 
engine builders and integrate modem, analytical, computational, and experimental 
methods into the science of IC engineering. Section 13.15 describes some of the 
modem developments in 1C engines which are a result of advanced 
understanding of the basic processes and modern techniques. Further progress 
can be made by studying research papers on individual topics. 


13.14 Alternative forms of IC engines 

In recent years there have been several attempts to produce power units which 
would be superior to the IC engine in its conventional forms. Some attempts 
have been merely to improve the breathing of the reciprocating engine by 
alternative designs of the valve mechanism. The more ambitious projects have 
had the object of basic improvements, and have included engines which have 
a fundamentally different geometry. 


The Wankel engine 

One engine with this object is the Wankel rotary engine, the most successful 
of many proposed rotary engine designs. For many years inventors have worked 
to produce an engine which would fulfil all the promises of the rotary engine 
concept, with improved power-to-weight ratio, and compete successfully with 
the reciprocating engine. A simplified representation of the Wankel engine is 
shown in Fig. 13.54 and the engine is briefly described below. 

The rotor, which has a profile defined by three circular arcs PQ. QS, and 
SP, is attached through a roller-bearing to an eccentric which is an integral 
part of the engine main shaft. The bearing (and rotor) centre is at an eccentricity 
e to the mainshaft centre. The rotor radius R to the apex points P, Q and S is 
the generator radius for the enclosing ‘cylinder* or housing. The profile of the 
cylinder is of cpitrochoidal form and is followed by the rotor by means of the 
epicydic gear formed by the gear-wheel which is fixed to the casing and the 
internal gear of the rotor. The pitch circle diameter of the fixed gear-wheel is 
two-thirds that of the rotor gear-wheel. With this mechanism the rotor turns 
at one-third of the speed of the mainshaft (or eccentric). As each of the three 
faces of the rotor is concerned in turn with one power cycle, for each revolution 
of the rotor the mainshaft receives one working ‘stroke* per revolution. Thus 
the single-rotor Wankel compares with a single-cylinder two-stroke cycle engine. 

The rotor is shown in Fig. 13.54 in two positions, one in dotted outline and 
the other in full line; for the former position the eccentric OA' (= e) and the 
generator radius A'P’ ( — P) arc in line to show OP' equal to half the length 
of the major axis ( - R + e). The rotor turns clockwise and to give the position 
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TDC position with face PQ 



Fig. 1334 Simplified 
representation of a 

Wankel engine P the mainshaft (or eccentric) has turned through 90 s from OA and the rotor 

through 30° (i.e. 90/3). By continuing this construction for other mainshaft 
positions the epitrochoidal profile can be generated and is repeated for apex S 
which is displaced 120° with regard to P and similarly for Q. For the full line 
position OS forms half of the minor axis length (=» R - e). In the diagram the 
pitch circle of the bearing coincides with that of the rotor gear for simplicity 
of drawing. 

The three parts of the cylinder are sealed by peripheral seals at P, Q, and S 
and side seals which are held in the flanks of the rotor on both sides and these 
constitute a sealing system corresponding to that of the piston rings and valves 
in the reciprocating engine. The peripheral seals take gas loads only and do 
not influence the movement of the rotor. 

In the full line position shown PQ is at TDC and defines the minimum or 
clearance volume of the engine. This volume can be varied by forming a recess 
in the rotor. The maximum cylinder volume will be shown when S takes up a 
position just on completion of its movement across the inlet port. The difference 
between the two volumes gives the swept volume of the engine per rotor face. 
As PQ moves towards the position occupied by QS the working stroke is 
performed and exhaust begins when the cylinder space is uncovered by the seal 
as it passes over the exhaust port. Continued movement of the rotor opens the 
space to the inlet and the induction of the fresh charge and so there is a 
considerable overlap between exhaust and inlet phases and this can be considered 
to be a basic limitation of the design. When the apex seal passes over the inlet 
port, compression of the charge begins up to the TDC position after which the 
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cycle is repealed. To the right of Fig. 13.54 a 'skeleton* figure shows the essentials 
of the ‘generating' mechanism. 

The basic design is attractive and offers advantages in comparison with a 
reciprocating four-stroke engine with regard to compactness for a given power 
output, fewer working parts, lower mass, lack of vibrations and elimination of 
the poppet valve. There have been many development problems which are not 
yet solved to the extent that the automotive market shows a significant 
conversion to the rotary engine. 

Some of the criticisms arc basic and include the belief that the combustion 
space is the wrong shape (long and narrow) for good combustion and the 
limitations on porting are a disadvantage for good breathing, particularly at 
low speeds. These are fundamental to the epitrochoidal geometry which also 
limits the attainable compression ratio, thereby making a diesel version 
impossible without increased complication such as two cylinders working in 
series. Another outcome of the geometry is the re-entrant shape or ‘cusp* on 
the minor axis which the peripheral seal finds difficult to follow at high speed 
because of the reversal of acceleration experienced. The effectiveness of the 
sealing is held to be in doubt in spite of the considerable development work 
which has taken place on these. It is also believed that the rotor bearing is 
subject to adverse conditions, being close to the hot rotor surface without 
adequate cooling. Solutions to these problems have been applied such as dual, 
phased ignition and side porting as well as peripheral ports and the use of 
different seal designs and materials. The assessment and development of the 
Wankel engine has been undertaken by companies in many countries of the 
world and for many applications other than for motor vehicle purposes, for 
much smaller engines and much larger power, lower speed units. 

The SI petrol engine is predominant in the light power and high-speed field, 
and for automobile purposes, but is receiving some competition from the 
high-speed diesel engine. They have geometries which are basically identical 
and both are subject to continuous development; it is not likely that they will 
be replaced to any great extent in their particular field by any other unit for 
some time. Other power units may appear for particular purposes and may be 
modifications to the conventional layouts, or they may be combined units. 


Free piston engine 

The free piston engine is a unit of interest and is referred to in section 13.3 in 
an introductory manner. Two versions are referred to: the free piston air 
compressor and the free piston gasifier. The free piston air compressor cycle 
will be described and the gasifier action can be deduced from it. The free piston 
engine is usually constructed as an opposed-piston, two-stroke diesel cycle with 
a conventional fuel injection system, but it could be a gas engine or have spark 
ignition. In Fig. 13.55 the engine/compressor unit is shown on its power stroke. 
The two diesel pistons are connected mechanically and externally by lightly 
loaded links through a centrally situated rocking lever. Alternatively the 
connection may be by a twin rack and pinion arrangement. On the power 
stroke the air in the com^^sor cylinder is compressed and then delivered to 
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Fig. 1155 Free piston 
engine operating on a 
two-stroke Cl cycle 



the receiver. At the same time scavenge air enters the compressor cylinder on 
the underside of the piston, and the air in the cushion cylinder is compressed. 
Towards the end of this stroke the exhaust port is uncovered and exhaust begins. 
Slightly later in the stroke air enters from the scavenge air box to complete the 
exhaust process and to charge the cylinder. The piston then returns on the 
compression stroke in the diesel cylinder due to the pressure of the air in the 
cushion cylinder assisted by the air pressure in the compressor cylinder. The 
air from the underside of the compressor piston is forced into the scavenging 
air box during this stroke and is ready for the next scavenge process. At the 
inner dead centre, ignition occurs and the cycle is then repeated. 

When used as a gasifier the two pistons have identical cushion cylinder 
arrangements and no power is taken from the engine. The HP exhaust gas, 
which is at a moderate temperature ( <480 “C). is taken from the engine to an 
expansion turbine from which the whole of the mechanical power output is 
taken. This combined unit gives an overall thermal efficiency which is higher 
than that obtainable with a complete turbine unit fitted with a heat exchanger. 
The output of the gasifier is given as a gas power (gp), which is calculated on 
the assumption of isentropic expansion of the gas leaving the cylinder, and is 
the potential power. 

The free piston engine can utilize a wider range of fuel oils than the 
conventional diesel engine and has a higher compression ratio, which indicates 
a higher thermal efficiency. The compression pressures in the diesel cylinder are 
in the order of 69 bar, and the thermal efficiency is 40-45%, which gives an 
overall thermal efficiency of about 35%. 


Gas turbines for vehicles 

The gas turbine has been a competitor to the piston engine for use in vehicles 
apart from its natural field of application in the higher power range for aircraft, 
industrial turbines, power stations, and small ships. For vehicle use the gas 
turbine appeared as the power unit in a few prototype cars, but it is for the 
heavier vehicles, trains, buses, and the larger trucks that the gas turbine has 
more to offer. The small power single-shaft turbines cannot give competitive 
fuel consumptions to the petrol engine without a highly effective heat exchanger 
and even then, although the full load figures arc good, the part load fuel 
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engines. The simple reciprocating piston-in-cylinder arrangement offers scope 
for development mainly in the combustion chamber, the induction and exhaust 
system, the preparation and movement of the combustible charge, and in the 
timing and quality of the ignition. The use of multiple valves, e g. two inlet and 
two exhaust or two inlet and one exhaust, improves the charging and exhausting 
of the cylinder if the added complexity and cost are acceptable; the former 
arrangement requires two overhead camshafts and the latter can be done with 
one. In addition to the quantity of gas induced, the movement of the charge is 
important with the gas swirling as the piston descends on induction and through 
compression until the gas is forced by an increasing amount of ‘squish’ into 
the combustion chamber as it is squeezed between the rising piston and the flat 
face of the exposed cylinder head. The purpose of combustion chamber design 
is to obtain the necessary characteristics and the various shapes are described 
as bathtub, hemispherical, pentroof. etc. The fireball design is an advanced 
form of combustion chamber in which the main part of the volume is 
concentrated around the exhaust valve and charge movement is encouraged by 
the shape of path from the inlet valve side to the main part of the chamber 
round the exhaust valve. This design has shown good improvements in the 
average fuel consumption figures, with prospects of 20% being achieved with 
production engines, because of its ability to burn lean mixtures due to the high 
temperatures obtained with the high compression ratio and the highly turbulent 
movement of the charge produced by the geometry of the combustion chamber. 
There are other forms of stratified charge combustion chambers, such as the 
divided chamber of the Honda CVCC engine and the Ford PROCO open 
chamber, which have shown improvements in mixture control and performance. 

Modem engine development starts with an understanding of the characteristics 
of the combustion process arising from the theoretical modelling of this highly 
complex two-phase reaction which describes the initiation of the ignition and 
the propagation of the flame through a mixture of the fuel air charge induced 
and the proportion of residual exhaust gas in the cylinder. This must describe 
the nature of the flame front, the rate of burn, the charge turbulence and 
combustion kinetics. The equations established are complex and require a great 
deal of computing time. The prediction by such programmes has to be 
compared with engine results and then the models are further refined to improve 
the correlation between theory and practice. 

Such complex theoretical investigations have only become possible because 
of the availability of adequate computing facilities, but the impact of the 
computer and microprocessor have not ended there. The computer is a powerful 
support to all analytical and experimental work and can be involved directly 
in the experimental work for data collection, analysis, and control of the 
experiment. Once the characteristics arc known, from theory or experiment, the 
combustion process must be controlled and increasingly the microprocessor is 
in evidence as the brain of the engine management system. In the early 1980s 
engines appeared in production vehicles with programmed ignition and 
electronic fuel control and the inclusion of knock sensors to warn the ignition 
control unit of the onset of‘knock’ which then retards the ignition of individual 
cylinders to avoid detonation. Similarly, during warm-up the output of an 
electrically healed hot spot in the inlet manifold is automatically reduced as 
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13.4 A four-cylinder racing engine of capacity 2.495 litres has a bore of 94 mm and a 
compression ratio of 12/1. When tested against a dynamometer with a torque arm of 
0.461 m a maximum load of 62 2 N was obtained at 5000 rev'min, and at the peak speed 
of 6750rev/ixun the load was 547 N. The minimum fuel consumption was 17.2 ml/s 
at a speed of 5000 rev/min. the specific gravity of the fuel being 0.735, and 
Qm,,, - 44 200 kJ/kg Calculate the maximum bmep. the maximum bp. the minimum 
specific fuel consumption, and the maximum brake thermal efficiency at maximum 
torque, and compare this latter answer with the air standard efficiency. 

(14.44 bar; 178 kW; 0.303 kg/kW h; 26.9%; 63%) 

13.5 A three-cylinder, direct-injection, water-cooled, two-stroke oil engine with two 
horizontally opposed pistons per cylinder has a bore of 816 mm and each piston has 
a stroke of 102 mm. The engine was tested against a brake with a torque arm of 0.381 m. 
The results taken on a variable speed test are as in Table 13.4. Plot curves of torque, 
bp. and specific fuel consumption against speed. Convert the torque curve to a bmep 
curve by calculation of the appropriate scale factor. 


Table 13.4 Data for 
Problem 13.5 


Speed 

Brake load 

Fuel 

(rev/min) 

(N) 

(kg/min) 

1000 

607.8 

0.146 

1100 

614.6 

0.157 

1200 

621.4 

0.172 

1300 

621.4 

0.185 

1400 

621.4 

0.201 

1500 

621.4 

0.216 

1600 

616.0 

0.229 

1700 

609.0 

0.241 

1800 

596.5 

0.252 


13.6 A four-cylinder, four-stroke diesel engine has a bore of 212 mm and a stroke of 292 mm. 
At full load at 720rev/'min the bmep is 5.93 bar and the specific fuel consumption is 
0.226 kg/kW h. The air- fuel ratio as determined by exhaust gas analysis is 25/1. Calculate 
the brake thermal efficiency and the volumetric efficiency of the engine. Atmospheric 
conditions arc 1.01 bar an 1 lS^C, and for the fuel may be taken as 44 200 kJ/kg. 

(36%; 76.1%) 

13.7 The engine of Problem 13.6 is to be used as a dual-fuel engine. It is to burn methane 
(calorific value 33480 kJ/m* at 1.013 bar and 15 C), and has a pilot injection of oil of 
10% of the input when running as a diesel engine. The air-fuel ratio for the oil is 25/1 
as before, and for the methane 8 5/1. If the volumetric efficiency and the power output 
remain the same, what is the brake thermal efficiency of the engine when running on 
the dual fuel? 

(23%) 

13.8 A four-cylinder petrol engine with a bore of 63 mm and a stroke of 76 mm was tested 
at full throttle at 3000 rev/min over a range of mixture strengths. The following readings 
were taken during the test: 

Brake load/(N) 162 165.5 169 170 169 162 159 

Fuel consumption/(mI,'s) 108 104 117 150 184 3.40 3.56 
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The relative density of the fuel is 0.724 Calculate the corresponding values of hmcp and 
specific fuel consumption. Plot a consumption loop and obtain from it the corresponding 
values for maximum power and maximum economy. The bp in kilowatts is given by 
MW/2683Q, where W is the brake load in newtons and N is the engine speed in 
revolutions per minute. 

(8.02 bar; 0.34 kg/kW h; 7.84 bar; 0.28 kg/kW h) 

13.9 For the test outlined in Problem 13 8 an air box was fitted which had an orifice of 
41.65 mm diameter with a discharge coefficient of 0.6 The corresponding manometer 
readings in millimetres of water were as follows: 

Manometer,(mm water) 33.50 33.50 33.50 33.80 33.80 34 25 34.80 

Take the density of the air at inlet as 1.215 kg m’ Plot to a base of air-fuel ratio graphs 
of bp and specific fuel consumption. What are the air-fuel ratios at maximum power 
and maximum economy? 

(12.8/1; 15.7/1) 

13.10 A four-cylinder petrol engine has an output of 52 k W’ at 2000 rev/min. A Morse test is 
carried out and the brake torque readings are 177, 170, 168. and 174 N m respectively. 
For normal running at this speed the specific fuel consumption is 0.364 kg/kW h. The 
(?»*«.. of f^l is 44 200 kJ/kg. Calculate the mechanical and brake thermal efficiencies 
of the engine. 

(81.6%; 22.4%) 

13.11 A V-8 four-stroke petrol engine is required to give 186.5 kW at 4400 rev/min. The brake 

thermal efficiency can be assumed to be 32% at the compression ratio of 9/1. The 
air-fuel ratio is 12/1 and the volumetric efficiency at this speed is 69%. If the stroke 
to bore ratio is 0.8. determine the engine displacement required and the dimensions of 
the bore and stroke. The of the fuel is 44 200 kj kg. and the free air conditions 

arc 1.013 bar and 15 C. 

(5.11; 100.5 mm; 80.4 mm) 

13.12 A four-cylinder, four-stroke diesel engine develops 83.5 kW at 1800 rev/min with a 
specific fuel consumption of 0.231 kg kW h. and air-fuel ratio of 23/1. The analysis of 
the fuel is 87% carbon and 13% hydrogen, and the is 43 500 kJ/kg. The jacket 
cooling water flows at 0 246 kg s and its temperature rise is 50 K. The exhaust 
temperature is 316 C.Draw up an energy balance for the engine. Take R - 0.302 kJ/kg K 
and c r a 1.09 kj kg K for the dry exhaust gas, and e, ** 1.86 kJ/kg K for superheated 
steam. The temperature in the test house is 17.8 C. and the exhaust gas pressure is 
I 013 bar. 

I bhp 35 8%. cooling water 22.1 %;cxhaust 25.3%; radiation and unaccounted 16.9%) 

13.13 An eight-cylinder, four-stroke diesel engine of 229 mm bore, 304 mm stroke, and 
compression ratio 14/1. has an output of 375 kW at 750 rev/min. The volumetric 
efficiency is 78%. the mechanical efficiency is 90%. and the air- fuel ratio is 25/1, 
If the imep for the pumping loop is 0.345 bar. calculate the imep for the working loop. 
The engine is now fitted with an exhaust-dmen turbo-blower which delivers air to the 
cylinders at 1.43 bar. The compression ratio is reduced to 13/1 and the measured 
volumetric efficiency is 102%. It can he assumed that the exhaust pressure remains 
constant and equal to 1 013 bar. and that the imep of the main loop is directly proportional 
to the mass of air induced. Calculate the bp which can be expected if the speed and 
mechanical efficiency remain the same. Compare the specific fuel consumption for the 
two cases, if the air-fuel ratio for the supercharged engine is 26.8/1. The free air condMions 
are 1.013 bar and IS'C. 

(7.0 bar; 514 kW; 0.23 kg/kW h; 0 205 kg/kW h) 
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The purpose of a refngeraior is to transfer heat from a cold chamber which is 
at a temperature lower than that of its surroundings. A temperature gradient 
is thus established from the surroundings to the chamber and heat will flow 
naturally in this direction. The heat flow can be resisted by insulating the 
chamber from the surroundings by the use of suitable insulating materials, but 
practical requirements and conditions make necessary a continuous means of 
transfer of heat from the chamber. 

Elementary refrigerators have been used which utilize the melting of ice or 
the sublimation of solid carbon dioxide at atmospheric pressure to provide the 
cooling effect. The continuous consumption of the refrigerating substance with 
the means of replenishment required from another source of supply make these 
methods inconvenient. The temperatures attainable by these methods arc 
limited, but although inefficient for continuous refrigeration, these methods are 
sometimes convenient forms of cooling in the laboratory and workshop. 

The nature of the problem suggests a means of refrigeration which consists 
of a cycle of processes with the same quantity of working fluid, called the 
refrigerant, in continuous circulation. If the refrigerant receives energy in the 
cold chamber at a temperature below that of the surroundings, then this energy 
must be rejected before the refrigerant can return to the cold chamber in its 
initial state. This energy rejection must be carried out at a temperature above 
that of the surroundings. The energy at rejection is of a higher quality, because 
of its higher temperature, than that received in the cold chamber. This energy 
can be used for heating purposes and refrigerating plants designed entirely for 
this purpose arc called heat pumps. The term 'heat pump’ is appropriate to 
the action of the plant since energy is transferred against the natural temperature 
gradient from a low-temperature to a higher one. It is analogous to the pumping 
of water from a low level to a higher one against the natural gradient of 
gravitational force. Both actions require an input of energy for their 
accomplishment. There is no difference in operation between a refrigerator and 
a heat pump With the refngeraior the important quantity is the energy removed 
from the cold chamber called the refrigerating effect, and with the heat pump 
it is the energy to be rejected by the refrigerant for heating purposes. The 
machine can be used for both purposes and one particular domestic unit provides 
for the cooling of a larder and the heating of water. 




Refrigeration and Heat Pumps 


The refrigerating plant chosen depends on the particular purpose since each 
application has to meet specific requirements. A number of substances are 
utilized as refrigerants and most methods use the refrigerants in the 
liquid-vapour states. The reasons for this will be discussed later (see 
section 14.2). 

The choice of a suitable refrigerant depends not only on the thermodynamic, 
heat transfer, and chemical properties, but also on whether the refrigerant is 
flammable and/or toxic. Leaks can occur during service and personnel who 
arc involved in the manufacture of the refrigerant or in the commissioning or 
decommissioning of the plant must not be subjected to poisonous or dangerously 
inflammable gases. Unfortunately it has been discovered that one group of 
refrigerants (called CFCs), although non-flammable and non-toxic, arc partly 
responsible for a thinning of the ozone layer in the earth's stratosphere leading 
to an increase in the ultraviolet radiation reaching the earth's surface from the 
sun. This important topic is considered in more detail in section 14.11. 

For a more thorough treatment of refrigeration the reader is recommended 
to reference 14.1; a concise analytical treatment of refrigeration plant used for 
air-conditioning is given in reference 14.1 


14.1 Reversed heat engine cycles 

In section 2.1 the First Law of Thermodynamics was stated as follows: 

When a system undergoes a thermodynamic cycle then the net heat supplied 
to the system from its surroundings plus the net work input to the system from 
its surroundings is equal to zero. 

Figure 14.1 shows a reversed heat engine cycle. The effect of the reversed 
heat engine is to transfer a quantity of heat, Q,. from a cold source at 
temperature. T t . 

The reversed heat engine fulfils the requirements of a refrigerator and the 
First Law of Thermodynamics applied to the system of Fig. 14.1 gives 

VdQ +Vdl»’«0 
or Q t + Q, + W - 0 
therefore 

Fig. 14.1 Reversed 

heatengine W + Q, ■ -() 2 (14.1) 

• 

For a refrigerator the important quantity is the heat supplied to the system 
from the surroundings. Q x . and for a heat pump it is the heat rejected from the 
system. -Q ,. The power input. IF. is important because it is the quantity which 
has to bo paid for and constitutes the main item of the running cost. 

Refrigerator and heat-pump performances are defined by means of the 
coefficient of performance. (COP), which is given by 

COP,*-^. (14.2) 
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COP hp - 




(14.3) 


(COP, p is sometimes called the performance ratio.) 

The best COP will be given by a cycle which is a Carnot cycle operating 
between the given temperature conditions. Such a cycle using a wet vapour as 
the working substance is shown diagrammatically in Fig. 14.2(a) Wet vapour 
is used as the example, since the processes of constant-pressure heat supply and 
heat rejection arc made at constant temperature, a necessary requirement of 
the Carnot cycle and one which is not fulfilled by using a superheated vapour. 


Fig. 14 J Reversed 
heat engine system 
operating on the Carnot 
cycle 



lai 



(b) 


The changes in the thermodynamic properties of the refrigerant throughout the 
cycle are indicated on the T-s diagram of Fig. 14.2(b). The cycle events are as 
follows: 

1- 2. Wet vapour at state I enters the compressor and is compressed 

isentropically to stale 2. The work input for this process is represented 

by IF,- 2 . 

2- 3. The vapour enters the condenser at state 2 and is condensed at constant 

pressure and temperature to state 3 w hen it is completely liquid. The heat 
rejected by the refrigerant is -Q 2 . 

3- 4. The liquid expands isentropically behind the piston of the engine doing 

work of amount - Wy A . 

4- 1. At the lower pressure and temperature of state 4 the refrigerant enters 

the evaporator where the heat necessary for evaporation, Q x , is supplied 
from the cold source. 

The boundaries of the system arc as shown in Fig. 14.2(a) and therefore 
The net work input to the system £ W * W',_ 2 + W 3 4 
The net heat supplied to the system Y.Q = Qi + Q\ 
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Example 14.1 


Solution 


and 


XG + 5>' = 0 

therefore 

ZW-W^+Wy^m -e a -G, 
and from equations (14.2) and (14.4) 

Qx 


and 


COP,., - -R*- * 

1* -Qi-Qx 

COP - ~^ 2 » 


From the T-s diagram (Fig. 14.2(b)). since the areas on the T-s diagram 
are proportional to the heat quantities, then 

G.-TJs.-sJ 

and -Cj = 7*,(s,-Sj) 

-Trfs.-*) 

therefore 


and 

» 

LC. 

and 


COP, 


r,(s, -sj 

(T, - r,)(s, -sj 


COP hp 


ra(s, - s A ) 

(r,-r a x*i-*> 


COP 


7-. 

Ti-T. 


COP kp 


T > 

n-r, 


(14.4) 

(14.5) 


Equations (14.4) and (14.5) give the maximum possible values of COP, ff and 
COP„ p between given values of T, and T,. the temperatures of the refrigerant 
in the evaporator and condenser coils respectively. For steady operation of any 
system there is a constant mass flow rate. m. and the power input is lI'-mH'; 
similarly the rates of heat transfer become - mQ, and (), - mQ 2 . 


A refrigerator has working temperatures in the evaporator and condenser 
coils of - 30 and 32 U C respectively. What is the maximum COP possible? 
If the actual refrigerator has a COP of 0.75 of the maximum calculate the 
required power input for a refrigerating cfTect of 5 kW. 

T, =-30 + 273 « 243 K and T 3 = 32 + 273 * 305 K 

From equation (14.4) 


COP r< , 


Tx 

r,-r, 


243 

305 - 243 


3.92 
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Actual COP, ff = 0.75 x 3.92 = 2.94 
Using equation (14.2). where Q x is 5 kW, we have 

COP,., 

therefore 

Wm — m |.7 kW 
2.94 

i.e. Required power input ■■ 1.7 kW 

The areas representing the quantities Q x and W are shown in Fig. 14.2(b). A 
consideration of these areas and equations (14.2) and (14.3) shows the 
relationship between COP,* and COP*. 

From equation (14.1) 

-02-0. + W' 

Dividing through by W gives 

zCi.ei + , 

W W 

Then using the definitions of equations (14.2) and (14.3) 

COP* = COP,* + 1 (14.6) 

Equation (14.6) indicates that ideally the heating effect of a heat pump is 
greater than the work input, and this suggests that it would provide an effective 
heater. Since a heating efTect can be obtained in a number of ways which have 
a much lower capital cost than a heat-pump system, a careful economic analysis 
is necessary before deciding whether a heat pump is financially viable. 

It should also be noted that a heat pump used for heating is much less 
effective when using the atmosphere as its low-temperature heat source. This 
is illustrated in Fig. 14.3. The performance of a heat pump varies with the 
temperature of the source of heal supply as shown in the figure; the heat loss 


Fig. 14J Heat pump 
balance point 


r- 

\ Heal pump 
healing effect 



Heal low 
from building 


Ambient temperature 
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as 3.5. The values calculated using equation (14.5) arc ideal values and 
the difference between these and those for the actual plant arc due to the 
modifications made to the ideal cycle, and to irreversibilities. 


14.2 Vapour-compression cycles 

The most widely used refrigerators and heat pumps arc those which use a 
liquefiable vapour as the refrigerant. The evaporation and condensation 
processes take place w hen the fluid is receiving and rejecting the specific enthalpy 
of vaporization, and these arc constant-temperature and constant-pressure 
processes. The cycle is one in which these two processes correspond to those 
of the reversed Carnot cycle for a vapour, and this enables the temperature 
range for a given duty to be kept low. The resistance to heat transfer during 
the change of state from liquid to vapour, or from vapour to liquid, is less than 
that for the refrigerant in the liquid or gaseous states. For a required rate of 
heat transfer the area of the surfaces required is less if this fact is utilized. 

The properties of the various refrigerants must be considered when a selection 
is to be made for a particular purpose. A high specific enthalpy of vaporization 
at the evaporator temperature means a low mass flow rate for a given 
refrigerating effect. 

Practical considerations have led to several modifications to the ideal cycle 
of section 14.1, using a vapour as the working fluid. These will be considered 
in turn. 

Replacement of the expansion engine by a throttle valve 

The plant is simplified by replacing the expansion cylinder with a simple throttle 
valve. Throttling was discussed in section 3.5 and the process was shown to 
occur such that the initial enthalpy equals the final enthalpy. The process is 
highly irreversible so that the whole cycle becomes irreversible. The process is 
represented by the dotted line 3-4 on Fig 14.5(a). A comparison of Figs 14.5(a) 
and 14.2(b) shows that the refrigerating effect. (?, = T,(s, - s 4 ). is reduced by 
using a throttle valve instead of the expansion cylinder. 


Fig. 14.5 Reversed 
cycle using a throttle 
valve 




thi 
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Refrigeration and Maat Pumps 


Condition at the compressor inlet 

To make complete use of the specific enthalpy of vaporization of the refrigerant 
in the evaporator it is desirable to continue the process until the vapour is dry 
saturated. In a practical unit this process is extended to give the vapour a 
definite amount of superheat as it leaves the evaporator. This is really 
undesirable, since the work to be done by the compressor is increased, as will 
be shown later. It is a practical necessity to allow the refrigerant to become 
superheated in this way in order to prevent the carry-over of liquid refrigerant 
into the compressor, where it interferes with the lubrication. The amount of 
superheat should be kept to a minimum. The compression process under these 
conditions is shown in Fig 14.6 and it is seen that the iscntropic compression 
takes the refrigerant well into the superheat region. The rejection of heat in the 
condenser cannot now be carried out at constant temperature, and this represents 
another departure from the ideal reversed Carnot cycle. 


Fig. 14.6 7-5 diagram 
for a reversed cycle with 
superheated vapour in 
the compressor 



Undercooling of the condensed vapour 

The condensed vapour can be cooled at constant pressure to a temperature 
below that of the saturation temperature corresponding to the condenser 
pressure. This effect is shown in Fig. 14.7. in which the constant-pressure line 
is shown further from the liquid line than it would actually appear, in order to 
illustrate the point. The effect of undercooling is to move the line 3-4, 


Fig. 14.7 7-s diagram 
for a reverted cycle with 
undercooling in the 
condenser 
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14.2 Vapour-compression cycles 


The refrigerating effect. Q t . is given by 
Qi = 7‘ l (s I -s 4 )=r i ( S2 -s,) 

From tables 

s 2 - s, at 12.37 bar - 4.962 kJ/kg K 
and s, - s, at 12.37 bar - 1.235 kJ/kg K 
therefore 

<?, - 253(4.962 - 1.235) - 942.8 kJ/kg 
i.c. Ideal refrigerating effect * 942 8 kJ/kg 
(ii) The cycle is shown in Fig 14.9. At 12.37 bar. 

h 2 = h, = 1469.9 kJ/kg and h s - h, « 332.8 kJ/kg 


Fig. 14.9 T-s diagram 
for Example 14.2(h) 



At 1.902 bar. 

h 4 = hy = 332.8 kJ/kg 

To find h t use the fact that process 1-2 is iscntropic. 
i.c. s, - s 2 - s, at 12.37 bar - 4.962 kJ/kg K 
therefore 

0.368 + x,(5.623 - 0.368) - 4.962 
therefore 


4.594 

X, “l255 


= 0.874 


Then from equation (2.2) 
hi =h< t + x,\, 

U. /i, = 89.8 + {0.874 x (1420 - 89.8)} 


1251.8 kJ/kg 


515 



Refrigeration and Heat Pump* 


From equation (14.7) 

Refrigerating effect - /», - h 4 - 1251.8 - 332.8 - 919 kJ/ltg 
From equation (14.8) 

Work done on refrigerant - h 2 - h x 
i.c. Work done on refrigerant « 1469.9 - 1251.8 - 218.1 kJ/kg 
Then from equation (14.2) 


COP,„ 


g. ^ 919 
218.1 


(iii) The cycle it shown in Fig. 14.10. At 1.902 bar 
h x = 1420 kJ/kg 


Fig. 14.10 T-5 
diagram for 
Example 14.2(iii) 



as before 

h 4 «= /», - 3318 kJ/kg 
Also at 1.902 bar. 

s, - s, - 5.623 kJ/kg K - s 2 

At 1137 bar. s, - 4.962 kJ/kg K. hence the refrigerant is superheated at 
state 1 Interpolating 

" 1613 + ( 5731 : - iS ) x 01391 - i6i3) “ 1698 5 kj/kg 

From equation (14.7) 

Refrigerating effect, Q x = (h, — h 4 ) = 1420 — 332.8 
- 1087.2 kJ/kg 

From equation (14.8) 

Work done on refrigerant =(h 2 - / 1 ,) - (1698.5 - 1420) 

= 278.5 kJ/kg 
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14J Vapour-compression cycles 


Then from equation (14.2) 


COP 


iH 


Qt _ 1077.2 
E W 278.5 


3.9 


(iv) The cycle is shown in Fig 14.11. The values of ft, and ft, are as determined 
for part (iii). The value of hy =* ft 4 can be found by assuming that the 
undercooling takes place along the saturated liquid line, and therefore ft 3 - ft, 
at ty. This is a good approximation for most refrigerants. Another way of 
obtaining ft, is by assuming a constant specific heat, c, for the ammonia liquid, 
and then 


h y - (ft, at /.) - c(r. - ty) 


Fig. 14.11 T-s 
diagram for 
Example 14.2(iv) 



It is usually more convenient to use the first approximation, i.c. 
hy « ft, at ty - 284.6 kJ/kg 

where f 3 = 32 — 10 = 22 °C. Then, from equation (14.7), 


Refrigerating effect. Ci =* (ft| - M = 1420 - 284.6 
■ 1135.4 kJ/kg 

Also from equation (14.2) 


COP,. f - 


1135.4 


E W 278.5 
where E w » s the same as in part (ii). 


4.08 


Example 14.3 Recalculate Example 14.2(iv) for a cycle between the same saturation 
temperature using Refrigerant (R) 134a instead of ammonia. 

Solution Some properties of R134a are given in Table 14.1; these arc derived from 
properties of the ICI refrigerant KLEA 134a by permission of IC1. 

From tables, interpolating for undercooled liquid at 22 °C. 

hy - h<y at 22 °C - - 126.92 + 0.4(133.89 - 126.92) 

= 129.71 kJ/kg 
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14.3 Refrigerating load 


Therefore 

at 32 C C. 

h 3 * 318.85 + 0.4(321.82 - 318.85) = 320.04 kJ/kg 

Then 

RefrigeratingefTect = h, - = 283.03 - 129.71 

- 153.32 kJ/kg 

(compared with 1087.2 kJ/kg for the ammonia cycle). 

AISO J 5332 —!S5 

h 2 - /I, 320.04 - 283.03 37.01 

* 4.14 

(compared with 3.90 for the ammonia cycle). 


In most systems the space to be cooled is not cooled directly by the refrigerant 
in the evaporator. The space is encircled by pipes carrying a secondary fluid, 
(e g. a solution of sodium, or calcium, chloride in water). The secondary fluid is 
cooled in the evaporator of the refrigerator before being pumped through pipes 
passing through the cold chamber. This introduces a further complication to 
the system, but when large distances have to be covered by the pipes carrying 
the cold fluid, the refrigerant leakage problem is reduced by using a secondary 
fluid. Also, in some cases (e g. in storage warehouses) there could be damage 
to goods due to leakage if direct refrigerant cooling were used. The cost of the 
plant is increased by introducing a secondary fluid, and the cost of pumping it 
may be an important factor in the running costs. A calcium chloride brine 
solution is used more often than a sodium chloride solution since it can be 
applied to cases where the temperature is to be below -I8°C. For 
air-conditioning applications the secondary fluid is usually water. 


14.3 Refrigerating load 

The most important quantity in the application of a refrigerator is the amount 
of heat which must be transferred per unit time from the cold chamber and is 
known as the refrigeration capacity. The American unit of refrigeration is called 
the ton and is defined as a rate of heat transfer of 200 Btu/min. based on the 
cooling rate required to produce 20001b of ice at 32 C F from water at 32 P F in 
a time of 24 h, i.c. I ton - 200 Btu/min - 3.516 kW. The refrigeration capacity 
decides the mass flow rate of a given refrigerant w hen working under specified 
conditions, i.e. 

Mass flow rate of refrigerant, m 

refrigeration capacity (14 JQ) 

refrigerating effect per unit mass 
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14.4 Tha prmsurs-enthalpy diagram 


14.4 The pressure-enthalpy diagram 

Up to this point refrigeration cycles have been represented on a T-s diagram. 
The pressure-enthalpy diagram is more convenient for refrigeration cycles since 
the enthalpies required for the calculation can be read ofT direct. The essential 
features of the diagram are given in Fig. 14.12, and a typical refrigeration cycle 
is shown as a p-h diagram in Fig. 14.13. The points 1, 2, 3. and 4 represent the 
same positions in the cycle as they did in the previous sections; a cycle with 
undercooling is shown. For the rest of this chapter all refrigeration cycles will 
be shown on p-h diagrams. 


Fig. 14.12 Sketch of a 
pressure-enthalpy chart 
for a refrigerant 



Fig. 14.13 Reversed 
cycle on a p-h diagram 





Example 14.5 A vapour-compression plant using RI34a operates with an evaporator 
pressure of 2 bar and a condenser saturation pressure of 8 bar. The vapour 
entering the compressor is saturated at 2 bar and the liquid leaving the 
condenser is saturated at 8 bar. Assuming the compression process is 
isentropic. calculate the coefficient of performance Use the p-h chart for 
RI34a. 
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14.6 Compressor type 


Solution 


A reduced size pressure-enthalpy chart for R134a is given by permission of 
1CI as Fig. 14.14. A sketch of the processes on a p-/i chart is given as Fig. 14.15. 

From the chart: at p x = 2 bar and T, = 273.1 K the vapour is superheated 
and ft, - 301 kJ/kg; at p 3 ■ 8 bar. h 3 « h n ■ 145.5 kJ/kg = h A ; at p 2 » 8 bar 
and s, « j a «= 1.759 kJ/kg K. h 2 » 330 kJ/kg. Then 


COP, 


h t - h A 301 - 145.5 
hi-h^ 330 - 301 


5.36 


Fig. 14.15 Pressure- 
enthalpy diagram for 
Example 14.5 



Specific enthalpy lU.kg) 


14.5 Compressor type 

Both centrifugal and positive displacement compressors arc used in refrigeration 
plant and the general theory is covered in Chapters 11 and 12 with air as the 
working fluid; the basic theory is the same but with a vapour as the working 
substance in place of a perfect gas. 

Reciprocating compressors arc in common use up to a power input of about 
600 kW; at the lower end of the power scale, particularly for domestic plant 
and small air-conditioning units, vane-type compressors arc used. Centrifugal 
compressors are used in the range from about 300 kW up to 15 MW with 
screw-type compressors also used from 300 kW up to about 3 MW. Centrifugal 
compressors arc ideally suited to high volume flow machines; they run at speeds 
from 3000 rev/min up to about.20000 rev/min; several stages are used for high 
pressure ratios so that the diameter of the impeller can be kept to a reasonable 
size, thus avoiding destructively high centripetal stresses. 

Reciprocating machines run at much lower speeds, usually in the range from 
about 200 to 600 rev/min. and increased capacity is obtained by using 
multicylinder machines. The required mass flow of refrigerant is given by 
equation 14.10. The volume flow rate of the refrigerant drawn into the 
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14.6 Compraasor typ« 


Example 14.7 


Tabic 141 Some 
properties of 
Refrigerant 22 


Then using equation (14.12) 

2 x 1 x 200 x 0.85 x 0.014 726 


0.7873 kg/s 


0 .106 x 60 

Le. Mass flow of refrigerant - 0.7873 kg/s 

(ii) Taking the enthalpy values from Example 14.5 

Refrigerating capacity * m(A, - h A ) 

« 0.7873(301 - 145.5) 
- 1214 kW 

(iii) Power input from motor - m(A, - h,) 

= 0.7873(330-301) 
= 218 kW 


A plant using R22 has an evaporator saturation temperature of - 1 °C and 
a condenser saturation temperature of 45 °C. The vapour is dry saturated 
at entry to the compressor and is at a temperature of 75 °C after compression 
to the condenser pressure. The compressor is a two-stage centrifugal 
compressor, each stage having the same pressure ratio and enthalpy rise. 
Assuming no undercooling in the condenser, a slip factor of unity, axial flow 
of refrigerant into the compressor, radial flow of refrigerant at the impeller 
exit, and using the properties of R22 given in Table 14.1 calculate: 

(i) the coefficient of performance; 


Saturated values 






Specific 

enthalpy 

Specific 

entropy 

Specific 

volume 

p « 

Temp. 

Press 

A, \ 

A *. 

rc) 

(bar) 

(kJ/kg) 

(kJ/kg K) 

(m*/kg) 

-i 

45 

4.816 

17.290 

198.83 40499 

256.40 417.31 

0996 1.753 

1.187 1.693 

0.0487 

00133 

Superheat value* at 17.290 bar 



Temp. 


Specific 

enthalpy 

Specific 

entropy 


CC) 


(kJ/kg) 

fkl/kg K) 


65 

70 

75 


436.27 

440.77 

44511 

1.751 

1.764 

1.777 
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14.0 The um of th« flash chamber 


coincident with the saturated vapour line. The throttling process would show 
a decreasing amount of liquid in a succession of states from p 6 to p, along the 
liquid line. This cycle is the reverse of that used in steam power plant for 
regenerative feed heating (sec section 8.5). 

Example 14.8 A vapour compression plant uses R134a and has a suction saturation 
temperature of — 5 r C and a condenser saturation temperature of45°C. The 
vapour is dry saturated on entering the compressor and there is no 
undercooling of the condensate. The compression is carried out isentropically 
in two stages and a flash chamber is employed at an interstage saturation 
temperature of I5°C. Calculate: 

(i) the amount of vapour bled off at the flash chamber; 

(ii) the state of the vapour at the inlet to the second stage of compression; 

(iii) the refrigerating effect per unit mass of refrigerant in the condenser; 

(iv) the work done per unit mass of refrigerant in the condenser; 

(v) the coefficient of performance. 

Use the extract of properties for RI34a given as Table 14.1 (p. 498) 
Solution The cycle is shown on Fig. 14.19. 

(i) From equation (14.14) 


Le. 

Fig, 14.19 Pressure- 
enthalpy diagram for 
Example 14.8 


Specific enthalpy. (kJ/kg) 


T - K _ 162 - 93 - 12006 _ 4287 _ Q -, 31 
“ 303.38 - 120.06 “ 183.32 " 

Vapour bled off *= 0.234 kg per kg in the condenser. 



(ii) Adiabatic mixing was dealt with in section 3.4. In this case x kg of dry 
saturated vapour at 15 °C are mixed with (1 - x)kg of superheated vapour at 
11.5447 bar. Since s, =* s a * 1.7155 kJ/kg K then the value of can be found 
by interpolating from superheat tables. 

- 305.84 kJ *.g 
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Rofrigaration and Heat Pump* 


From equation (3.33) for adiabatic mixing 

1 x *,= {( 1-X) X Jlj} + X/I* 

= {(! - 0.234) x 305.84} + (0.234 x 303.38) - 305.26 kJ/kg 
Therefore the vapour at inlet to the second stage compressor is still superheated. 

(iii) From equation (14.16) 

Refrigerating effect - (1 - x)(h, - h A ) 

-(I -0.234) x (291.77- 120.06)- 131.53 kJ/kg 


(iv) The entropy s 5 is found by interpolation at 4.8734 bar and h 5 = 
305.26 kJ/kg, between the saturated state and state 2, 

- .-**ess)-®-—« 

therefore 


s 5 - 1.7071 + 0.00645 - 1.7135 kJ/kg K 
The process 5 to 6 is iscntropic. hence interpolating at p 6 

therefore 


h 6 =- 323.08 kJ/kg 
Then from equation (14.15), 

Work input - (1 - x)(h 3 — h g ) + (h* — Ji 5 ) 
i.c Work input - {(1 - 0.234)(305.84 - 291.77) + (323.08 - 305.26)} 
= 28.6 kJ/kg 


(v) From equation (14.2) 


COP - g» - 13153 
" f £ W 28.6 


4.6 


It is interesting to compare these results with those obtained with the basic 
cycle as shown in Fig. 14.20. 

As before, s, - 1.7155 kJ/kg K, therefore, since s, - interpolating 




- 323.65 kJ/kg 

Then from equation (14.8) 

W = [h 3 - *,) - (323.65 - 291.77) - 31.88 kJ/kg 
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Fig. 14.20 Basic cyde 
for Example 14.8 


14.7 Vapour-abaorption cydaa 



From equation (14.7) 

Refrigerating effect. Q x - (/i, - h 4 ) = 291.77 - 162.93 
Also from equation (14.2), 


COP lef = 


128.84 


g. __ 

£ W 31.88 


4.04 


128.84 kJ/kg 


14.7 Vapour-absorption cycles 

Vapour-absorption cycles have been in use for some time, but recently they 
have become of more interest because of their potential use as part of 
energy-saving plant; also, they use more environmentally friendly refrigerants 
than current vapour-compression cycles. 

A vapour-absorption system operates with a condenser, a throttle valve, and 
an evaporator in the same way as a vapour-compression system, but the 
compressor is replaced by an absorber and generator as shown in Fig. 14.21. 


Fig. 14JI 
Diagrammatic 
arrangement of a 
vapour-absorption 
system 


Heal 

supplied 
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Refrigeration and Heat Pump* 


The refrigerant on leaving the evaporator is readily absorbed in a low- 
temperature absorbing medium, some heat being rejected during the process. 
The refrigerant-absorbent solution is then pumped to the higher pressure and 
is heated in the generator. Due to the reduced solubility of the refrigerant- 
absorbent solution at the higher pressure and temperature, refrigerant vapour 
is separated from the solution. The vapour passes to the condenser and the 
weakened refrigerant-absorbent solution is throttled back to the absorber. 
A heat exchanger placed between the absorber and generator makes the system 
more efficient by transferring heat from the weak solution coming from the 
generator to the stronger solution pumped from the absorber, as shown in 
Fig. 14.21. The work done in pumping the liquid solution is much less than that 
required to compress the vapour in the compressor of an equivalent 
vapour-compression cycle. The main energy input to the system is the heat 
supplied in the generator; this may be supplied in any convenient form such 
as a fuel-burning device, direct electrical heating, steam if already available, 
solar energy, or waste heat A refrigerant and absorbent must be found which 
have suitable solubility properties. Two combinations are in general use: in one, 
ammonia is used as the refrigerant with water as the absorbent; in the other, 
water is used as the refrigerant with lithium bromide as the absorbent The 
principle of operation is the same for both types. 

One absorption system, known as the Electrolux, dispenses with the pump 
and uses natural circulation. The system is shown diagrammatically in 
Fig. 14.22; the refrigerant is ammonia and the absorbent is water, with hydrogen 
used to enable circulation to take place by natural means due to density 
differences. The total pressure is constant throughout the system. 


Fig. 1422 Absorption 
Electrolux refrigeration 
lystem 
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The ammonia liquid leaving the condenser enters the evaporator and 
evaporates into the hydrogen at the low temperature corresponding to its low 
partial pressure. The ammonia-hydrogen gas mixture passes to the absorber 







14.7 Vapour-absorption cyclM 


into which is also admitted a weak ammonia-water solution from the separator. 
The water absorbs the ammonia vapour, and the hydrogen returns to the 
evaporator. In the absorber the ammonia vapour passes from the ammonia 
circuit into the water circuit as a strong ammonia-water solution. This strong 
solution passes to the generator where it is heated and the vapour given ofT 
rises to the separator. The water with the vapour is separated out and a weak 
ammonia-water solution passes back to the absorber, thus completing the 
water circuit. The ammonia vapour rises from the separator to the condenser 
where it is condensed and then returned to the evaporator. An actual plant 
includes refinements and practical modifications which are not included here. 
The main advantage of the system is that all the energy supplied can be in the 
form of heat; no pump is necessary and hence a supply of electricity is not 
essential to run the plant. The heat could be in the form of solar energy or 
waste heat. 


Example 14.9 A water-chilling plant is to have a refrigeration capacity of 100 kW when 
operating between condenser and evaporator saturation temperatures of 34 
and 3 °C. A vapour-absorption cyde is used with water as refrigerant and 
lithium bromide as absorbent. The generator is maintained at 80 °C using 
a supply of waste beat from hot gases, and the absorber is at 25 °C. Assume 
that the solution leaving the absorber is saturated at the evaporator pressure, 
and the solutions entering and leaving the generator arc saturated at the 
evaporator pressure. There is no undercooling in the condenser and dry 
saturated vapour leaves the evaporator. There is a heat exchanger between 
the absorber and heat exchanger as shown in Fig. 14.21 (p. 511). Assuming 
that the enthalpy of superheated steam at low pressures may be taken as 
approximately equal to the saturated value at the same temperature, and 
neglecting pump work and all pressure and heat losses, calculate: 

(i) the mass flow rate of water through the evaporator; 

(ii) the heat supplied in the generator; 

(iii) the heat rejected in the absorber; 

(iv) the COP,*; 

(v) the specific enthalpy of the solution entering the absorber. 

Solution To solve the problem it is necessary to have information about the 
properties of lithium bromide-water solutions. A chart of specific enthalpy 
against concentration is given in Fig. 14.23. When a solution of a particular 
concentration is saturated at any pressure the temperature is fixed at 
that concentration. If a saturated solution is heated at constant pressure, water 
evaporates to maintain saturation at the higher temperature. For this example 
the pressure in the condenser and generator is the pressure corresponding to 
the condenser saturation pressure of 34 : C, ie. from steam tables pj -■ 0.0538 bar. 
The weak solution leaving the generator is saturated at 80 J C and 0.0538 bar 
and hence the point d can be fixed on the specific enthalpy-concentration chart 
where the pressure line 5.38kN/m ; cuts the 80 'C temperature line. The 
concentration and specific enthalpy at point d can then be read off the chart, 

i.c. x 4 - 0.6 and = -88 kJ/kg 
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The gas docs not receive and reject heat at constant temperature, and this shows 
a deficiency of a gas as a refrigerant when compared with a liquefiable vapour. 
The temperature range for the wet vapour is seen from Fig. 14.24(b) to be t x 
to t j, and the temperature range for the gas is seen to be i 4 to t 2 . The significance 
of this is that the gas cycle will be less efficient than the vapour cycle for given 
evaporator and condenser temperatures. The volume of refrigerant to be dealt 
with is much greater for a gas and larger surfaces are required for heat transfer. 

The use of a gas as a refrigerant becomes more attractive when a double 
purpose is to be met. This is so in the case of air-conditioning when the air can 
be both the refrigerating and the conditioning medium. Another advantage of 
using air is that it is safe as a refrigerant. The reversed constant-pressure cycle 
was used in the early days of refrigeration for this reason, the refrigerator using 
this cycle being known as the Bcll-Coleman refrigerator. In modem air 
refrigeration cycles the large displacement volumes can be handled best by the 
rotary-type compressor and expander, as these arc more compact for a given 
flow than the reciprocating machines. 

Figure 14.24(b) shows the ideal cycle for a plant using a rotary compressor 
and turbine. The work done by the air expanding is used to help to drive the 
compressor. The net input to the plant is given by £ W = IV,_ 2 + Wy_ 4 . Then 
applying the steady-flow equation to the cycle and neglecting changes in kinetic 
energy 

Wx-l - ( h 2 - h,) and 1V^ = - (fi, - h 4 ) 

Therefore for a perfect gas 

*i -2 - c,(T 2 - 7,) and -c p {T>-T 4 ) 

The refrigerating effect is obtained from equation (14.7) 

Qi - ih , - h 4 ) = c,(T, - T 4 ) for a perfect gas 

The actual cycle would be as shown in Fig. 14.25 which includes the effects of 
irreversibilities in the compression and expansion processes. For this cycle we 
have 

* 1-2 “ M 7 ! ~ 7i) and T 4 ) 


Fig. 14.25 
T-s diagram for an 
actual reversed 
constant-pressure cycle 
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14.8 Ga» cycles 


and from ihc dctinilion of iscntropic efficiency in section 9.1, and equations (9.1) 
and (9.2). we have 


r, - r, + T±-J± a „d ij-Tj-ihOi-iy 

1c 

where i/ c and // T arc the isentropic efficiencies of the compressor and the turbine 
respectively. 

The refrigerating effect in the actual cycle is then reduced to 


Fig. 14.26 Example of 
an aircraft air- 
conditioning system (a) 
with the processes 
on a T-s diagram (b) 


One application of this system is that met with in modern aircraft practice 
in which the air delivered to the cabin must be conditioned. Air is bled from 
the compressor of the engine. The proportion of this air to be used for 
air-conditioning is passed through a heat exchanger and is cooled by ram air 
at atmospheric temperature, which passes over the outside of the heat exchanger. 
This cooling takes place ideally at constant pressure and the cooled air then 
passes to the refrigerator turbine through which it expands and gives a work 
output. The air. after expanding approximately adiabatically, is passed to the 
cabin at a low temperature. The work output of the turbine is used to drive 
essential auxiliaries such as pumps, and perhaps a fan to draw- air over the heat 
exchanger. As this turbine would not develop sufficient power to drive all the 
auxiliaries its effort is joined to that of another turbine which uses the rest of 
the bleed air from the main compressor. The arrangement is shown in 
Fig. 14.26(a), and the cycle is shown on a T-s diagram in Fig. 14.26(b). The 
process follows an open cycle, starting from the atmosphere and exhausting to 
the atmosphere. 




Example 14.11 In the air-cooling system of a jet aircraft, air is bled from the engine compressor 

at 3 bar, and is cooled in a heat exchanger to 105 C C. It is expanded to 
0.69 bar in an air turbine, the isentropic efficiency of the process being 85%. 
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14.9 Liquefaction of geso« 




Fig. 14.27 The Linde 
system for gas 
liquefaction (a) with the 
processes on a 7-a 
diagram (b) 


corresponding T-s diagram is shown in Fig. 14.27(b). This is called the Linde 
process. The corresponding state points arc indicated on both diagrams. 
Substances which solidify at a temperature above that of the required liquid 
temperature must be removed from the gas before admission to the plant. The 
gas is compressed to a pressure of 100-200 atm before delivery to the cooler. 
The gas is cooled in the cooler to a temperature which depends on the 
temperature of the cooling water available. The gas passes through a heat 
exchanger where heat is transferred from it to the returning low-temperature 
vapour. It is cooled at 3 to a temperature which is in the region of its critical 
value and is then throttled to atmospheric pressure, at which pressure it exists 
as a wet vapour. The liquid is drawn ofT and the vapour is returned to the 
compressor. The quantity is made up from an external supply before induction 
into the compressor. 

Lower temperatures could be obtained by replacing the throttling operation 
with an expansion machine of the turbine type. 

From what has been said previously about the throttling of a gas it would 
appear that the process described in this section is impossible, as there would 
be no change in the temperature of the gas in throttling and therefore no cooling 
effect. With real gases there is a small change in temperature on throttling and 
this may be cither an increase or a decrease. At any particular pressure there 
is a temperature above which the gas will not be reduced in temperature by a 
throttling process. This temperature is called the temperature of inversion. 

At the commencement of the Linde process there is no cold gas returning 
through the heat exchanger and so there will be no cooling effect from 3 to 4. 
If, however, the temperature at 3 is below the temperature of inversion there 
will be some cooling as the gas is throttled from 3 to 7. As the process continues 
the amount of cooling due to returning cold vapour will increase and the line 
3-7 will gradually move down to position 4-5. If conventional cooling is not 
able to cool the gas to below the temperature of inversion then a refrigeration 
process must first take place to do so. 
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CFCs and HCFCs 

The apparently ideal refrigerant, the halocarbon compound, dichlorodifluoro- 
methane (now known as Refrigerant 12), was invented in the 1930s by Thomas 
Midgley; it is non-toxic with a zero fire and explosion risk and has ideal 
thermodynamic properties. Chemical companies such as Du Pont and IC1 
developed a whole range of similar compounds, under the respective trade 
names of Freon and Arcton. These are now familiarly called CFCs and are 
known to be damaging the ozone layer. (It is ironic that the other great legacy 
to science of Thomas Midgley is tetraethyl lead to inhibit knock in 1C engines; 
the build-up of lead in the atmosphere due to car exhaust fumes is now known 
to be a possible cause of brain damage, particularly in children, hence the move 
towards the use of unleaded fuel.) 

The designation of the CFC family of refrigerants is arrived at by assigning 
each refrigerant a notional three-digit number. The first digit from the left 
represents one less than the number of carbon atoms; if there is only one carbon 
atom then this digit is left blank. The second digit represents one more than 
the number of hydrogen atoms; if there are no hydrogen atoms this digit is 
unity; if there is at least one hydrogen atom then the refrigerant is familiarly 
called an HCFC. The last digit represents the number of fluorine atoms. For 
example, some typical CFCs are as follows: 

dichlorodifluoromethane, CC1 2 F 2 is R12; 
trichlorofluoromethane, CCljF is R11; 
trichlorotrifluoromethane. CC1 2 FCCIF, is R113 

and typical HCFCs: 

chlorodifluoromethane, CHC1F 2 is R22; 
dichlorotrifluoroethane. CHCljCF, is R123; 
tetrafluorocthanc, CH 2 FCFj is R134 


It will be seen from the above that the number of chlorine atoms plays no part 
in the designation; this is unfortunate since the ozone layer depletion potential 
of the refrigerant depends on the chlorine content. Refrigerants other than 
halocarbon compounds arc sometimes designated by putting the number seven 
before the relative molar mass of the substance. For example, ammonia, NH, 
is sometimes designated as R717, and water as 718. 

Miscibility with oil was previously identified as one of the desirable properties 
of a refrigerant. Miscible refrigerants include Rll, R12, R21, and R113; 
immiscible refrigerants include R13, R14, and ammonia, sulphur dioxide and 
carbon dioxide. Azeotropic mixtures of refrigerants are used to produce a 
refrigerant combining the good properties of two refrigerants, making up a 
miscible refrigerant. (An azeotropic mixture is one which cannot be separated 
into its component parts by distillation.) One commonly used example of an 
azeotropic mixture is approximately 50% R22 and 50% R115 and is designated 
as R502. 
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The ozone layer 

Ozone gas consists of three atoms of oxygen per molecule, chemical formula. 
Oj. It is a vigorous oxidizing agent and for this reason was at one time used 
to •clean’ the air by producing it in atmospheres such as kitchens. Ozone can 
be produced by an electrical discharge in oxygen and its presence can be detected 
in the vicinity of some electrical machines. At one time it was thought to have 
health-giving properties; the air at the seaside was believed to contain ozone. 
This theory is now discredited; the characteristic smell of the sea is probably 
due to seaweed and perhaps partly to ionization of the air. It is now known 
that ozone is positively harmful at ground level; it is one of the byproducts of 
photochemical smog, the action of sunlight on a trapped layer of car and 
chimney exhaust fumes producing the chemical reaction to convert oxygen to 
ozone. 

Ozone is present in the layer in the earth’s atmosphere known as the 
stratosphere, about 11-50 km above the surface of the earth. At these altitudes 
it is formed by the action of sunlight on oxygen and decomposes back to oxygen 
plus a free oxygen atom also due to sunlight; the free oxygen atom combines 
with ozone to form two molecules of oxygen gas, 

i e. 0 3 + sunlight - 0 2 + O -»0 3 

At any one temperature stability will eventually be reached, but the process is 
slow. Ozone is produced more easily above the equator, and natural circulation 
causes the ozone to move towards the two poles where the lower temperatures 
encourage higher concentrations. Similar cyclic changes occur in the seasons 
of the year, causing the ozone layer at the poles to be thicker in winter for 
example. Due to this continuous reaction in the stratosphere, ultraviolet light 
from the sun is being absorbed in the process thus partially shielding the 
earth from the sun’s harmful radiation. 

A second way in which ozone is destroyed is in combination with certain 
reactive atoms, or free radicals, such as H, OH. NO, and Cl; such reactions 
are catalytic which means that the reactive atoms arc not consumed. The CFCs 
and other chlorine-based compounds in the stratosphere are decomposed by 
the intense solar radiation; the chlorine atoms then enter into a catalytic chain 
reaction, possibly with OH and NO radicals to form HO, N0 2 , and eventually 
CIN0 3 . consuming ozone in the process. The HCI acts as a temporary sink 
for the chlorine atoms before it descends to the troposphere (the layer between 
the earth's surface and the stratosphere), and then as rain. By this chain reaction 
one atom of chlorine is able to destroy thousands of ozone molecules. 

Sources of chlorine in the atmosphere include CFCs from refrigeration plant, 
from aerosols where they arc used as a propellant, and from foam blowing for 
insulation materials. Other major sources are carbon tetrachloride used for 
making CFCs, rubber, and paints, and for cleaning and fire-fighting: halons 
used for fire-fighting; methyl chloroform and other solvents used for cleaning; 
methyl chloride generated by seaweed and turning wood. All of these 
compounds arc stable under normal temperatures and therefore eventually rise 
into the stratosphere. 
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In the Antarctic the ozone depletion is greater than in the Arctic. This is 
because of the unique winter conditions made considerably worse by the strong 
winds (known as the roaring forties), which tend to isolate the air over the 
polar region. The intense cold leads to the formation of ice crystal clouds 
providing a surface which helps to accelerate the chemical reactions. An 
additional reaction occurs in which HO and CINOj react to form HNO 3 and 
chlorine atoms, the latter then re-entering the ozone destruction cycle. 

The breakdown of CFCs and other chlorine-based compounds in the 
stratosphere occurs more readily in the low winter temperatures at the poles 
(down to -80°C). creating free chlorine atoms. In the spring, when the sun 
returns, the chain reaction accelerates and the destruction of ozone begins again. 

There is therefore a natural cycle which is as old as the earth itself; ozone, 
produced more readily at the equator where the sunlight is more intense, 
circulates naturally to the poles where it eventually breaks down as described 
above. It is estimated that 300 million tonnes of ozone are created and destroyed 
each day. 

In the mid-1980s instruments for measuring ozone concentrations were 
becoming more accurate and an Ozone Trends Panel was formed to co-ordinate 
measurements; instruments in satellites were used to supplement measurements 
taken by ground instruments such as those used by the British Antarctic Survey. 
It was found that the natural annual cyclic thinning of the ozone layer over 
the Antarctic appeared to be increasing and a ‘hole' had been created. This 
extreme thinning of the ozone layer has now moved over parts of Australia 
causing fears of skin cancer due to increased intensities of ultraviolet-B from 
the sun’s rays. An account of the problem of the measurement of the ozone 
layer and its depletion is given in reference 14.7. 

The Montreal protocol 

The United Nations through its Environment Programme persuaded many 
nations to sign what has become known as the Vienna Convention, a treaty 
specifically intended to control the production of substances known to be 
depleting the ozone layer. The Montreal protocol to this treaty in 1987 outlines 
the means for achieving certain limits to production of particular substances. 
At this stage individual compounds were allocated an ozone depletion potential 
(ODP); this is a measure of the possible effect on the ozone layer of the release 
of chlorine from the compound. Table 14.3 lists some common compounds with 
their ODP. and also their greenhouse potential (sec Ch. 13), relative to R11. 

The aim of the protocol is to achieve a phased reduction of compounds, but 
the rate of reduction is subject to continuous review. In 1990 it was agreed that 
CFCs should be phased out by the year 2000 with interim cuts of 50% of the 
1986 production taking place by 1995, and 87% of the 1986 production taking 
place by 1997. At the same time the ban was extended to halons and carbon 
tetrachloride by the same date of2000. although CFCs and halon would continue 
to be allowed in essential medical applications, and aircraft fire-fighting. In 1992 
it was discovered that the thinning of the ozone layer over the Arctic had 
become much more significant than expected, presenting a threat to the Northern 
Hemisphere of increased cancers of the eye and skin. The USA immediately 
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Table 14J Ozone 
depletion potential 
(ODP), and greenhouse 
potential for certain 
refrigerant* 


Refrigerant 

Chemical 



Greenhouse 

name 

formula 

Designation 

ODP 

potential 

Trkhlorofluoro- 

methane 

CCT,F 

Rl 1 

100 

1.00 

Dichlorodifluoro- 

mcthanc 

Chlorodifluoro- 

RI2 

100 

3.10 

CC1,F : 

mcthanc 

Dichlorotrifluoro- 

CHClFj 

R22 

0.05 

0.37 

ethane 

Tetrafluoro- 

CHCljF, 

RI23 

002 

0.02 

ethane 

CHjFCFj 

RI34a 

0 

0.37 

Ammonia 

NH, 

R7I7 

0 

0 


brought forward the phasing out of CFCs to the end of 1995; Germany, 
Denmark, and The Netherlands had previously brought forward the phasing 
out to the beginning of 1995. At the same time, chemical manufacturer ICI 
announced that it would cease all production of CFCs in 1995 and would stop 
production in the UK in 1993; this was followed by an announcement by the 
UK Government of a phasing out by the end of 1995. The European Commission 
then called upon member nations to stop all CFC production by the end of 1995. 

Also under the Montreal protocol, methyl chloroform is to be banned by 
2005 with a cut of 70% by the year 2000. HCFCs, such as R22, are not covered 
by the protocol at present, although they may be phased out possibly by 2020 
or at the latest by 2040. Chemical manufacturer Du Pont has announced that 
it will cease production of R22 for new machines by 2005 although it will 
continue to produce it for existing equipment until 2020. Therefore HCFCs are 
at best a short-term replacement for CFCs. The problem of developing countries 
has been recognized by the creation of a special fund to help them adapt to 
the changes needed; this has enabled India and China to sign the protocol. 

The position on the use of all types of CFCs is continually changing as 
scientific measurements of the ozone layer arc improved and updated. More 
and more pressure is being put on the international community through internal 
conferences on the environment; agreements to phase out various substances 
are being modified with dates being continually brought forward as the worry 
over the effects of holes in the ozone layer increases. 

The air-conditioning industry has now phased out the use of Rl 1 and R12 
and has moved over to the use of R22 as a short-term solution. A new HCFC 
refrigerant. R123, which was expected to replace Rl 1 in centrifugal chillers, has 
recently been discovered to be a carcinogen when present in the atmosphere 
above certain limits, causing extreme doubts about its future use. The refrigerant 
R134a, tetrafluoroethane, CH 2 FCF„ produced by ICI as KLEA !34a, is 
described by ICI as a hydrofluoroalkane. HFA; it contains no chlorine atoms 
and hence has a zero ODP. Suitable lubricants have been found for R!34a and 
at present it appears to be the best replacement refrigerant for CFCs and, in 
the long term. HCFCs. Ammonia, which is an ideal refrigerant for most 
applications, is argued by many as a good long-term solution to the replacement 
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of CFCs and HC'FCs; its toxicity is the main disadvantage, but secondary, or 
even tertiary, coolant systems can overcome this problem by confining the risk 
to a well-ventilated plant room, preferably situated on the roof of the building; 
modem instrumentation can provide efficient detection and warning systems. 

In the manufacture, commissioning, maintenance and decommissioning of 
refrigeration plant it is estimated that approximately 320 tonnes of refrigerant 
are lost to the atmosphere each year in the UK. This is a very high figure which 
could be substantially reduced by better handling practices. The Heating and 
Ventilation Contractors Association (HVCAI has called for mandatory rules 
and licences for the recovery and recycling of refrigerants, but to date (1992) 
the Government has not responded by introducing the necessary legislation. 
Other countries have not been so slow to react to the problem; for example, 
in Sweden a code has been introduced which lays down maintenance procedures 
and stipulates that special permits arc required for refrigerant retrieval; permit 
holders must also ensure that their operatives arc trained to a specified high 
level in refrigeration engineering. Refrigerants, unlike solvents, fire-fighting fluid, 
or aerosol gases are only a threat to the ozone layer when they arc not contained 
safely within the refrigeration plant; skilled maintenance fitters should be able 
to keep leakage down to a minimum level and obsclcte plant should be returned 
to approved centres so that the refrigerant can be recycled. 


14.12 Control of refrigerating capacity 

The refrigerating load is seldom constant and the refrigerator must be controlled 
to meet the demand. It is desirable that automatic controls should be available 
and small refrigerating plants are operated on the on-off principle. The control 
in larger plants is obtained by regulating the mass flow of the refrigerant. This 
can be done by means of a manual speed control on the compressor, but this 
is uneconomical and inconvenient. 

With the automatic on-off device a metal bellows, charged with a volatile 
liquid, is connected to a temperature-sensitive clement which is located at the 
evaporator coil. An increasing temperature at the evaporator causes the 
temperature and therefore the pressure in the bellows to increase. The bellows 
expand and the end of the bellows operates a switch which closes the compressor 
motor circuit. A decreasing temperature in the evaporator produces the reverse 
effect. 

In a multicylindcr reciprocating compressor the capacity cun be controlled 
by regulating the number of cylinders which are effective at any time. When a 
reduction in refrigerant flow is required the suction valves of one or more 
cylinders arc held open by a hydraulically operated mechanism. The control 
also applies for starting conditions when all suction valves arc held open. The 
capacity of centrifugal compressors can be controlled by means of a speed 
control, but this involves expensive equipment. There is a limit to the reduction 
in mass flow rate, which is determined by the surging characteristics of the 
compressor. With a constant-speed machine, control can be achieved by the 
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14.5 An ammonia vapour-compression refrigerating plant has a single-stage, single-acting 
reciprocating compressor which has a bore of 127 mm, a stroke of 152 mm, and a speed 
of 240 rev/min. The pressure in the evaporator is 1.588 bar and that in the condenser 
is 13.89 bar. The volumetric efficiency of the compressor is 80 V. and its mechanical 
efficiency is 90%. The vapour is dry saturated on leasing the evaporator and the liquid 
leaves the condenser at 32*'C. Calculate: 

(i) the mass flow of refrigerant; 

(ii) the refrigerating effect; 

(iii) the power required to drive the compressor. 

(0.5 kg/min; 9.01 kW; 2.74 kW) 

14.6 A cold storage plant is used to cool 9000 litres of milk per hour from 27 to 4*C, and 
the heat leakage into the plant is estimated to be 60 k W. The refrigerant used is ammonia 
and the temperature required in the evaporator is —6*C. The compressor delivery 
pressure is 10.34 bar and the condenser liquid is undercooled to 24 P C before throttling. 
The plant has a brine circulating system and the nse in temperature of the brine is to 
be limited to 3 K. Assuming that the vapour is dry saturated on leaving the evaporator 
and that the compression process is isentropic. calculate: 

(i) the power input required taking the mechanical efficiency of the compressor as 90%; 

(ii) the swept volume of each cylinder of the twin-cylinder, single-acting compressor, 
for which the volumetric efficiency can be taken as 85% at a rotational speed of 
200 rev/min; 

(iii) the rate at which the brine must be circulated in litres per second. 

For milk: specific heat capacity. 3.77 IcJ/kg K; density. 1030 kg/m 1 . 

For brine: specific heat capacity. 2.93 kJ/kg K; density, 1190 kg/m 1 . 

(42.7 kW; 0.0157 ra 1 ; 27.1 litres/s) 

14.7 A refrigeration plant running on R 134a operates between saturation temperatures of 0 
and 45 °C and has a refrigeration capacity of 1 MW. The vapour is dry saturated at 
entry to the compressor and there is no undercooling in the condenser. Compression 
takes place in a two-stage centrifugal compressor, each stage having the same pressure 
ratio and enthalpy rise. Taking a slip factor of unity and an overall isentropic efficiency 
for the compressor of 0.8, calculate: 

(i) the coefficient of performance; 

(ii) the required power input; 

(iii) the diameter of the impeller in each stage when the rotational speed is 
3000 rev/min; 

(iv) the flow area required at compressor inlet when the axial velocity of the refrigerant 
at inlet is 60 m/s. 

(3.75; 266.5 kW; 0.843 m; 0.0086 m J ) 

14.1 A combined domestic unit serves the dual purpose of cooling the kitchen larder and 
providing hot water. The motor driving the compressor operates for approximately 
one-third of the day. and has an electrical input of 0.225 kW. The heat leakage into the 
larder from the kitchen is 0.29 kW. The mechanical efficiency of the compressor is 85% 
and the compression process can be taken to be adiabatic. All the heat rejected by the 
refrigerant is taken by the water in the domestic hot-water tank, which is heated from 
10 to 60 "C. Calculate the amount of hot water which can be supplied by this plant in 
litres per hour. 

(6.08 l/h) 

14.9 It is proposed to use a heat pump working on the ideal vapour-compression cycle for 
the purpose of heating the air supply to a building. The supply of heat is taken from a 
river at 7°C. Air is required to be delivered into the building at 1.013 bar and 32*C at 
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a rate of 0.5 m 5 /s. The air is heated at constant pressure from 10 f C as it passes over 
the condenser coils of the heal pump. The refrigerant is RI34a which is dry saturated 
leaving the evaporator; there is no undercooling in the condenser. A temperature 
difference of 17 K is necessary for the transfer of heat from the river to the refrigerant 
in the evaporator. The delivery pressure of the compressor is 11.545 bar. Calculate: 

(i) the mass flow of refrigerant; 

(ii) the motor power required to drive the compressor if the mechanical efficiency is 87%; 

(iii) the COP,,; 

(iv) the swept volume of the compressor which is single-acting and which runs at 
240rev/min with a volumetric efficiency of 85%. 

(0.079 kg/s; 3.26 kW; 3.92; 2277 cm 5 ) 

14.10 (a) An ammonia refrigerator operates between evaporating and condensing temperatures 

of - 16 and 50 *C. The vapour is dry saturated at the compressor inlet, and there is no 
undercooling of the condensate. Calculate: 

(i) the refrigerating effect; 

(ii) the mass flow rate per kilowatt of refrigeration capacity; 

(iii) the power input per kilowatt of refrigeration capacity; 

(iv) the COP„ f . 

(b) In the plant of part (a) a flash chamber is introduced with an interstage pressure 
of 5.346 bar. Recalculate parts (iii) and (iv) for this arrangement. 

(1003.4 kJ'kg; 3.59 kg/h; 0.338 kW; 2.96; 0.313 kW; 3.19) 


14.11 


A vapour-compression refrigeration plant using R134a operates with a compressor 
suction pressure and temperature of 2.005 bar and -10 C. The condenser pressure is 
7.675 bar and there is no undercooling of the condensate. Compression takes place in 
two stages, and the condensate is throttled into a flash chamber at 4.139 bar from which 
dry saturated vapour is drawn off to mix with the refrigerant from the LP compressor 
before entry to the HP compressor. The liquid from the flash chamber is throttled into 
the evaporator. Assuming isentropic compression in both compressors and neglecting 
all losses, calculate: 

(i) the coefficient of performance of the plant; 

(ii) the mass flow rate of refrigerant in the evaporator w hen the power input to the plant 
is 100 kW. 


(5.93; 3.38 kg/s) 


14.12 A vapour-absorption cycle using lithium bromide-water solution operates between 
pressures of 0.01 and 0.05 bar. The refrigeration capacity is 150 kW. the temperature in 
the generator is 70 *C, and the temperature in the absorber is 25 °C. The steam entering 
the absorber is dry saturated and there is no undercooling in the condenser. The solution 
may be taken to be saturated at exit from both the generator and absorber; a heat 
exchanger transfers heat from the weak solution leaving the generator to the strong 
solution pumped from the absorber such that the solution entering the generator is 
saturated at the generator temperature. Assuming that the specific enthalpy of 
superheated steam is approximately equal to the specific enthalpy of saturated steam 
at the same temperature, and neglecting pressure losses, heat losses, and pump work, 
calculate: 

(i) the mass flow rate of refrigerant through the evaporator and condenser; 

(ii) the heat supplied in the generator. 

(iii) the heat rejected in the absorber; 

(iv) the specific enthalpy of the solution entering the absorber; 

(v) the heat to be supplied in the generator if the heat exchanger is not used. 

(006313 kg.s; 161.07 kW; 153.98 kW; -216.1 kJ/kg; 204.84 kW) 
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14.13 An air refrigeration plant operate* with a centrifugal compressor and an air turbine 
mounted coaxially such that the power output of the turbine contributes to the work 
required to drive the compressor. The temperature of the air at the compressor inlet is 
I5*C and the pressure ratio is 15. The air during its passage from the compressor to 
the turbine passes through an intercooler and enters the turbine at 40*C. The cold space 
temperature is required to be maintained at 15*G Taking the iscntropic efficiency of 
both compressor and turbine to be 84%, and the mechanical efficiency of the 
turbine-compressor drive as 90%. calculate: 

(i) the refrigerating efTect; 

(ii) the mass flow rate per kilowatt of refrigeration capacity; 

(iii) the driving power required per kilowatt of refrigeration capacity. 

(35.74 kJ/kg; 1.679 kg/min; 1.312 kW) 

14.14 In an aircraft refrigeration unit air is bled from the engine compressor at 3.5 bar and 
270 'C and is passed through an air-cooled heat exchanger. The refrigerant air bleed 
leaves the exchanger at 3.5 bar and 75 ’C and is expanded through a turbine to 0.76 bar. 
The iscntropic efficiency of the turbine is 85%. The air is then delivered to the aircraft 
cabin and leaves the aircraft at I6’G Calculate: 

(i) the refrigerating effect; 

(ii) the power developed by the air turbine per unit mass flow rate. 

(45.8 kJ/kg; 105.1 kW per kg/s) 
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Mixtures of air and water vapour arc considered in Chapter 6 ; in this chapter 
moist atmospheric air (i.c. a mixture of dry air and water vapour) is introduced 
as a separate topic. 

It is often necessary to provide a controlled atmosphere in buildings where 
industrial processes arc to be carried out. or to provide air-conditioning in 
private and public buildings. The properties of atmospheric air have to be 
considered in these problems, and this is a subject which is receiving an increasing 
amount of attention and application. Another topic which will be considered 
is that of the cooling tower by means of which large quantities of cooling water 
are cooled for recirculation. These topics come under the title of psychrometry 
(sometimes called hygrometry). 


15.1 Psychrometric mixtures 

In section 6.6 the evaporation of water into an evacuated space or into a volume 
occupied by a gas is described. Before the saturated condition is reached the 
vapour exists in the mixture as a superheated vapour. At the saturation condition 
the partial pressure of the vapour can be obtained from steam tables as that 
pressure corresponding to the temperature of the mixture. If the space or gas 
is not saturated at a particular temperature, then the partial pressure of the 
vapour will be less than the saturation pressure corresponding to that 
temperature. 

Consider atmospheric air at 1.013 bar and 15'C. The saturation pressure of 
water vapour corresponding to 15 C is 0.01704 bar. Unless the water vapour 
is in contact with its liquid it will not be saturated, and its pressure will be 
below the saturation value of 0.01704 bar. In normal applications the 
atmosphere is well removed from the saturated condition. At such low vapour 
pressures the vapour can be considered to act as a perfect gas. and the properties 
of the mixture can be found using the Gibbs-Dalton law. The properties of 
the mixture depend on its pressure and temperature, and arc determined for a 
particular state with reference to the properties of saturated vapour. 
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Assume that in a quantity of atmospheric air the vapour pressure is 
0.01 bar at 15 C and the total pressure is 1.013 bar. From equation (6.2) 

P - P, + P. 

where p, is the partial pressure of the dry air, and p, the partial pressure of the 
superheated vapour. 

i.e. Pt * p - p, = 1.013 - 0.01 = 1.003 bar 

The saturation temperature corresponding to 0.01 bar is 7°C, hence the 
vapour in atmospheric air under these conditions has a degree of superheat of 
(15 - 7) - 8 K. This state is indicated by point I on a T-s diagram in Fig. 
15.1. Suppose a metal beaker containing water is placed in this atmosphere, 
and the water is progressively cooled by adding ice. At a particular temperature 
of the water it will be noticed that condensation begins to appear on the outside 
surface of the beaker. The vapour in contact with the beaker has been cooled 
at constant pressure to 7°C, as indicated by point 2 in Fig. 15.1. This is the 
condition of saturation, and further cooling causes condensation of the water 
vapour. This temperature is called the dew point of the mixture, and it is the 
temperature to which an unsaturated mixture must be cooled in order to become 
just saturated. The dew point temperature is denoted by f d . 


Fig. 15.1 r-s diagram 
for superheated water 
vapour in atmospheric 
air 



If a room is warm and the outside atmosphere is cold, then a w indow may 
produce condensation on its inside surface. A person wearing spectacles entering 
a warm room after a lime spent in a cold atmosphere very often finds the 
vapour in the air condensing on the lenses as the vapour is cooled to its dew 
point. Condensation is noticed on cold-water pipes which arc situated in an 
atmosphere which is at a higher temperature and which is sufficiently humid. 


15.2 Specific humidity, relative humidity, and percentage 
saturation 

The specific humidity (or moisture content » is the ratio of the mass of water 
vapour to the mass of dry air in a given volume of the mixture, and is denoted 
by the symbol to. 



i.e. 


(15.11 



15.2 Specific humidity, relative humidity, and percentage aaturation 

Fir. 15 2 Cooling coil 
for Example 15.2 



From equation 6.2, p t - p - />,, therefore 

p. = 1.013 25 — 0.011616 = 1.00163 bar 


therefore 


I0 5 x 1.001 63 x 0.5 
I0> x 0.287 x 290 


0.6017 kg/s 


The mass flow rate of air is constant throughout the process. 

From equation (15.1), w = and o> has been determined as 0.007 213, 
therefore 

m, =0.007 213 x m. 

After passing the cooling coil, $ » l, since the air is saturated. From 
equation (15.4), p t = p t for this condition, and at 6°C, p t = 0.009346 bar, 
therefore, from equation (15.3) 


a), — 0.622 x ( ■ 0009546 0.00579 

\ 1.013 25 - 0.009346/ 


therefore 


m, i = 0.005 79 x m. 


Hence 


Mass of condensate - m, - m,, - (0.007213 - 0.00579) x m. 

- 0.001423 x 0.6017 x 3600 - 3.082 kg/h 



Fig. I5J Wet and dry 
bulb psychrometer 


Measurement of relative humidity 

An instrument used to measure relative humidity is called a psychrometer, or 
a hygrometer. A simple psychrometer has been referred to in section 15.1 (i.e. 
by determining the dew point using a metal beaker of water which is cooled). 

Another method is by the determination of wet and dry bulb temperatures. 
The principle is illustrated in Fig. 15.3. Two thermometers situated in a stream 
of unsaturalcd air are separated by a radiation screen. One of them indicates 
the air temperature and is called the dry bulb thermometer. The bulb of the 
second is surrounded by a wick which dips into a small reserv oir of water and 
the temperature indicated is called the wet bulb temperature. As the air stream 
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passes the wet wick, some of the water evaporates and this produces a cooling 
effect at the bulb. Heat is transferred from the air to the wick and an equilibrium 
condition is reached at which the wet bulb indicates a lower temperature than 
the dry bulb. The amount of this wet hulb depression depends on the relative 
humidity of the air. If the relative humidity is low. then the rate of evaporation 
at the wick is high, and hence the wet bulb depression is high. 

The instrument may be made for use in stationary air. but satisfactory results 
arc obtained only when the air velocity past the bulbs is between 1.85 and 
40 m/s. Over this range the results arc fairly constant and enable the relative 
humidity to be calculated from the temperatures obtained The air current can 
be produced by a small fan driving the air over the thermometer bulbs, or by 
mounting the thermometers on a frame which is whirled round by hand. This 
latter instrument is called a sling psyxhrometer. Another portable instrument 
has a fan which has a battery or clockwork drive. The wet and dry bulb 
temperatures are measured by thermocouples and read off an indicator. The 
advantages claimed are compactness and rapid response. The specifications for 
hygrometers are given in reference 15.3. 

Instruments are available which will give a continuous reading of humidity 
in the form of an electrical signal which may then be used as part of a control 
system. A common form of sensor is a thin polymer film which absorbs and 
desorbs moisture thus changing the dielectric constant and hence the 
capacitance. By measuring temperature and humidity simultaneously the 
enthalpy can be obtained and hence used as the control. This type of approach 
has been made possible using microprocessors which convert the readings from 
the sensors directly into relative humidity and/or enthalpy; calibration of the 
sensors against wet and dry bulb, or dew point, standard instruments can be 
programmed into the instrument. 

A more accurate type of instrument uses an opto-electronic detection of 
vapour condensation on an electrically chilled solid gold mirror; the chilling is 
done using a thermoelectric solid-state device. 


Psychrometric chart 

The properties of moist air can be obtained from tables (reference 15.1), but 
the specific humidity and percentage saturation are most conveniently obtained 
from a psychrometric chart A reduced size copy of the Cl BSE chart is shown 
in Fig. 15.4. An ordinate is erected at the known dry bulb temperature and the 
point of intersection between it and the diagonal line representing the known 
wet bulb temperature is found. The percentage saturation is then found from 
the curve of constant percentage saturation which passes through this point. 
The specific humidity is read off the ordinate scale in kilograms of vapour per 
kilogram of dry air. The enthalpy of the mixture in kilojoules per kilogram of 
dry air can be read off the diagonal scale of specific enthalpy. The zero specific 
enthalpy for the vapour is always taken at OX. For the dry air the zero for 
specific enthalpy is also taken at OX. 
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From equation (15.3), 


<j. 


0.622p, 

(P — P.) 


Combining this with equation (15.5), we have 



lOCMp - p.) 

0.622p, 


(15.7) 


For a given barometric pressure, p, the percentage saturation is a function 
of w and p,. Also p, corresponds to the dry bulb temperature. I. The chart is 
prepared for a given barometric pressure and to and h are the independent 
variables; values are accurate for all practical purposes for barometric pressures 
in the range 0.95-1.05 bar. 


15.3 Specific enthalpy, specific heat capacity, and specific 
volume of moist air 

Specific enthalpy of moist air 

The enthalpy of a mixture is the sum of the enthalpies of the individual 
constituents (see equation (6.6)), 

i.e. mh — m t h t + m t h t 

where m is the mass of mixture, h the enthalpy of mixture per unit mass of 
mixture m, the mass of dry air in the mixture, h t the enthalpy of dry air per 
unit mass of dry air, m t the mass of water vapour in the mixture, and h % the 
enthalpy of water vapour per unit mass of water vapour. Therefore 

Enthalpy of mixture per unit mass of dry air = mh/m t 

m. 

= h t + ah. 

At low partial pressures the specific enthalpy of water vapour can be expressed 
as 

K m (** ■* P») + c*(* — t $ at p.) (15.8) 

where the mean specific heat of superheated water vapour, c„, may be taken 
as approximately 1.88 kJ/kg K. 

Since the specific enthalpy of a vapour from steam tables is expressed above 
a datum of approximately 0 : C then the specific enthalpy of dry air in the 
mixture is also expressed above the same datum. 

it. h % - c„l (15.9) 

where the specific heat capacity of dry air, c„. may be taken as 1.005 kJ/kg K. 
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Then 

Enthalpy of mixture per unit mass of dry' air 

- c„r + {(/i, at p.) + c„(r - r, at p,))w 

It can be shown that over the temperature range encountered in 
air-conditioning the term {(/i g at p,)-c„(f, at p,)( may be taken as a 
constant. C. Therefore wc can write 

Enthalpy of mixture per unit mass of dry air 

- c„f + o(C + c„f) (15.10) 

where C- 2500 kJ/kg. 

Alternatively, since for low pressures the enthalpy of superheated vapour is 
approximately equal to the saturation value at the same temperaturr, then wc 
have 

Enthalpy of mixture per unit mass of dry air 

- c„r + <u(/i, at r) (15.11) 

where c„ - 1.005 kJ/kg K. as before. 

Accurate values of the enthalpy of a mixture per unit mass of dry air are 
given by CIBSE (reference 15.1). For example at 5 e C and aj = 0.002 820, 
h = 1111 kJ/kg dry air. 

From equation (15.10) 

h= 1.005 x 5 + 0.002 82(2500+ (1.88 x 5)} = 12.10 kJ/kg dry air 
From equation (15.11) 

h = 1.005 x 5 + (0.00282 x 2509.9) = 1110 kJ/kg dry air 

Similarly, at 30 a C and cu - 0.01420, h - 66.48 kJ/kg dry air. 

From equation (15.10) 

h - 1.005 x 30+ 0.0142(2500+ (1.88 x 30)} 

- 66.45 kJ/kg dry air. 

From equation (15.11) 

h - 1.005 x 30 + (0.0142 x 2555.7) 

■ 66.44 kJ/kg dry air. 

It can be seen that the error is negligible over a wide temperature range for 
both equations (15.10) and (15.11). Equation (15.11) is easier to use than 
equation ( 1 5.10) except for cases where the temperature, r, is the unknown term. 


Specific heat capacity of moist air 

Assuming that the superheated water vapour acts as a perfect gas. then using 
equation (6.19). 
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Specific heal capacity of mixture per unit mass of mixture: 



Then 


Specific heat capacity of mixture per unit mass of dry air, is given by 




m t c. 


m. 


i-c. (15.12) 

where c„ - 1.005 kJ/kg K, and c„ - 1.88 kJ/kg K. as before. 


Specific volume 

Since the enthalpy of the mixture is expressed per unit mass of dry air it is 
convenient to use the specific volume of the dry air. Therefore when the volume 
flow of the mixture is known the rate of mass flow of dry air can be found directly, 

R T 

i.e. Specific volume of dry air, p, = —— 

P . 

and 

m, = - (15.13) 

r. 

The specific volume of dry air is plotted on the psychrometric chart. By 
reference to the chart it may be noted that over the normal range of room 
temperatures and humidities the density expressed as kilograms dry air per 
cubic metre of mixture is approximately 1.2 (i.e. e, = 1/1.2 = 0.833 m 3 /kg dry 
air); this is a useful approximation for many practical problems. 


16.4 Air-conditioning systems 

In the UK air-conditioning is used mainly for industrial purposes and to supply 
a controlled atmosphere to public buildings such as offices, cinemas, halls, etc. 
In tropical and subtropical countries cooling by means of air-conditioning is 
a necessary feature of modem development. 

The following classification of air-conditioning systems may be made: 

(a) Conventional: the air is processed in a central plant and is distributed to 
the conditioned spaces via ducts. 

(b) Terminal reheat: air supply to the units in the room is from ducting as in 
(a) and provides the cooling and dchumidification load; the units in the 
room, provided with water coils, supply the necessary reheat. 



15.4 Air-conditioning systoms 


(c) Induction: similar to (b) but only a small quantity of primary conditioned 
air is supplied to each unit in the rooms where it expands through nozzles 
thus inducing a large volume of secondary room air into the unit; the 
secondary air passes over a coil before mixing with the primary air, the 
mixture then being delivered to the room. 

(d) Fan-coil: air is drawn from the room and from outside the building into 
the room units and passed over coils as necessary, the coils carrying chilled 
or hot water supplied from a central plant. 

(e) Dual-duct: twin ducts of high-velocity air. one with hot air the other with 
cold air. arc supplied to room units from a central plant as in (a); mixing 
at the units gives the required condition of the room air. 

(f) Variable air volume (VAV): a high-velocity flow of cooled air is supplied 
in a single duct and the change of load is met by varying the air volume 
while maintaining the same supply temperature; winter conditions can be 
catered for using a terminal reheat unit as (b) or by adding a second duct 
carrying hot air with a mixing box as in (c) or by providing a perimeter 
system of LP hot-water heating. 

(g) Panel air systems: chilled water is circulated through radiant ceiling panels 
at a temperature above the room dew point. 

(h) Integrated environmental design: this is an all-embracing term to cover 
complex systems incorporating some of the features described above, but 
with the emphasis on energy recovery, incorporating airflow through 
luminaires, the use of thermal wheels, and air-to-air or air-to-water heat 
pumps. 

References 15.4 and 15.5 should be consulted for a more detailed discussion. 


Summer air-conditioning 

The air-conditioning load on a room or space may be considered in two parts: 
the sensible heat load which is defined as the energy added per unit time which 
increases the dry bulb temperature; and the latent heat load which is defined 
as the energy added per unit time due to the enthalpy of the moisture added 
plus the heat required to evaporate the moisture added. 

The sensible heat gains are due to heat transfer through the fabric, including 
solar radiation, plus internal gains from people, lighting, machinery, etc. The 
latent heat gains are mainly due to the occupants of the room. 

Figure 15.5 shows a typical room condition line on the psychrometric chart; 
point 1 represents the moist air from the air-conditioning plant entering the 
room; point 2 represents the moist air leaving the room. It may be assumed 
that the air at state 2 is at the design conditions for the room. 

Point X is such that 

to, = u>x and t 2 « t x 

Sensible heat load - - /i,) «* rh t c^(t x - f,) 

Or using equation (15.12). 

Sensible heat load - m,(c^ + oc„)(t x - r,) (15.14) 


563 



Psychrometry and Air-conditioning 


Fig. 15.5 Typical room 
condition line on a 
psychrometric chart 



Also 

Latent head load = m,(/i 2 — h x ) 

Or using equation (15.11) with t 2 = r x 

Latent heat load = m,(to 2 - w,)(\ at r 2 ) (15.15) 

Total heat load = sensible heat load + latent heat load 

(*5.16) 

The room ratio line 1-2 is given by 
h x — h t sensible heat load 
h 2 -h t total heat load 

where, for zero latent heat load the ratio is unity and the line on the chart is 
horizontal, and for zero sensible heat load the ratio is zero and the line is 
vertical. The ratio of sensible heat load to total heat load, and hence the slope 
of the room condition line on the chart, is given by a protractor in the top 
left-hand corner of the chart (see Fig. 15.4). A more detailed description of the 
chart construction and the room ratio line is given in reference 15.5. 

Note: the use of the term 'heat gain’ is contrary to the accepted 
thermodynamic definition of heat as a transitory form of energy; also, the term 
‘latent heat* has now been replaced by 'specific enthalpy of vaporization’. The 
terms 'sensible heat gain' and ‘latent heat gain' are still used extensively in the 
building services industry in the UK and therefore will be used in this book. 

A typical conventional air-conditioning system is shown diagrammatically 
in Fig. 15.6(a). Some of the air is recirculated and mixed with a quantity of 
fresh air. Assuming adiabatic mixing, we have 

rh 2 + (1 - r)h 2 * h A 

where r is the mass flow of dry recirculated air per unit mass flow- of dry air 
supplied to the room. Therefore 

r = h J.- h -‘ 
h 2 — h 2 
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Fig. 15.6 Summer 
air-conditioning 

system (a) with the A mass balance of the moisture gives 

processes on a 

psychrometric chan (b) rw 2 + (1 - r)to, «= to* 

therefore 

r = U)y ~ i,>4 

<Oy - to. 

U r = = 05 ,7) 

hy — hj ajy — to 2 line 3 —2 

Hence point 4 can be fixed by proportion along the line 3-2 on Fig. 15.6(b) 
when r is known. 

In the cooling coil the air undergoes sensible cooling and dchumidification. 
Point A in Fig. 15.6(b) is called the apparatus dew point. The moist air leaving 
the coil is at some intermediate state 5, and points 5 and A would only coincide 
if the coil surface were infinitely large. 

To define the efficiency of the cooler a term is introduced as follows: 

Coil bypass factor •« j j —(15.18) 
Iine4-A 

This is sometimes defined in terms of a contact factor 

Contact factor = " —7 — 7 (15.19) 

line 4-A 

Dchumidification may also be achieved by passing the air through a spray 
cooler supplied with chilled water. The apparatus dew point is then the water 
temperature. In this case the contact factor given by equation (15.19) is usually 
renamed the spray cooler, or washer, efficiency and is expressed as a percentage. 

The actual condition line of the moist air in both a coil type and a spray-type 
cooler is not straight on the psychrometric chart; the exact path can be plotted 
using the theory of combined heat and mass transfer (sec reference 15.5). 

The reheat coil provides sensible heating of the air to bring the air intukc 
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and co, - 0.005 17 


0.2368 


(a) 


Also, using equation (15.14) 

Sensible heat load - m,(c„ + a>,c„)(f 2 - t x ) 
therefore 

5000 « if..(l.005 + l.88co,)( 18 - 10) 


and 


m - — 

* n a 


5000 


8.04+ 15.04<ii, 

Substituting from (b) into (a) 

0.2368 

• to, « 0.005 17 —5 ooo"( 8'04 + ,5 - 04w i) 

therefore 

co, =0.00479 
Substituting in (b) 

m, - 616.4 kg/s 
From equation (15.3) 
p„ 0.00479 


i.c. 


P.« 0.622 

P-P.i 


= 0.0077 


P.i 


- 0.0077 therefore p., = 1.005 51 


^ 1.00551 x 10 5 , , 

Then p„ = — = 1.238 kg/m 1 


287 x 283 


i.e. Volume flow rate of supply air - 


616.4 

1.238 


498 m J /s 


Using equation (15.7), 

100 x 0.004 79( 1.013 25 - 0.012 27) 

o - 


i.e. 


0.622 x 0.01227 
Percentage saturation of supply air = 62.8% 


62.8% 


(b) 


This problem can be solved very quickly, if less accurately, using the 
psychrometric chart. Point 2 can be located on the chart from the information 
given, then we have 


Sensible heat load $000 
Total heat load 5600 


0.893 
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Then by measurement from the chart 
Line 1-2 - 7.9 mm 


Line 3-2 - 0.262 x 7.9 - 2.07 mm 


Hence point 3 can be located on the line 1 -2. 
From the chart 


t y - I3.6°C and percentage saturation = 48% 

It can be seen from equation (15.17) that the enthalpies and specific humidities 
arc in proportion to the lengths on the line 1-2. This is approximately true 
also for the dry bulb temperature. 


i.e. 


h-'i 


line 3-2 
line 1-2 


0.262 


therefore 


f, = 18 - 0.262(18 - 1) - 13.6°C 

This is only approximately true since the dry bulb temperature lines arc not 
exactly vertical. In constructing the chart the dry bulb line at 30 °C is made 
vertical and hence all the other dry bulb lines have a slight slope to the vertical 
(see reference 15.5). 


Example 15.5 An air-conditioning plant is designed to maintain a room at a condition of 
20 ! C dry bulb and specific humidity 0.0079 when the outside condition is 
30 °C dry bulb and 40% percentage saturation and the corresponding heat 
gains are 18000 W (sensible), and 3600 W (latent). The supply air contains 
one-third outside air by mass and the supply temperature is to be 15°C dry 
bulb. 

The plant consists of a mixing chamber for fresh and recirculated air, an 
air washer with chilled spray water with an efficiency of 80 %, an after heater 
battery and supply fan. 

Neglecting temperature changes in fan and ducting, calculate: 

(i) the mass flow rate of supply air necessary; 

(ii) the specific humidity of the supply air; 

(iii) the cooling duty of the washer; 

(iv) the heating duty of the after heater. 

Use the psychromctnc chart assuming the barometric pressure is 1.013 25 bar. 

Solution The plant is shown in Fig. 15.9(a) and the processes are shown on the chart 
in Fig. 15.9(b). Points 2 and 3 can be fixed since the conditions are known. 
Fresh air is to be one-third by mass of the total air to the room, hence point 4 
is fixed one-third of the way from 2 to 3. 


Sensible heat load 18000 

Total heat load 18000 + 3600 
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Fig. 15.9 Summer 
air-conditioning plant 
(a) and psychrometric 
chart for 
Example 15.5 (b) 


Using the chart protractor a line of slope 0.833 is drawn from point 2 and 
where it cuts the dry bulb line of 15 °C gives point 1. Neglecting the fan work 
then points 6 and 1 are coincident 

The washer efficiency is 80% and point 5 must lie on the horizontal line 
through point 1 since there is no change in moisture content across the heater, 


i.e. 


Line 4-5 
Line 4-A 


or 

Le. 


0). — (I). „ „ . . (co. — a),) 

5 - 0.8 therefore co A = oj 4 - 


to 4 -o A 


0.8 


^-0.0089-”- 000751 -0.007.5 
0.8 


Point 5 is fixed by joining points 4 and A; where this line cuts the horizontal 
line through 1 fixes point 5 at t s - 12°C dry bulb. 

(i) From the chart - 319 kJ/kg, h 2 - 40.2 kJ/kg. 

Total heat load * 18000 + 3600 - 21.6 kW 


therefore 


rf».i 


21.6 

(40.2 - 33.9) 


3.43 kg/s 


Also co, - 0.0075, therefore 

Massflowrateofsupplyair - 3.43(1 + 0.0075) 

- 3.45 kg/s 

(ii) From the chart 

Specific humidity of supply air = 0.007 45 
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(iii) From the chart h 4 — 46.2 kJ/kg, /i 5 = 31.1 kj/kg. 

Cooling load on washer = m,,(/i 4 - h s ) 

= 3.43(46.2 — 31.1) 

■ 51.8 kW 

(iv) Heatingload - - h ,) - 3.43(33.9 - 31.1) 

■ 9.6 kW 


Example 15.6 


Fig. 15.10 Winter 

air-conditioning plant 
(a) and psychrometric 
chart (b) for 
Example 15.6 


The plant in Example 15.5 is modified for winter use by using pumped 
circulation in the washer as in Fig. 15.10(a). The summer room design 
conditions of 20 a C and specific humidity 0.0079 arc to be maintained when 
the outside conditions are 0 P C and 100% saturation; the ratio of fresh air 
to recirculated air is to be the same as in summer, and the mass flow rale 
of air is also the same. The sensible heat loss is 14400 W. Taking the washer 
efficiency as 80% as before, and neglecting temperature changes in the fan 
and ducting, calculate: 

(i) the temperature of the air supplied to the room; 

(ii) the heat supplied in the heater. 




Solution (i) The system is shown diagrammatically in Fig 15.10(a) with the processes 
on the psychrometric chart in Fig. 15.10(b). The system is slightly different 
from that of Fig. 15.7 (p. 546); in this case the pre-heater has been dispensed 
with by using recirculated air to raise the mixed air to a high enough temperature 
before entry to the washer as shown. 

The recirculated air leaving the room at stale 2 is at the same condition as 
in summer, therefore point 2 is fixed on the chart. Point 3 is fixed from the 
information given, and point 4 is fixed by dividing the line 2-3 in the ratio one 
to two since there is one-third outside air and two-thirds recirculated air by 
mass. From the chart. h z = 40.2 kJ/kg. h 4 = 29.8 kJ/'kg, and at 4 = 0.00655. The 


572 



15.6 Cooling towars 


Example 15.7 A small-size cooling tower is designed to cool 5.5 litres of water per second, 

the inlet temperature of which is 44 °C. The motor-driven fan induces 9m J /s 
of air through the tower and the power absorbed is 4.75 kW. The air entering 
the tower is at 18 °C. and has a relative humidity of 60%. The air leaving 
the tower can be assumed to be saturated and its temperature is 26 °C. 
Assuming that the pressure throughout the tower is constant at 1.013 bar, 
and make-up water is added outside the tower, calculate: 

(i) the mass flow rate of make-up water required; 

(ii) the final temperature of the water leaving the tower. 

Solution (i) The cooling tower is shown diagrammatically in Fig. 15.13. At inlet, using 
equation (15.4) 

4 “ P%IPt an <* Pi at 18 °C - 0.020 63 bar 


Fig. 15.13 Induced- 
draught cooling tower 
for Example 15.7 


* 



•M., 


"•A. 


p„ = 0.6 x 0.02063 = 0.01238 bar 

From equation (6.2), 

p 4 , = 1.013 - 0.012 38 = 1.0006 bar 

_ , 10 s x 1.0006 x 9 

T ** 0 = i u t- m ,0 * 78 k «/ s 


and m, ( 


I0 3 x 0.287 x 291 
10 5 x 0.01238 x9 


10 3 x 0.4618 x 291 
At exit at 26 °C 

p, - 0.033 60 bar and 4-1 
therefore 

p„=* 0.033 60 bar 
Using equation (15.3), 

o> 2 = 0.622f 

\P-pJ VI-013 - 


0.0829 kg/s 


0.0336 \ 
0.0336/ 


0.02133 
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15.2 (a) The pressure of the water vapour in an atmosphere which is at 32 ‘C and 1.013 bar 
is 002063 bar. Calculate: 

(i) the degree of superheat of the water vapour; 

(ii) the specific humidity; 

(iii) the relative humidity; 

(iv) the temperature to which the air must be cooled for it to become just saturated, 
(b) If the air in (a) is cooled to 10'C from its original condition, calculate the mass 
of condensate formed per kilogram of dry air. 

(14 K; 001292; 43.4%; 18 # C; 00053 kg) 

15.3 An air and water vapour mixture at 1 bar and 26.7 *C has a specific humidity of 0.0085. 
Calculate the percentage saturation. 

(37.7%) 

15.4 A mixture of air and water vapour at 1.013 bar and 16*C has a dew point of 5*C. 
Calculate the relative and specific humidities. 

(48%; 0.0054) 

15.5 Atmospheric air at a pressure of 760 mm Hghasa temperature of 32 “C and a percentage 
saturation as determined from a psychromctric chart of 52%. Calculate: 

(i) the partial pressures of the vapour and dry air; 

(ii) the specific humidity; 

(iii) the dew point; 

(iv) the density of the mixture. 

(0.0252 bar; 0.988 bar; 0.0159; 2l.2°C; 1.146 kg/m») 

15.6 Compare the gas constant for dry air with the value for air saturated with water vapour 
at I6°C and 1.013 bar. 

(0.2871 kJ/kg K; 0.2891 kl/kg K.) 

15.7 The temperature m a room of volume 38 m s is 25 V C and the pressure is 1.013 bar; the 
dew point of the air in the room is 14 ’C. If a vessel containing water is placed in the 
room calculate the maximum that can be lost by evaporation. Assume that the pressure 
in the room remain constant 

(0.433 kg) 

15.1 (a) An air-conditioned room b maintained at a temperature of 21‘C and a relative 
humidity of 55% when the barometric pressure b 740 mm Hg. Calculate: 

(i) the specific humidity; 

(ii) the temperature of the inside of the windows in the room if moisture is just beginning 
to form on them. 

(b) For the room in part (a) what mass of water vapour per kilogram of dry air 
must be removed from the mixture in order to prevent condensation on the window* 
when their temperature drops to 4 C. and what is the initial relative humidity to satisfy 
thb condition when the room temperature remains at 21 C? 

(0 00874; 11.62 X; 00035 kg; 32.7%) 

15.6 A mixture of air and water vapour at 50 C and 1.013 bar has an analysis by mass of 
4% water vapour to 96% dry air. Calculate: 

(i) the analysts by volume; 

(ii) the partial pressures of the water vapour and dry air; 

(iii) the relative humidity. 

(6.28%. 93.72%; 0.0636 bar. 0.9494 bar: 51.6%) 
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(b) The fresh air requirements for the building in part (a) arc such that the ratio of 
recirculated air to fresh air must be no greater than 3. A steam humidifier is introduced 
between the mixing box and the heater: the air in the humidifier is heated at approximately 
constant dry bulb temperature. Calculate the heat now required in the heater. 

(16.5; 43 kW; 71 kW) 

15.16 A room in summer is to be maintained at 18 C. 50% saturation when the outside 
conditions are 30 X. 80% saturation. The sensible heat gains and latent heat gains arc 
4.4 kW and 1.89 kW respectively. 

The conditioned air is supplied through duels from a central station consisting of a 
cooler battery, a reheat battery, and a fan. Fresh air is supplied to a mixing unit where 
it mixes with a certain percentage of air recirculated from the room, the remainder of 
the room air being expelled to atmosphere. 

The air entering the room is at 12.5 C. the air temperature rise in the fan and duct 
work is I K. the air leaving the cooler batten and entering the reheat battery is at 7'C. 
and the apparatus dew point of the cooler is 1.5 *C 

Draw a sketch of the plant numbering the relevant points, and calculate: 

(il the ratio of the mass rate of flow of recirculated air to the mass rate of air supplied 
to the room; 

(ill the cooler battery load; 

(iii) the rehealer battery load; 

(iv) the cooler battery bypass factor. 

Use the psychrometnc chart, taking the barometric pressure as 1.01325 bar. 

(0.88; 15.4 kW; 3.5 kW; 0.3) 

15.17 Air enters a natural draught cooling tower at 1.013 bar and 13 °C and relative humidity 
50%. Water at 60 C from turbine condensers is sprayed into the tower at the rate of 
22.5 kg s and leaves at 27 C. The air leaves the tower at 38 ‘C. 1.013 bar and is saturated. 
Calculate: 

(i) the airflow required in cubic metres per second; 

(u) the make-up water required in kilograms per second. 

(21 m*/s; I kg/s) 

15.18 In a forced-draught cooling tower hot water enters at a rate of 15 kg/s at 27 "C and 
leaves the tower at 21 C The ambient air drawn into the lower is at 1.01325 bar, 23 °C 
dry bulb and 17 C wet bulb, and the air leaving the lower is saturated at 25X. The 
fan power input is 5 kW. Assuming that the specific enthalpy of superheated vapour is 
approximately equal to the specific enthalpy of saturated vapour at the same temperature, 
and that the pressure in the tower remains constant throughout, calculate: 

(i) the required mass flow rate of air; 

(li) the required mass flow rate of make-up water to be added exterior to the tower. 
Take the partial pressure of water vapour in air as 

P-r,“ J6T4K x I 0 ” 4 (r wi — %»lJ 

where the pressures arc in bar. and the dry bulb temperature, ft*,, and the wet bulb 
temperature. r»„. are in degrees Centigrade 

(13.67 kg/s; 0.144 kg/s) 


References 

15.1 C1BSI 1986 Guide to Current Practice volume C 

15.2 THREIKILDI L 1970 Thermal Emironmental Engineering 2nd edn Prentice-Hall 


579 





Heat Transfer 


The transfer of heat across the boundaries of a system, cither to or from the 
system, is considered in previous chapters for non-flow and flow processes; 
the definition of heat used throughout this book, and given in section 1.1. simply 
states that heat is a form of energy which is transferred from one body to 
another body at a lower temperature by virtue of the temperature difference 
between the bodies. When the mechanism of the transfer of heat is considered 
a slightly different approach is necessary compared with the approach of 
fundamental thermodynamics. For instance it becomes difficult to define a 
system. In order to illustrate this point consider a bar of metal being heated at 
one end and cooled at the other. Now a boundary may be put round the source 
of heat or round the sink for the rejection of heat, but a boundary encircling 
the metal bar encloses a body the temperature of which varies throughout its 
length. In order to apply the laws of thermodynamics to the system consisting 
of the metal bar. a mean temperature must be assumed. 

In previous chapters many problems have been considered in which a certain 
quantity of heat has been transferred from one system to another. In this chapter 
we shall be concerned with the rate at which heat is transferred. The rate of 
heat transfer may be constant or variable, depending on whether conditions 
arc such that the temperatures remain the same or change continually with 
time. Most problems in practice are concerned with steady-state heat transfer, 
in which heat flows continuously at a uniform rate, but there arc many cases 
of transient heat transfer and some of these will also be considered. 

In general there arc three ways in which heat may be transferred, given under 
the headings below. 


By conduction 

Conduction is the transfer of heat from one part of a substance to another part 
of the same substance, or from one substance to another in physical contact 
with it. without appreciable displacement of the molecules forming the substance. 
For example, the heat transfer in the metal bar mentioned previously is by 
conduction. 
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By convection 

Convection is the transfer of heat within a fluid by the mixing of one portion 
of the fluid with another. The movement of the fluid may be caused by differences 
in density resulting from the temperature differences as in natural coni'ection 
(or free convection), or the motion may uc produced by mechanical means, as 
in forced convection. For example, the heat transferred from a hot-plate to the 
atmosphere is by natural convection, whereas the heat transferred by a domestic 
fan-heater, in which a fan blows air across an electric clement, is by forced 
convection. 

The transfer of heat through solid bodies is by conduction alone, whereas 
the heat transfer from a solid surface to a liquid or gas takes place partly by 
conduction and partly by convection. Whenever there is an appreciable 
movement of the gas or liquid, the heat transfer by conduction in the gas or 
liquid becomes negligibly small compared with the heat transfer by convection. 
However, there is always a thin boundary layer of fluid on a surface, and through 
this thin film the heat is transferred by conduction. 


By radiation 

All matter continuously emits electromagnetic radiation unless its temperature 
is absolute zero. It is found that the higher the temperature then the greater is 
the amount of energy radiated. If. therefore, two bodies at different temperatures 
are so placed that the radiation from each body is intercepted by the other, 
then the body at the lower temperature will receive more energy than it is 
radiating, and hence its internal energy will increase; similarly the internal 
energy of the body at the higher temperature will decrease. Thus there is a net 
transfer of energy from the high-temperature body to the low-temperature body 
by virtue of the temperature difference between the bodies. This form of energy- 
transfer satisfies the definition of heat given in section 1.1, and hence we may 
say that heat is transferred by radiation. 

Radiant energy, being electromagnetic radiation, requires no medium for its 
propagation, and will pass through a vacuum. Heat transfer by radiation is 
most frequent between solid surfaces, although radiation from gases also occurs. 
Certain gases emit and absorb radiation on certain wavelengths only, whereas 
most solids radiate over a wide range of wavelengths. 

In any particular example in practice heat may be transferred by a 
combination of conduction, convection, and radiation, and it is usually possible 
to assess the effects of each mode of heat transfer separately and then to sum 
up the results. There are two main groups of problems; first, the desirable 
transfer of heat to or from a fluid as in a heat exchanger, boiler, or condenser, 
and second, the prevention of heat losses from a fluid to its surroundings. 


16.1 Fourier's law of conduction 

Fourier’s law states that the rate of flow of heat through a single homogeneous 
solid is directly proportional to the area A of the section at right angles to the 
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16.1 Fourier's low of conduction 


direction of heat flow, and to the change of temperature with respect to the 
length of the path of the heat flow, df/dx. This is an empirical law based on 

observation. 

The law is illustrated in Fig. 16.1(a) in which a thin slab of material of 
thickness dx and surface area A has one face at a temperature t and the other 
at a temperature (r + dr). Then applying Fourier’s law we have for the rate of 
heat flow in the direction x. 

Rate of heat flow. (> x A ~ 

dx 

or 6--AA^. (16.1) 

dx 


Fig. 16.1 Heat flow 
through a thin slab of 
material 




The rate of heat flow in the direction x is taken as positive, hence the negative 
sign in equation (16.1) since df is always negative. The term A is called the 
thermal conductivity of the material. The thermal conductivity of a substance 
can be defined as the heat flow per unit area per unit time when the temperature 
decreases by one degree in unit distance. 

The units of A arc usually written as W/m K or kW/m K. 

Consider the transfer of heat through a slab of material as shown in 
Fig. 16.1(b). At section X-X, using equation (16.1) 

0 a —Xa^~ or () dx =-AA df 
dx 


integrating 


or 


J (Jdx« - | XA df 
(Jx - - A £ A df 


This equation can be solved when the variation of thermal conductivity, A. with 
temperature, f, is known. Now for most solids the value of the thermal 
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conductivity is approximately constant over a wide range of temperatures, and 
therefore a can be taken as constant. 

i.e. ()x - - A/. dr 

or <*" ,l62) 

Note that in this case the area in the direction at right angles to the heat flow 
remains constant through the slab. Cases will be considered later in which the 
area varies. 

The thermal conductivities of some materials encountered in engineering 
arc shown in Table 16.1. It follows from equation (16.1) that materials with 
high thermal conductivities are good conductors of heat, whereas materials 
with low thermal conductivities are good thermal insulators. Conduction of heat 
occurs most readily in pure metals, less so in alloys, and much less readily in 
non-metals. The very low thermal conductivities of certain thermal insulators 
(e.g. cork) are due to their porosity, the air trapped within the material acting 
as an insulator. Gases and liquids are good insulators, but unless a completely 
stagnant layer of fluid is obtained, heat is transferred by convection currents. 


Table 16.1 Thermal 
conductivity of some 
substances 


Substance 

Thermal 

conductivity 

(W/mK) 

Pure copper 

386 

Pure aluminium 

279 

Duralumin 

164 

Cast iron 

52 

Mild steel 

48.5 

Lead 

34.6 

Concrete 

0.85-1.4 

Building brick 

0.35-0.7 

Wood (oak) 

815-0.2 

Rubber 

0.15 

Cork board 

0.043 


Example 16.1 The inner surface of a plane brick wall is at 40 X and the outer surface is 
at 20 9 C. Calculate the rate of heat transfer per unit area of wall surface; 
the wall is 250 mm thick and the thermal conductivity of the brick is 
0.52 W/m K. 

Solution From equation (16.2) 

-h) 
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16.2 Newton's law of cooling 


therefore 


Q . I0 J x 0.52 
A~ q ~ 250 


x (40 - 20) = 41.6 W/m 2 


Note that the symbol 4 is used for the rate of heat transfer per unit area. 


16.2 Newton'8 law of cooling 

In order to consider the rate at which heat is transferred from one fluid to 
another through a plane wall it is necessary to know something of the way in 
which heat is transferred from a solid surface to a fluid and vice versa. 

Newton's law of cooling states that the heat transfer from a solid surface of 
area A. at a temperature t m , to a fluid of temperature t. is given by 

(J-a-4<(.-r) (16.3) 

where a is called the heat transfer coefficient. 

The units of a arc seen to be W/m 2 K, or kW/m 2 K. The heat transfer 
coefficient, at, depends on the properties of the fluid and on the fluid velocity; 
it is usually necessary to evaluate it by experiment. This will be discussed more 
fully in section 16.9. 

Equation (16.3) does not include the heat loss from the surface by radiation. 
This effect can be calculated separately (see section 16.18), and in many cases 
is negligible compared with the heat transferred by conduction and convection 
from the surface to the fluid. When the surface temperature is high, or when 
the surface loses heat by natural convection, then the heat transfer due to 
radiation is of a similar magnitude to that lost by convection. 

Consider the transfer of heat from a fluid A to a fluid B through a dividing 
wall of thickness x. and thermal conductivity A, as shown in Fig. 16.2. The 
variation of temperature in the direction of the heat transfer is also shown. In 
fluid A the temperature decreases rapidly from r A to r, in the region of the wall, 
and similarly in fluid B the temperature decreases rapidly from t 2 to /„ in the 


Fig. 16J Temperature 
variation for heat 
transfer from one fluid 
to another through a 
dividing wall 
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region of the wall. In most practical cases the fluid temperature is approximately 
constant throughout its bulk, apart from a thin film near the solid surface 
bounding the fluid. The dotted lines drawn on Fig. 16.2 show that the thickness 
of this film of fluid is given by 6 K for fluid A and S n for fluid B. The heat transfer 
in these films is by conduction only, hence applying equation (16.2) we have, 
considering unit surface area, from fluid A to the wall 


4 = 

d A 

(a) 

from the wall to fluid B 



(b) 

Also from equation (16.3), from fluid A to the wall 


■o- 

It 

£ 

> 

i 

(c) 

from the wall to fluid B 


4 " * B (f 2 “ '■> 

(d) 


Comparing equations (a) and (c). and equations (b) and (d), it can be seen that 

/« /.B 

a A = — and - - 
d A d B 

In general, a - al/S, where 6 is the thickness of the stagnant film of fluid on the 
surface. 

The heat flow through the wall in Fig. 16.2 is given by equation (16.2). 

For unit surface area 

4 

X 

For steady-state heat transfer, the heat flowing from fluid A to the wall is equal 
to the heat flowing through the wall, which is also equal to the heat flowing 
from the wall to fluid B. If this were not so, then the temperatures r A , t,, t lt 
and i n would not remain constant but would change with time. 

We therefore have 

4 - *a(*a “ *i> - 'Ui - 'a) - *■(*! - '.) 

Rewriting these equations in terms of the temperatures, then 

(U: (fi-'a)-^r; •(*:-*.)-“ 

*a * *■ 

Hence adding the corresponding sides of the three equations 

(*a - »i) + Ui " h) + ('a “ '■) * ~ ^ + — 

x A / x B 
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16.2 Newton's law of cooling 


therefore 


Li. 


<»*-»•>-4 




(1/*A + *M+ !/«■) 

By analogy with equation (16.3) this can be written as 


or 

where 


4 «= l/(f A - r.) 

<2 = va{i a -.,) 

i.(i + i + l) 

0 \®a 1 a a,/ 


(16.4) 

(16.5) 

(16.6) 


U is called the overall heal transfer coefficient, and it has the same units as a. 


Example 16.2 A mild steel tank of wall thickness 10 mm contains water at 90 C C when the 
atmospheric temperature is 15 e C. The thermal conductivity of mild steel is 
50 W/m K, and the heat transfer coefficients for the inside and outside of 
the tank arc 2800 and 11 W/m 2 K respectively. Calculate: 

(i) the rate of heat loss per unit area of tank surface; 

(ii) the temperature of the outside surface of the tank. 


Solution 


Mild 

steel 



Fig. 16J Tank wall for 
Example 16.2 


(i) The wall of the tank is shown diagrammatically in Fig. 16.3. From 
equation (16.6) 

11 x < 1 _ 1 10 | 1 

t/“a A + ;. + a, 2800 + 10 3 x 50 + 11 
= 0.000357 + 0.0002 + 0.0909 
i.e. i-0.0915 

Then substituting in equation (16.4), « U(i A - f,). we have 

4 ’(?SiT) 

i.e. Rate of heat loss per square metre of surface area - 0.82 kW 

(ii) From equation (16.3) 


4«*.(r a -f.) or 820 « 11 x (t 2 - 15) 


where t 2 is the temperature of the outside surface of the tank as shown in 
Fig. 16.3. 



89.6 °C 


i.e. Temperature of outside surface of tank - 89.6 °C 
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16.3 The composite well and the electrical analofly 


Also, using equation (16.8) for a fluid film, R = l/a-4, we have 


Hence 


Resistance of air film on outside surface = — K/W 


Total resistance. R T = 0.0781 + 0.417 + 0.0857 + — + 0.16 


where the resistance of the air gap is 0.16 K/W, 
i.e. R r -0.8 K/W 
Then using equation (16.10) 


*T 


1 100 — 25 

0.8 


1344 W 


i.c. Rate of heat loss per square metre of surface area - 1.344 kW 

(ii) Referring to Fig. 16.5. the interface temperatures arc t 2 , and f 3 ; the 
outside surface is at r 4 . Applying the electrical analogy to each layer and using 
the values of thermal resistance calculated above, we have 


0= 1344 


100 — f. 


LC. 


0.0781 

t, = 1100 - (1344 x 0.0781) = 995X 


Also 6 =044 = ^ 
i.e. r 2 = 995-(0.16 x 1344) = 780°C 
Q = 1344 = 

0.417 

i.e. t y - 780 -(1344 x 0.417) = 220‘C 

i.e. r 4 = 220 - (1344 x 0.0857) = 104 e C 

(iii) The temperature r 4 can also be found by considering the air film, 


i.e. () = 1344 = 


U “25 


i.e. i 
therefore 


1/17 

.-(,344 xi) + 25 


I.C. 


r 4 = 104.1 °C 

Temperature at outside surface of wall = 104.1 C 
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16.4 Heat flow through a cylinder and a sphere 

One of the most commonly occurring problems in practice is the case of heat 
being transferred through a pipe or cylinder. Less common is the case of 
heat being transferred through a spherical wall, but both cases will now be 
considered. 


dr 



Fig. 16.6 Cross-section 
through a cylinder 


The cylinder 

Consider a cylinder of internal radius r,. and external radius r 2 as shown in 
Fig. 16.6. Let the inside and outside surface temperatures be r, and i 2 , 
respectively. Consider the heat flow through a small clement, thickness dr. at 
any radius r. where the temperature is f. Let the conductivity of the material 
be k. Then applying equation ( 16.1 \ for unit length in the axial direction, we have 

> dr dr 

Q = -M2xr x 1)— 

dx dr 

i.e. ()— =• -2axdr 

r 


Integrating between the inside and outside surfaces 



where () and X are both constant 


() In— « —2xi(r, — r,) — 2 n/.(r, — r 2 ) 
r, 


i.e. 


6 


2 **(r, — r a ) 

ln(r 2 /r,) 


Now from equation (16.2), 


(16.12) 


If we substitute a mean area A m in this equation, and substitute also for the 
thickness x - (r, - r,). we have 

a M,(t» ~ h) 

Comparing this equation with equation (16.12). then 

. _ XA m {t t - l 2 ) m 2a/(r, — t 2 ) 

(r,-r,) ln(r 2 /r,) 
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therefore 

-J-_*_ 

r,-r, ln(r 2 /r,) 

A m 2 *(r 2 - r,) __ A 3 - >4, 
ln(r 2 /r,) ln(r 2 /r,) 

Here A m is called the logarithmic mean area, and using this area in equation 
(16.2) an exact solution is obtained. It can be seen from the above that there 
is also a logarithmic mean radius given by 


ln(r 3 /r,) 

In the case of a composite cylinder (c.g. a metal pipe with several layers of 
lagging) the most convenient approach is again that of the electrical analogy; 
by using equation (16.7) 



where x is the thickness of a layer, and A„ is the logarithmic mean area for 
that layer. 

From equation (16.12X applying the electrical analogy (/ = V/R\ it can be 
seen that 


ln(r 2 /r,) 

2jta 


(16.13) 


The film of fluid on the inside and outside surfaces can be treated as before 
using equation (16.8), 


i.e. 




1 

* 0^0 


where A 0 is the outside surface area. 2nr 2 , referring to Fig. 16.6, and er 0 is the 
heat transfer coefficient for the outside surface. 



where A, is the inside surface area. 2 xr, and a, is the heat transfer coefficient 
for the inside surface. 

It can be seen from equation (16.12), 


6 


2*Mt, - t>) 
ln(r 2 /r,) 


that the heat transfer rate depends on the ratio of the radii, r 2 /r,. and not on 
the difference (r 2 - r,). The smaller the ratio. r 2 /r,. then the higher is the heat 
flow for the same temperature difference. In many practical problems the ratio. 
r 2 / r i, tends towards unity since the pipe-wall thickness or lagging thickness is 



16.5 General conduction equation 


Hence 


Total resistance, R t - 0.1478 + 0.2295 + 0.0272 
- 0.4045 K/W 


Then using equation (16.10) 



8 00 - 20 
0.4045 


1930 W 


i.e. Rate of heat loss from the oven - 1.93 kW 


16.5 General conduction equation 

A general equation may be derived for a three-dimensional solid in which there 
is uniform internal heat generation (due to ohmic heating for example), and a 
change of temperature with time. 

Consider an element at a temperature, t. at any instant of time, t, within a 
homogeneous solid as shown in Fig. 16.9. Let the rate of internal heat generation 


Fig. 16.9 A small 
element within a 
homogeneous solid 



per unit volume be Let the density of the material be p, the specific heat c, 
and the thermal conductivity X; assume that these properties are uniform and 
constant with time. By Fourier’s law: 

0. - -A(dydz)^ 
dx 

6, = -x(dxdr)^ 
dy 

0* = -x(dxd y)y 
cz 
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16.5 General conduction equation 


therefore 

, /. d 2 t ,dt\ ft 

4 > ' + ("* i+i *r pcr * 

u g + + 

(c) Sphere (sec Fig. 16.8). Applying an energy balance 

«M rr 2 dr - — dr » pcAxr 2 dr^ 
dr dt 


therefore 


4,4nr J dr - -/Anr 2 ^ dr =* pcArr 3 dr^ 


i.e. 


t 2 i 2 ft d. l^f 

fr 2 rfr X xfx 


16.17) 


(16.18) 


For steady-state cases the nght-hand side of equations (16.16), (16.17), and 
(16.18) becomes zero, and the equations become ordinary differential equations. 


Example 16.6 


Data 


Solution 


A hollow cylindrical copper conductor of 30 mm outside diameter and 14 mm 
inside diameter has a current density of 40 A/mm 2 . The external surface is 
covered with a uniform layer of insulation of thickness 10 mm, and the 
ambient temperature is 10 : C. Neglecting axial conduction and assuming 
that the temperature of the insulation must not exceed 135°C at any point, 
calculate: 

(i) the heat required to be removed per unit time by forced cooling from 
the inside of the conductor; 

(ii) the temperature at the inside surface of the conductor. 

Thermal conductivity of copper «■ 380 W/m K; thermal conductivity of 
insulating material = 0.3 W/m K; heat transfer coefficient at outside 
surface « 40 W/m 2 K; electrical resistivity of copper - 2 x 10" 5 il mm. 


From equation (16.17). for the steady state 


d J f Id/ d. 

— +-+ 

dr J r dr /. 


0 



Hence integrating 
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16.5 Genoral conduction aquation 


Example 16.7 


Data 


Solution 


Equation (16.23) can also be written as 


l-h 

*»“4 


e -i al nava 


(16.24) 


The dimension of length, L. may be the half-thickness of an infinite slab, or 
the radius of an infinite cylinder, or the radius of a sphere. The term AL/V for 
an infinite slab, cylinder or sphere, may be shown to be I. 2. or 3 respectively, 
eg. for a sphere 

AL ( Ar.L 2 )L ^ } 

V "(4nLV3)" 

In the previously considered exact solution, equation ( 16 . 21 ). it can be shown 
that when Fo > 0.2 then only the first term of the summation need be considered 
within engineering accurancy. Also, when Bi is small, then in equation (16.22) 
tanip, L) approximates to (p. Ll and hence Bi approximates lo(p { L *). Similarly, 
sin ip x L) approximates to (p,L) and cos(P|L) approaches unity. Therefore, 
substituting these approximations into equation (16.21), for the centre where 
.t = 0. and hence cos(p,.x) is I. we have 

f ~ 4 m \ 

<i - 4 \P\L + p,L/ 


Comparing this with equation (16.24) it can be seen to be equivalent to 
New tonian cooling of an infinite slab. i.e. when Fo > 0.2 and Bi is very small 
the problem approximates to Newtonian cooling. 


For transient conduction in a sphere when Fo > 0.2 it can be shown that 
the solution of equation ( 16 . 18 ) for the temperature at the centre of the 
sphere. r t , when initially at f,. and plunged into a fluid at r F . is given by 

4 ~ 4 = {sin(p,L) - p,tcos(p,L )} :c _„. tHrt , 

<i-4 [p i L-i\Mp i L)coHp l L)} 
and 1 - p, Lcot(p, L) *= Bi 

Using the data below determine the temperature at the centre of u sphere, 
initially at a uniform temperature of 500 C, twenty minutes after it is plunged 
into a large bath of liquid at a temperature of 20 °C: 

(i) from the above equation; (ii) assuming Newtonian cooling. 

Radius of sphere «■ 50 mm; density of sphere * 7600 kg/m'; thermal 
conductivity of sphere - 40 W/m K; specific heat of sphere - 0.5 kj/kg K; 
heat transfer coefficient from sphere surface to liquid - 88.8 W/m 2 K. It may 
be assumed that the heat transfer coefficient and the temperature of the liquid 
remain constant over the time period. 

(i) BI - a/.//. - (88 8 x 0.05)/40 * 0.111 

therefore 

1 - p x L cot(p,/.) - 0.1 II 
or Pj LcotfP) L) * 0.889 
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This equation may be solved by trial and error, 
p x L 0.7 0.6 0.5 

p x L cot(/>, L) 0.831 0.877 0.915 

By further trial and error, or by drawing a graph, it can be shown that p, L ■ 0.57. 
Also 

Fo « kj/R 1 - Xx/pcR 2 - (40 x 20 x 60)/(7600 x 0.5 x 10 J x 0.05 J ) 
- 5.053 

therefore 

~ h m (sin 0.57 - 0.57 cos Q-^^ -ionrUsosi 
f, - tf (0.57 - sin 0.57 cos 0.57) 

i.e. - 0.5161 x 2 x 0.1936 - 0.2 

f,-i F 

therefore 

l t = 20 + 0.2(500 - 20) = II6 C C 
(ii) For Newtonian cooling of a sphere, from equation (16.24), 

1 ~ l f _ e -»ir« _ c -»-om «so»j 
- h “ 

therefore 

f = 20 + 0.1859(500 - 20) = 109.2 5 C 


16.6 Numerical methods for conduction 

The most commonly used numerical method is the finite difference method in 
which a differential equation is replaced by an approximate algebraic expression. 
The set of equations thus produced can be solved using a computer. The reader 
is recommended to consult references 16.2 and 16.3 for a fuller treatment of 
numerical methods and their application in heat transfer. 

A different method known as the finite element method is increasingly being 
used for heat transfer applications, but is not considered in this book. 

In specialized texts the derivation of finite difference expressions is given in 
detail, using for example the Taylor senes, but in this book only the following 
brief illustration will be given. Referring to a graph of i against x (Fig. 16.10), 
three approximations to the true tangent to the curve df/dx are illustrated, 

i.e. backward difference (16.25) 

dx dx 

dt -t,) 

dx £x 
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In the case of steady conduction in two dimensions the initial temperatures 
arc unknown and hence the set of equations is more comemently solved by a 
relaxation method such as Gauss-Sicdel iteration (see p. 590). 

Errors 

Using a finite difference method the answer obtained converges towards the 
exact solution as the size of the increments chosen approaches zero. Finite 
difference expressions must be chosen such that the computer solution converges 
towards the exact solution; in certain cases the solution will become unstable 
because errors generated arc increasing in si/c as the solution proceeds, or arc 
grow ing at a faster rate than the rate of convergence 

There arc basically two types of error: round-off error and discretization 
error. Round-off error occurs when the answer is taken to a specific number of 
significant figures, and is cumulative; fortunately in modern computers this 
error is not usually important. Discretization error is mainly due to the 
inaccuracy of the finite difference expression, sec Fig. 16.10. and can be reduced 
by reducing the size of the increments. 


Notation 

Referring to Fig. 16.11. a two-dimensional space may be divided into a grid of 
nodes as shown. The temperature at any point may then be designated as I, j. 

Note that i increases from left to right, and j from bottom to top. of the grid. 

following the normal x-direction and y-dircction respectively. 

For a problem in transient conduction the temperature at any lime will be 
denoted by fj^; the next time is therefore r I and the temperature at that 
instant is rJJ*. For transient problems in one-dimension the /-direction will be 
omitted. 


Fig. 16.11 Grid 

definition for 
two-dimensional steady 
conduction 
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16.7 Two-dimensional steady conduction 


From equation 06.15). for zero internal heat generation and for steady 
conduction in two dimensions the equation reduces to the Laplace equation: 


cV + <y 


06.29) 


This equation may be put into finite difference form using the central difference 
expression, equation (16.28). Using the notation outlined in section 16.6 (sec 
Fig. 16.11), we have 


Cl*..,+ *!-../-2f«j) , i n 

«5x 2 6y> 

The gnd may be chosen such that <Sx » Sy. then 


*ij ■ Oij-i + *i*u + r u-i + f i-ij)/ 4 (16.30) 

All the internal points within the boundaries of the two-dimensional space arc 
represented by equation (16.30). 


Conducting rod analogy 

Equation (16.30) may be derived using the basic Fourier equation and the 
concept of heat flow paths. In Fig. 16.12 conducting paths of width. Sx, from 
each point towards the centre point, arc shown cross-hatched. Fourier's law 
can be applied to each conducting path; for example, the heat transferred from 
point (i + I,/) to point ii.j) is given by 

Thermal conductivity x area x temperature gradient 
Sx 



Fig. 16.12 Conducting 
rod analogy for 
two-dimensional steady 
conduction 
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Then a simple energy balance gives 

6x 6x 6x 

OX 

This equation reduces to the same expression as in equation (16.30). 

The conducting rod analogy can be used in more complex cases, including 
the case with internal heat generation or at a boundary convecting to a fluid; 
it may be found easier to apply since it relates to a simple physical model. 

Boundary conditions 

Surface conceding to a fluid 
For a point (ij) on the surface (see Fig. 16.13): 
dr 

-x—= x(r F -r u ) 


Fig. 16.13 Grid for a 
left-hand surface 
convecting to a fluid in 
two-dimeasional steady 
conduction 




Using a central difference expression for dr/dx. equation (16.27), 

The point (« - I,)) is fictitious and can be eliminated from the equation by 
assuming that it lies on the extrapolated temperature distribution line (see 
Fig 16.14), i.c. from equation (16.30): 

*i-tj " “ h* ij — f g*i “ 4j-1 

Substituting in equation (16.31) 

2 xSx 

4mj ~ + t, + ij + + *ij-i - —t —dtj ~ 4) 
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Ftf. 16.14 Fictitious 
point for a left-hand 
surface in 

two-dimensional steady 
conduction 



distribution 


therefore 


■u 


+ + (2a4xf r M) 

4 +(2aSx/A) 


(16.32) 


Similar expressions may be obtained for a surface with the fluid on the right, 
or at the top or bottom. 

Equation (16.32) can be derived using the conducting rod analogy with a 
rod of half-width, dx/2, running from point (i,/+l)to point and from 
point (i,j — l)to (/.; ). i.e. 

Sx '2 Sx 2 fix 


= a<*x(r 1 J -r F ) 

Simplifying this equation the same expression as in equation (16.32) is obtained. 


Insulated surface 


At an insulated surface, — /. df/dx - 0. or * - 0, and hence for a left-hand 
surface which is insulated equation (16.32) reduces to 




4 


It should be noted that a line of thermal symmetry within a two-dimensional 
space will act as an insulated surface (see Example 16.8). 


Comers 

Expressions can be derived for the temperatures at outside comers (top left, 
bottom right, etc.) and at inside corners. For example, for a top left outside corner 

_ *««»,/+ *u-» +(2*6xt>M) 

u ” 2 +( 2 sSx/H 

For a bottom right inside comer 

, _ + 2 t Ll . , + f <J4 , •» t,. + (2a 6xi r jl) 

6 + (2s Sx//.) 
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Example 16.8 


The derivation of expressions for corner points such as the above is left as an 
exercise for the reader; the conducting rod analogy is the best method, 
particularly for inside comers. 


Choice of numerical method 

The Laplace equation is an elliptic equation and os stated in section 16.6 the 
recommended numerical method in this case is Causs-Siedel Iteration. 

In the Gauss-Siedel method the grid points are assigned initial values at 
every point, then, from the set of equations for the internal nodes and all the 
surface points, new values for each point arc calculated point by point. The 
new value at a point is compared with the previous value and the process 
continued until the difference between successive values is small compared with 
the actual temperature, according to the accuracy required. Provided the 
solution converges then the complete temperature field is obtained. 

This method is called a relaxation method because the values of temperature 
are modified, or relaxed, at each point in turn to satisfy the equation, which 
then alters the temperatures at adjacent points. In general, at any point (i,j) 
the value after one iteration f}J* in terms of the initial values is given by 

= j | ii’-+ | i‘-'..i+ i iy-.-Mi 1 - 1 .-,) +(1 _ 



where 10 is a relaxation factor. 

For (o = 0. tjj = rlj*. and no relaxation occurs. For co = 1, equation (16.30) 
applies, which is Gauss-Sicdel iteration. 

Values of to between 0 and 1 will slow down the relaxation process, whereas 
for co > 1 the solution will converge more rapidly. It can be shown that the 
solution will not converge for co > 2 and hence a value of co between 1 and 2 
is chosen, determined largely by experience. This method is known as successive 
over relaxation (SOR). 


A long duct of square cross-section 0.5 m x 0.5 m is buried in deep soil with 
one of its sides parallel to the surface of the soil as shown in Fig. 16.15; the 
centre-line of the duct is at a depth of 1.25 m. The surface of the soil is at 
an equilibrium temperature of 0*C, and at a soil depth of 2.5 m it may be 
assumed that the uniform equilibrium temperature is -10 n C across the 
horizontal cross-section. The temperature of each side of the duct is 50 "C 
and it may be assumed that at a vertical cross-section a horizontal distance 
of 2.25 m from the duct centre-line, the heat transfer vertically downwards 
from the surface is simple one-dimensional conduction. 

Taking a square mesh of side 0.5 m, use a numerical method to obtain 
an approximation for the temperatures within the soil to the nearest degree, 
and estimate the heat loss per metre length of duct. 

The thermal conductivity of the soil is 1 W/m K. 
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Fig. 16.15 Duct buried 
in toil for Example 16.8 



Solution Al the vertical cross-section where the conduction is onc-dimcnsionul the 
temperature must vary linearly, hence the temperatures can be written in as 
shown on Fig. 16.15. 

At the centre-line of the duct there is thermal symmetry, i.e. no heat can flow 
across the centre-line and hence the temperatures on either side of this line are 
equal. 

Number the grid as shown with columns, 1, from I to 6 horizontally, and 
rows, J. from 1 to 6 vertically. 

The temperatures which are known arc as follows: I = 1 to 6, J = 6, t = 0°C; 
1 - 1, J - 3 and 4, t - 50 fc C; I = 2, J = 3 and 4. f = 50°C; I = 1, 2, 3, 4, 5, 
and 6, J - I. i- -10°C: I -6, J = 2. t = -8 C C; I = 6. J = 3. / = -6°C; 
I = 6, J = 4, f = —4 8 C; I - 6, J = 5, r = -2*G 

For all other points the temperature is given by equation (16.30) 

hj ™ + U* ij + i + 

Also, from the condition of symmetry as stated above, the temperature at 
I — 1,J *■ 2 is equal to the temperature at 1 - 2.J ■* 2; similarly the temperature 
at 1 - 1, J = 5 is equal to the temperature at I - 2, J » 5. 

To solve the problem we assign initial values to the temperatures at the 
internal points and then proceed by iteration, using equation (16.30) for internal 
points, and the values given above for the other points. This is best done by 
computer when the size of mesh and the required accuracy can be greater than 
those specified in the problem. To illustrate the method a procedure is outlined 
in Table 16.2 using mental arithmetic only; the first column on the left-hand 
side is the set of initial guesses, the second column is the first iteration, and so on. 
The temperature values in brackets for each iteration arc taken in the same 
order as in equation (16.30) at each point. The temperatures at each point after 
the third iteration are within one degree of the previous value which is within 
the required accuracy. Note that in this approximate solution the temperatures 
at each point have been rounded up to the nearest degree and this error will 
be accumulative. 
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In this type of problem the initial temperatures are known at all the nodes, and 
the values at the next time step can be found one by one using equation (16.33). 
This process is repeated for the next time step and so on until the required time 
is reached, or until the temperature within the slab reaches a certain value. 


Boundary condition (surface convecting to a fluid) 


At any instant of time the equation for heat transfer at the surface is the same 
as that previously considered in section 16.7 for two-dimensional conduction. 
Referring to Fig. 16.13 (page 588) and equation (16.31), in this case the equation 
may be written 

-1 W * (16.37) 

lox 

As before, the point (i — 1) is fictitious and can be eliminated from 
equation (16.37) using, in this case, equation (16.34), i.e. substituting for f'_, 
from equation (16.37) in equation (16.34) we have 

.;*' = Fo ja;. , + (- 2 - j (16.38) 

It can be seen from equation (16.38) that the condition for stability is now 
more restrictive. 


i.e. 


Fot* - 

2 + (2a6x)/X 


(16.39) 


By sacrificing some accuracy but retaining the condition for stability given 
by equation (16.35), the term dt/dx can be replaced by a forward difference 
expression. 


i.e. 



- *(lj - »?) 


therefore 

ft _ r;», + {*6xi' f !X) 
1 + (a 6x1 X) 


(16.40) 


Boundary condition (insulated face or line of thermal 
symmetry) 

As considered previously in section 16.7, at an insulated face dt/dx is zero and 
hence the temperature at an insulated surface is obtained from equation (16.33) 
by putting l,'*, = fj.,, 

for a left-hand insulated surface. Note that when Fo = 0.5 then r** 1 * lj 41 . 
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surface 


125 x 0.03 \ ... 

V + “S 75 “j + ,r 

125 x 0.03 , 2 x 125 x 0.03 x 25 

18.75 f ° 18.75 


therefore 

— 2.2f o* 1 + *',*' -0.2/;,- 10-/', 
i.e. for the first time step 

-2Jl^ l + l , / , -(0J x 800)- 10- 800- -650 (a) 

For the internal points, using equation (16.43): 

4 1\" - /*,*• - t' 0 + l = r 2 + r 0 - 800 + 8oo - 1600 (b) 

4 1 \* 1 - /',*' - /',* 1 = /' 3 + /', - 1600 (c) 

4f 1 - t'S 1 - t\* 1 - t\ + t\ - 1600 (d) 

4 t \* 1 - /,* 1 - t\* 1 - t\ + /*, - 1600 (c) 

and 4 * 5 *'-/;**- /' 4 * 1 = /* 4 + i \ 

(using the insulated surface condition), 

i.e. 4/' 5 * 1 - 2t\’ 1 = h\ = 1600 (f) 


In equations (a)-(f) the left-hand side remains the same for each time step, 
and only the right-hand side must be updated after each set of calculations. 
These equations form the following matrix for the time step, x — 2 min. 


-12 

+ 1 

0 

0 

0 

0 


1 0 


-650 

-1 

+ 4 

-1 

0 

0 

0 


'i 


+ 1600 

0 

-1 

+ 4 

-1 

0 

0 


h 


+ 1600 

0 

0 

-1 

+ 4 

-1 

0 


h 


+ 1600 

0 

0 

0 

-1 

+ 4 

-1 




+ 1600 

0 

0 

0 

0 

-2 

+4 


'5 


+ 1600 


This matrix, which has a large number of zero values, is called tridiagonal and 
may be solved particularly easily on a computer by Gaussian elimination. The 
temperatures / 0 , 1 ,, t 3 . t / 4 . and r } are thus obtained at time, r — 2 min. These 
values arc then substituted in the right-hand sides of equations (a)-(f) and a 
new matrix obtained for the temperatures at time, x - 4 min, which is solved 
in the same way. The solution proceeds thus until the time, x = 14 min, as 
specified in the problem. 

Note: The Gaussian elimination method of solving a set of simultaneous 
equations is the traditional method taught in school for solving two or three 
simultaneous equations; unlike iterative methods it leads to an exact solution. 
In the above matrix the coefficient of f 0 in the first row is put equal to — 1 by 
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dividing the equation by 2.2; this row is then subtracted from the second row 
thus eliminating r 0 from the second equation. In the modified matrix f, is then 
eliminated from the third row in the same way. and so on until an equation 
for l j is obtained in the last row. The value of r 5 is then back substituted into 
the preceding row to give r 4 . and r 4 then back substituted into the preceding 
row to give i s , and so on until all the temperatures arc found. Subroutines arc 
available for solving a tridiagonal matrix by Gaussian elimination as described 
above. 


16.9 Forced convection 


The study of forced convection is concerned with the transfer of heat between 
a moving fluid and a solid surface. In order to apply Newton’s law of cooling, 
given by equation (16.3). it is necessary to find a value for the heat transfer 
coefficient, a. It is stated in section 16.2 that a is given by k/S, where k is the 
thermal conductivity of the fluid and 6 is the thickness of the fluid film on the 
surface. The problem is then to find a value for S in terms of the fluid properties 
and the fluid velocity; d depends on the type of fluid flow across the surface 
and this is governed by the Reynolds number. 

The Reynolds number is a dimensionless group given by 



Cl 

v 


where p is the fluid density. C the fluid mean velocity. / the characteristic linear 
dimension, tj the dynamic viscosity of the fluid, and v the kinematic viscosity 
of the fluid, ijfp. 

The various kinds of forced convection, such as flow in a tube, flow across 
a tube, flow across a flat plate, etc. can be solved mathematically when certain 
assumptions arc made with regard to the boundary conditions. It is exceedingly 
difficult to obtain an exact mathematical solution to such problems, particularly 
in the ease of turbulent flow, but approximate solutions can be obtained by 
making suitable assumptions. 

It is not within the scope of this book to approach the subject of forced 
convection fundamentally. However, many of the results used in heat transfer 
arc derived from experiment, and in fact for many problems no mathematical 
solution is available and empirical values arc essential. These empirical values 
can be generalized using dimensional analysis, which will now be considered. 


Dimensional analysis 

In order to apply dimensional analysis it is necessary to know from experience 
all the variables upon which the desired function depends. The results must 
apply to geometrically similar bodies, therefore one of the variables must always 
be a characteristic linear dimension. 

Consider the dimensional analysis for forced convection, assuming that the 
effects of free convection, due to differences in density, may be neglected. It is 
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or energy in general, are given by 


(Force x distance) - (mass x acceleration x distance) 



Since heal is a form of energy it can be seen that there is no need to choose 
heat as one of the fundamental dimensions. If the dimension. //, is omitted, and 
the units of heat arc replaced by ML 2 IT 2 whenever they occur, then four 
dimensionless groups are obtained. 


i.e. 


Nu 


KFj(/n<*0. 



Now if the group C 2 /cAt is divided by (y — 1). which is a constant for any one 
gas. and if A t is replaced by the absolute bulk temperature of the gas. T. then 
we have 


c 3 c 2 _ c 2 

cT(j — I) _ jRT a 1 


(Mu) 1 


where a is the velocity of sound in the gas and Afa the Mach number, see 
section 10.7. 

Hence. Nu = K’F{<Pr). {ReU (A/a) 2 } (16.50) 

where K' is a constant. 

The influence of the Mach number. A/a, on the heat transfer is negligible for 
most problems. For high-speed flow however, large amounts of kinetic energy 
arc dissipated by friction in the boundary layer near the surface, and the Mach 
number becomes an important parameter. 


Reynolds analogy 

Reynolds postulated that the heat transfer from a solid surface is similar to the 
transfer of fluid momentum from the surface, and hence that it is possible to 
express the heat transfer in terms of the frictional resistance to the flow. 

Consider turbulent flow . It can be assumed that particles of mass, m, transport 
heat and momentum to and from the surface, moving perpendicular to the 
surface. Then on the average 

Heat transferred per unit area, q » mcAf 

where c is the specific heat capacity of the fluid and A i the temperature difference 
between the surface and the bulk of the fluid. Also, the rate of change of 
momentum across the stream is given by 

m(C - C„) = mC 

where C is the velocity of the bulk of the fluid and C, the fluid velocity at the 
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surface - 0. Then 

Force per unit area = r. = mC 

where t. is the shear stress in the fluid at the wall. 

Combining the equations for heat flow and momentum transfer, then 

cAr " C 


or 



(16.51) 


For turbulent flow in practice there is always a thin layer of fluid on the 
surface in which viscous effects predominate. This film is known as the laminar 
sublayer. In this layer heat is transferred purely by conduction. 

Therefore, from Fourier’s law. for unit area 



where A is the thermal conductivity of the fluid and y the distance from the 
surface perpendicular to the surface. Also, for viscous flow 


Shear stress, r = r\ x (velocity gradient) 
Hence the shear stress at the wall is given by 



where rj is the fluid viscosity and C the fluid velocity. 

Now since the laminar sublayer is very thin it may be assumed that the 
temperature and velocity vary linearly with the distance from the wall, y. 


i.e. 



and 



where 5 h is the thickness of the laminar sublayer. 

Then eliminating 6 h , and neglecting the minus sign, we have 

± " «• 

AA/'ijC 


i.e. 


r^Ar 

nc 


It can be seen that this equation is identical with equation (16.51) when 



i.e. w hen 


^1=1 or Pr= 1 

/. 
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Example 16.12 


therefore 

id 

— = 46.8 

0.025 

Mass flow air - j x 0.025 2 x 30 x 0.73 - 0.01075 kg/s 

Hence 

Heat received b) the air - mc{i tt - /, t ) 

= 0.01075 x 1.027 x (270- 15) 
= 2.815 kW 

Also, from equation (16.3). 

() = jAAi = 2.815 kW 

Ar, — Af 2 (280- 15)-(280 - 270) 


ln(Af,/Ai 2 ) In{(280 - 15)/(280 - 270)} 
Then Q = 2.815 = 0.0737 x 77.9 x A 


= 77.9 K 


therefore 


.4--0.49 m 2 

0.0737 x 77.9 


Therefore 

0.49 

Tube length =-- 6.24 m 

xx 0.025 

From equation (16.57), 

<? cAf 

therefore 

W , , 31.7 W 

1.027 x 77.9 

i.c. Pumping power = 31.7 W 


In a 25 mm diameter tube the pressure drop per metre length is 0.0002 bar 
at a section where the mean velocity is 24 m/s, and the mean specific heat 
capacity of the gas is 1.13 kJ/kg K. Calculate the heat transfer coefficient. 
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Solution 


For a 1 m length 

A p - 0.0002 bar 
From equation (16.56) 

A pd 10 5 x 0.0002 x 25 
U * 4 4 x 10* 

Then from equation (16.53) 

t, 2 x 0,125 
' " [pC 2 / 2) " pC 2 

Also, from equation (16.54) 

a 2 x 0.125 


0.125 N/nr 




i.e. 


pcC 2pC 2 


therefore 


a = = 0.125 X M3 

pc 2 24 

i.e. Heat transfer coefficient = 0.005 88 k W/m 2 K 

= 5.88 W/m 2 K 


Various modifications have been made to the simple Reynolds analogy in 
an attempt to obtain an equation which will give a solution for turbulent heat 
transfer over a wide range of Prandtl numbers. (For very viscous oil the Prandtl 
number is of the order of thousands, whereas for liquid metals it may be as 
low as 0.01.) Equations based on modern theories of turbulent flow give the 
Stanton number as a function of the Reynolds number, the Prandtl number, 
and the friction factor, and in general these equations reduce to St - //2, when 
the Prandtl number is put equal to unity (see for example references 16.1, 16.3, 
and 16.5). Colburn found experimentally that for a wide range of Prandtl 
numbers 

StPr 2 ' 2 - //2 

The term, StPr 2 \ is known as the Colburn ./'-factor. 


Large temperature differences 

When the temperature difference between the surface and the bulk of the fluid 
is very high, then the property variations become large enough to be taken into 
consideration. It is then no longer sufficient to use a mean film temperature to 
evaluate the properties, as given by equation (16.49). The variation of each 
property with temperature across the stream must be known; sometimes it is 
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Example 16.13 


Solution 


sufficiently accurate to use an equation of the form 
Nu = K0|(Pr),(Rf). 

where T t and T. are the absolute temperatures at the axis of the pipe and at 
the pipe wall respectively, and fluid properties arc taken at the mean film 
temperature. 


Entry length 

The equations for flow in a pipe do not usually allow for the effects of the entry 
length. At the entry to a heated tube the hydrodynamic and thermal boundary 
layers start to build up on the wall, gradually thickening until the flow becomes 
fully developed. In this initial region of the tube the heat transfer coefficient is 
much larger since the resistance to heat flow of the boundary layer is less, and 
hence an equation which neglects this effect will give a low value for the calculated 
heat transfer. The effect is more marked for laminar flow than for turbulent 
flow, and is much more important for fluids with high Prandtl numbers. In 
most heat exchange processes the flow is turbulent and the tube length is 
sufficiently long to make the entry length effect negligibly small. In the case of 
oil coolers the flow is laminar, the Prandtl number is high, and hence the entry 
effect may be appreciable. 

When flow across a flat plate is considered, the characteristic dimension of 
length is taken as the distance from the leading edge, and the heat transfer 
coefficient obtained is then the local value at that section of the plate. The 
average value of the heat transfer coefficient over the whole plate is the value 
to be used in calculating the heat transfer to or from the plate. It can be shown 
that the average heat transfer coefficient for a heated plate over a length / is 
twice the local heat transfer coefficient at a distance / from the leading edge. 


Air at 20 °C. flowing at 25 m/s, passes over a flat plate, the surface of which 
is maintained at 270 9 C. Calculate the rate at which heat is transferred per 
metre width from both sides of the plate over a distance of 0.25 m from the 
leading edge. For heat transfer from a flat plate 

Nu - 0.332( Pr) lli x(Re) 112 

where the characteristic linear dimension is the distance from the leading 
edge, and all properties are evaluated at mean film temperature 


Mean film temperature — — — 145‘C - 418 K 


Taking the values from tables of properties of air. we have 

Cl 25 x 0.25 x 10 5 


Pr-0.687 and Re - — - 

v 


18 


223 214 
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Note that g - 9.81 m/s 3 , and 

P 


!—,U- 


17 + 273 290 

Substituting 

Nu = 0.53(37.27 x 10 6 x 0.686 ) 1 ' 4 
-37.7 

i.c. Nu » ^ - 37.7 

A 

a . 37.7 x 3.635 x.O-;. 0009,3 
0.15 

Then from equation (16.3) 

£ = a/f(f w - 0 = 0.009 13 xxx 0.15 x 1 x (277 - 17)= !.119kW 
i.e. Heat loss per metre length = 1.119 W 


Example 16.15 


Solution 


Recalculate the heat transfer coefficient for Example 16.14 using the 
approximate equation 



10 4 <Cr< I0 9 


where a is in W/m 3 K. At is in K, and d is in m. 

( 277 - 17\ ,/4 

Q1S ) “ 1.32 x (1733) ,/4 = 1.32 x 6.45 

Le. Heat transfer coefficient = 8.52 W/m 2 K 
(compared with the more accurate value, 9.13 W/m J K). 


For natural convection from a vertical wall the air in rising due to the 
convection currents builds up a boundary layer, starting from the bottom and 
thickening gradually up the wall. The heat transfer coefficient varies up the 
wall, and the formulae for heat transfer from a vertical wall give the local heat 
transfer coefficient at a distance, /, from the bottom of the wall, where the 
characteristic linear dimension to be used in the Grashof number is the length, /. 

It can be shown that the average heat transfer coefficient for the wall from 
the bottom up to the distance, L is given by 
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where a,, is the average heat transfer coefficient, and a the heat transfer coefficient 
at the section distance, I, from the bottom of the wall. 
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Example 16.16 A vertical surface 1 m high is at a temperature of 627 °C, and the atmospheric 
temperature is 27 e C. Calculate the rate at which heat is lost by convection 
from the surface per metre width. For natural convection from a vertical 
surface take 

a-1.42^jV /4 for 10 4 < Gr < 10’ 
or a - 1.31 Af 1,3 for 10’ < Gr < 10‘ 2 


where all properties arc at the mean film temperature, and /? - 1/7; where T 
is the absolute air temperature, a is in W/m 2 K. At in K, and / in m. 

Solution The Grashof number in such problems has the same limiting function as the 
Reynolds number in fluid flow. For the lower range of Grashof numbers the 
flow of air due to natural convection remains laminar on the wall surface, 
whereas for the larger Grashof numbers the boundary layer on the wall is 
turbulent. It can be seen from the second equation above, a = 1.31 Af 1 ’ 3 . that 
when the boundary layer is turbulent the heat transfer coefficient is assumed 
to be the same at all parts of the walL since a no longer depends orvthc distance, /. 

Mean film temperature =» 0.5(900 + 300) ■= 600 K 


Taking properties from tables, we have 

Gr _ figl'At _ 1 x 9.81 x / 3 x (327 - 30) 
v 2 303 x (5.128 x 10* 5 ) 2 


3.65 x 10’ 


where B = -=- 

30 + 273 303 


Hence a = 1.31A/ 1 ' 3 = 1.31(327 - 30) 1 ' 3 
= 1.31 x 6.67 = 8.75 W/m 2 K 
and Q - sAAt «= 8.75 x 1 x 1 x (627 - 27) = 5250 W 
Le. Rate of heat loss per metre width - 5.25 kW 
Note: expressions for a as above give average values. 


16.11 Heat exchangers 

One of the most important processes in engineering is the heat exchange between 
flowing fluids. In heat exchangers the temperature of each fluid changes as it 
passes through the exchanger, and hence the temperature of the dividing wall 
between the fluids also changes along the length of the exchanger. Examples 
in practice in which flowing fluids exchange heat arc air intercoolers and 
preheaters, condensers and boilers in steam plant, condensers and evaporators 
in refrigeration units, and many other industrial processes in which a liquid or 
gas is required to be citiict cookxJ or heeled. 


633 




Heat Transfer 


Substituting in equation (16.59) 
-d(Ai) 


nD d / UAt 


(l/m A c A ) + (l/m t c.) 
therefore 

Ai \m A e A 

Integrating between sections I and 2 

-(£) 

where / is the total length of the tube. 
Now from equation (16.63) 

(l , I \ Ai,-Ar, 
\m A e A m n c B J 

Hence substituting in equation (16.64) 
xDIU(At } — Ar,) 
$ 


(16.64) 


-(£)= 


or 


6 = 


*D/(/(Ai, - Ar 2 ) 


(16.65) 

ln(Ar,/Ar 2 ) 

In the case of counter-flow (see Fig. 16.16), both temperature t A and temperature 
r B decrease in the direction of the length L In place of equation (16.61) we 
therefore have 

dQ = -m A c A dt A = -m B c B dr B 

When the same procedure as for parallel-flow is carried out equation (16.65) is 
again obtained; this procedure is left as an exercise for the reader. 

Comparing equation (16.65) with equation (16.5). Q = UA{t A - r B ), it can 
be seen that the mean temperature difference. Af. is given by 


Af,.- 


ln(Af|/Ar 2 ) 


Af,„ is known as the logarithmic mean temperature difference. 
Then we have 
Q - UAA(, U 


(16.66) 


(16.67) 


where A is the mean surface area of the tube. xDL 

There arc several important points that should be mentioned here: 

(i) When one of the fluids is a wet vapour or a boiling liquid then its 
temperature remains constant. Assuming fluid A to be a wet vapour, then the 
temperature variations are as shown in Fig. 16.17. It follows that under these 
circumstances the variation in temperature of fluid B is the same whether the 
flow is parallel-flow or counter-flow. 
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Fig. 16.17 

Temperalure variations 
with length with one 
fluid condensing or 
boiling 


Example 16.17 



(ii) In counter-flow the temperature range possible is greater, since, in theory, 
the fluid being heated can be raised to a higher temperature than that of the 
heating fluid at exit. In parallel-flow the final temperatures of the fluids must 
be somewhere between the initial values of each fluid. This should be clear from 
Figs 16.16(a) and 16.16(b) (p. 614). 

(iii) When the product m A c A is equal to m„c B then the temperature difference 
in counter-flow is the same all along the length of the tube. This must be the 
case since the heat given up by fluid A is equal to the heat received by fluid B. 
Referring to Fig. 16.16(b), we have 

»Ma(*a. - 'a.) = «•«■(*■, ~ *»,) 
therefore 

(*A 1 -iA,) a »<*B i -«a,) or ('a. “'■.) = (»A, -»*) 
i.e. Af = At, = Af ; 

Note that if we attempt to substitute in equation (16.66) under these 
circumstances, then the result is indeterminate, 

u. ,1,! 

in(Ar,/Ar 2 ) In 1 0 

The proof of the logarithmic mean temperature difference given previously is 
not valid when Ar, is equal to Ai 2 , since d(At) is then zero. 

(iv) From equation (16.67), () = IMAr ta , it can be seen that, for a given 
surface area. A. and a given mean value of the overall heat transfer coefficient, 
U, then the logarithmic mean temperature difference. Af„. must be made as 
large as possible. It is found that for given temperature changes, Af,„ is alwuys 
greater for counter-flow than it is for parallel-flow. The initial temperature 
difference, Ar t . is greater for parallel-flow, but the value of Af ta is always less. 
It follows that for given rates of mass flow of the two fluids, and for given 
temperature changes, the surface area required is less for counter-flow. 

Exhaust gases flowing through a tubular heat exchanger at the rate of 0.3 kg/s 
are cooled from 400 to 120 J C by water initially at 10 6 C. The specific heat 
capacities of exhaust gases and water may be taken as 1.13 and 4.19 kJ/kg K 
respectively, and the overall heat transfer coefficient from gases to water is 
140 W/m 2 K. Calculate the surface area required when the cooling water 
flow is 0.4 kg/s, (i) for parallel-flow, (ii) for counter-flow. 
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Fig. 16.20 Simple 
cross-flow heal 
exchanger 


16.11 Hwt exchangers 



The correction factor is multiplied by the arithmetic mean temperature difference 
to give the true value of Af. When the temperature differences at inlet and 
outlet are not substantially different, it is a sufficiently good approximation to 
use the arithmetic mean temperature difference, i.e. 

-(!!♦&) (. 6 . 68 ) 

It has been shown in Example 16.17 that the surface area required for a 
given heat flow is smaller with counter-flow than with parallel-flow. For 
cross-flow the required surface area is between that for parallel-flow and 
counter-flow. As with counter-flow, the outlet temperature of the heated fluid 
in cross-flow can be raised to a higher temperature than the outlet temperature 
of the cooled fluid (c.g. in Fig. 16.20, r Aj can be higher than t Bj ); this is not 
possible in parallel-flow. 


Multipass and mixed-flow recuperators 


The simple parallel-flow and counter-flow heat exchangers discussed above 
occur very rarely in practice. To obtain the necessary surface urea with a simple 
tube and annulus arrangement the length of the tube may be too large for 
practical purposes. For instance, in Example 16.17(H), if the tube diameter were 
150 mm, the length required would be 



3.37 

xx 0.15 


« 7.15 m 


In order to make the heal exchanger more compact, which is desirable from 
space considerations, and also to reduce the heat loss from the outside surface, 
it is necessary to have several tubes and perhaps several passes or bundles of 
tubes. The flow can be cither cross-flow, or a mixture of parallel-flow, 
counter-flow, and cross-flow. The latter case is called mixed-flow. A typical 
example of a shell-type mixed-flow heat exchanger is shown in Fig. 16.21. The 
analysis of a mixed-flow heat exchanger is complex and correction factors have 
been plotted, which must be used to evaluate the mean temperature difference. 
The logarithmic mean temperature difference in counter-flow is evaluated and 
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Fig. 1&21 Shcll-and- 
tube heat exchanger 



then multiplied by the correction factor. Correction factors for most types of 
mixed-flow heat exchangers are given in ref. 16.6. Note that when one of 
the fluids is a condensing vapour or a boiling liquid then the mean temperature 
difference is the same whether the heat exchanger is parallel-flow, counter-flow, 
cross-flow, or mixed-flow. 

In certain heat exchangers of the multipass type, the mean temperature 
difference for counter-flow or parallel-flow can still be used as a reasonable 
approximation. For example, the heat exchanger in Fig. 16.22 is essentially a 
counter-flow type. The larger the number of passes made by fluid B then the 
nearer the heat exchanger is to pure counter-flow. 


Fig. \6J22 Multipass 

shell-and-tubc heal 
exchanger 
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Fouling resistance 

In most heat exchangers the fluid flowing is not completely free from dirt, 
oil, grease, and chemical deposits, and a coating tends to collect on all metal 



















16.11 Heat exchanger* 


surfaces. This increases the resistance to heat transfer and must be allowed for 
in design calculations. It is usual to allow for the effect of this coating of dirt 
by adding a fouling resistance to the total thermal resistance. Typical values of 
fouling resistance for 1 m : of surface area are: 1.8 K/kW for fuel oil; 0.6 K/kW 
for river water; and 0.2 K/kW for boiler feedwater which has been treated. 
Facility must be provided for easy periodic cleaning of the tubes. For a 
comprehensive treatment of process heat exchangers sec references 16.6 and 16.7. 


Extended surface recuperators 

Another form of recuperator which should be mentioned briefly is the 
extendeJ surface type. The metal wall containing a fluid to be cooled can be 
extended on the outside in the form of fins, studs, or ribs. Examples of this type 
are the finned hot-water space-heater (sometimes misnamed ‘radiator') and the 
air-cooled cylinders of small air compressors and IC engines. The fins on the 
surface give a larger outside surface area for the same internal surface area, and 
hence increase the cooling effect for a given volume. Details of compact heat 
exchangers are given in reference 16.8. two examples arc shown in Figs 16.23 
and 16.24. A simple analysis of run-around coils used for energy recovery (sec 
section 17.5) is given in reference 16.9. 


Fig. 16.23 Compact 
plate-fin heat exchanger 



Regenerators 

In the various types of recuperator described above, the hot and cold fluids are 
separated at all times by a metal wall. The characteristic feature of a regenerator 
is that the fluids occupy the same space in turn or arc in contact with the same 
matrix in turn. The fluids used in regenerators arc nearly always gaseous. When 
the hot gas occupies the space, it gives up heat to the walls, or to solid matter 
distributed throughout the space, called a matrix. The hot gas is then withdrawn, 
the cold gas enters the space and is heated by the walls and the matrix; the 
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Fig. 16.24 Compact 
plate heat exchanger 


Ul (b) Complete unit 

process is a cyclic one and analysis is complex. In order to have continuous 
operation it is usual to use two regenerators with hot gas flowing through one, 
and cold gas flowing through the other at any instant. When the flows are 
switched from one regenerator to the other, the hot gas is cooled while the cold 
gas is heated. The ptnod of time between the switching of the flows must be 
chosen to give the required heat transfer between the two gases. This type of 
generator is shown diagrammatically in Fig. 16.25(a). 


Fig. 16.25 Two t>pcs 
of regenerative heat 
exchangers: stationary 
(a) and rotating (b) 
matrices 



Cold gas 
lal 


Hoc 

gas 
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Another method used is the rotating matrix type, in which a cylinder 
containing solid inserts is rotated so that it passes alternately through cold and 
hot gas streams which are sealed from each other. An example of this type of 
regenerator is the Ljungstrom air pre-heater for boiler furnaces, shown 
diagrammatically in Fig. 16.25(b). 

There arc many applications for regenerators, from air pre-heaters in blast 
furnaces to heat exchangers in plants for gas liquefaction. One application of 
the rotating matrix type which is becoming important is in energy conservation 
(sec section 17.5). 


16.12 Heat exchanger effectiveness 


In heat exchanger design the efficiency of the heat transfer process is very 
important A method due to Nusselt and developed by Kays and London for 
compact heat exchangers (see reference 16 . 8 ) is described in this section. 

The effectiveness, c. of a heat exchanger is defined as the ratio of the actual 
heat transferred to the maximum possible heat transfer. 

For any heat exchanger with mass flow rates of hot and cold fluids. m H and 
me. with specific heat capacities. c H and c c , let the overall temperature changes 
of each fluid be (r H , — f H J and (f c , — f a ) where subscripts i and c refer to inlet 
and exit 

Neglecting heat losses to the surroundings: 

6 = ^HC H (*Hi - *H, ) = MtCcUc* - *c«> 

or 6 = C„(f„, - f„J = C c (f c . “ *c.) (16 69) 


where C H * m H c H and C c — ri^Cc arc the thermal capacities of the hot and cold 
fluids. 

From equation (16.69) it can be seen that the fluid with the smaller thermal 
capacity, C, has the greater temperature change. The maximum possible 
temperature change of one of the fluids is(r - f Ci- ). and this ideal temperature 
change can only be aspired to by the fluid with the minimum thermal capacity. 


i.c. 


e 


d 

- fc.) 


(16.70) 


The object of a well-designed heat exchanger is to obtain the maximum 
possible change of temperature of a fluid for a given driving force, that is for 
a given logarithmic mean temperature difference, Af,,. Hence another useful 
measure of the efficiency of a heat exchanger is the number of transfer units, 
N w defined as 


N 


«• 


Temperature change of one fluid 
Afu 


Hence we can write for the hot fluid 


JV. 


*Hi ~ 'H< 
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Fi*. 16.27 

Temperature variations 
in a counter-flow heat 
exchanger 



From equation (16.70) 

£ ____ ^pw(<ci ~ r o) _ fq ~~ l ci 

" C-m(‘h~ - *cj C m Jt H , - f a ) fm - fa 
From equation (16.71) 

», VA *CI - «C2 

N * cz 

From equation (16.66) 

Af _ ('hi 

ln{(f HI -fci)/(f H 2 -fa)} 
i* - Ji HLLi£il 

(*HI “'Cl) “('Hi- 'O) l*H2-fc2) 

or N (fH, ~ tHi) ~ Cci - fa) _ ln f (fH, - Id) - (*c» - l«) | 
(*ci ” *ca) (.('MS “*a)-(f H i - *m)J 

therefore using equations (16.73) and (16.74), 

1 _ 

° r ‘"l-Ae-**-* 


(16.74) 


(16.75) 


Note that for a counter-flow heat exchanger when C„ - C c , i.e. /? = 1 (say 
for a gas turbine heat exchanger), then the expression for effectiveness cannot 
be obtained by substituting R = 1 in equation (16.75). For this case the 
temperature change of each fluid is the same, since C„ - C c . and hence Af,„ 
is equal to the temperature difference between the hot and cold fluids which 
remains constant throughout the heat exchanger. Equation (16.71) is therefore 
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written as. N lm = (f C i — fca)/( f Hi ~ r ci) and the derivation then proceeds as 
above, giving 



(16.76) 


For a parallel-flow heat exchanger it can be shown that 

I _ e -wji«X) 

I + R 


(16.77) 


When R - 0 in the case of a condenser say, then it can be seen from equation 
(16.75) or equation (16.77) that the effectiveness is 

c-|— C - N - (16.78) 


Example 16.18 A single-pass shell and tube counter-flow heat exchanger uses waste gas on 
the shell side to heat a liquid in the tubes. The waste gas enters at a temperature 
of 400 J C at a mass flow rate of 40 kg/s; the liquid enters at 100 °C at a 
mass flow rate of 3 kg/s. 

Assuming that the velocity of the liquid is not to exceed 1 m/s, using the 
data below calculate: 

(i) the required number of tubes; 

(ii) the effectiveness of the heat exchanger; 

(iii) the exit temperature of the liquid. 

Neglect fouling factors and the thermal resistance of the tube wall 

Data Tube inside diameter * 10 mm; tube outside diameter =» 117 mm; tube 
length - 4m; specific heat capacity of waste gas = 1.04kJ/kgK; specific 
heat capacity of liquid ■ 1.5 kJ/kg K; density of liquid - 500 kg/m J ; heat 
transfer coefficient on the shell side = 260 W/m 2 K; heat transfer coefficient 
on the tube side - 580 W/m 2 K. 

Solution (i) Volume flow rate of liquid - - - — - 0.006 m*/s 

p 500 

therefore 

Total cross-sectional area for a velocity of 1 m/s - 0.006 m 2 

i.e. Number of tubes - ^ 1 ■ 76.39, say 77 

x x 0 . 01 2 

Note: the velocity in the tubes is then less than 1 m/s as required. 

(ii) From equation (16.58), taking into account the area difference, 

_L«_L- + _L 

UAq 2 0 Aq o ,/ 4 , 

where subscripts 0 and i refer to the outside and inside of the tube. 
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- 0.00604 m’K/W 


The overall heat transfer coefficient, U, is referred to the outside area which 
is the usual practice in heat exchanger design, 

J_ 117 
260 + 580 x 10 

since AJA { - DJD, 

Le. U- 165.68 W/m’K 
Then from equation (16.71) 


i«± + A 

V x 0 x,A, 


N . = 


165.68 x x x 00127 x 4 x 77 


3 x 1.5 x 1000 


0.452 


Also 


3 x 1.5 


- 0.1082 


40 x 1.04 
Then from equation (16.75) 

1 _ 

E “ 1 - | 
Le. £ - 0.358 
(iii) From equation (16.74), 

t L , - 100 


1 -e 


-04S2.0.WI8 


— 0.1082e' 0452 “ 0W1 ‘ 


£ = 0.358 = 


400- 100 


where r u is the exit temperature of the liquid, 
i.e. r L , = (300 x 0.358) + 100 « 207.4 a C 


16.13 Extended surfaces 

From equation (16.67) it can be seen that for a given heat transfer coefficient 
and given fluid temperatures the heat transfer can be increased by increasing 
the heat transfer area. One way of doing this is to increase the area on one side 
of the heat exchanger by adding fins or studs which project into the fluid; the 
effective heat transfer area is thus increased. 

The thermal resistance on either side of a heat exchanger is 1/xA, therefore 
when 2 is very large the resistance to heat transfer is low and hence there is no 
advantage in increasing the area. One of the fluids usually has a much lower 
value of i than the other and hence the resistance on this side of the heat 
exchanger controls the heat transfer. It is therefore on this side that the area 
can be extended with advantage. (The resistance of the separating wall is usually 
small compared with the resistance of the fluid film on cither side.) 

Heat transfer coefficients arc very high for condensing and boiling fluids; 
they are generally higher for liquids than for gases, and generally higher for 
forced convection than for natural convection. A typical application for an 
extended surface would therefore be natural convection to air. 
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A.simplified analysis now follows for an extended one-dimensional surface 
in the steady state; for a fuller treatment the reader is referred to references 16.1 
and 16.3. 

Consider an extended surface which has a constant cross-sectional area. A, 
which is small compared to its length. L, so that heat transfer along it is 
one-dimensional (see Fig. 16.28). 


Fi«. 16.28 Extended 
surface of small 
cross-section in a fluid 
of constant temperature 



Cross-sect tonal 
area A 


The rate of heat transfer at any section, distance x from the primary surface, 
where the temperature is f, is given by 

. dr 

and at a section (x + dx) from the primary surface is 

< 2 ' 


<> + gdx-c>-*ag<u 


(16.79) 


For a perimeter, P, and a heat transfer coefficient, a, assumed constant with 
temperature and uniform over the surface, then 

Heat loss from surface - aP dx(f - r f ) 

where f F is the temperature of the surrounding fluid, assumed uniform and 
constant. Therefore, for the steady state 

(j — (J* - a/*dx(f - if) 

Substituting from equation (16.79), 

d 2 f 

aP[t - if) 

dx a 


d 2 f aP 

The solution is found by putting (f — f F ) - c* 


(16.80) 


i.e. 


d*(* -t F ) 

dx 2 


aP 


m 2 e“ therefore m ; e“*-e*“ = 0 

XA 
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therefore 

■-*©" 

The solution is therefore 

f-r r -C l e‘“ + C J e— (16.81) 

where C, and C 2 are constants determined from the boundary conditions: 

(i) at x - 0, l - i P - fj - f F ; therefore in equation ( 16 . 81 ). 

l|-*r-C, + C a (16.82) 

(ii) at the end of the extended surface the heat convectcd from the end is equal 
to the heat conducted at the section x - L. 

Assuming the same heat transfer coefficient, a, for the end then 

-^( d( 'd~' p) ) (16.83) 

From equation (16.81) 



and (r - t F ) xmL = C, e-* + C a e—* 

Substituting in equation (16.83) 

— 2mC,e“ L + bnC 2 c~ mL = aC.c^ + «C a e “- J1 (16.84) 


From equations (16.82) and (16.84) the values of C, and C 2 can be found, and 
hence the solution to equation (16.80) is 


t - 1 , nu 




(c " 1 + e“" L ) + —(e ** 1 - e“" t ) 
nu 


or 


a 

cosh m(L - x) + —-sinh m(L - x) 
f — t r m 2 


r, -i F 


(16.85) 


cosh mL + —- sinh mL 
rru 


Note: cosh mL — (e* 1, + c ~ mL )/2 and sinh mL - (e" L - t~ mL )/2. 
At the end of the extended surface, at x - L 


h ~ b m _J_ 

1 1 - r F cosh mL + (a/m 2 ) sinh mL 


(16.86) 


rhe heat transfer from the extended surface, which is the same as the heat 
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leaving the primary surface to the fin, is given by 



By differentiating equation (16.8S) and putting x 



-o^(r, -i r ) 


( tanh mL\ 

* ) 

{1 + (a/mi) tanh mL } 


0 , it can be shown that 


(16.87) 


From equation (16.87) it can be seen that when a/mi - 1 then, 
= arf(r, - which is the heat loss from the primary surface with no 
extended surface, i.c. when a - mi an extended surface of whatever length, L, 
will not increase the heat transfer from the primary surface. 

For a/mi > 1 then (), < i/4(r, - r F ) and hence adding a secondary surface 
reduces the heat transfer; the surface added acts as an insulation. For a/mi < 1 
then (), > aA(r, - r F ) and the extended surface will increase the heat transfer. 
This is illustrated in Fig. 16.29. 


Fig. 16J9 Heat 
transfer against length 
for various values of 
ar/mi 




Hence assuming a/mi < 1 the heat transfer becomes more effective when 
a/i is low for a given geometry. 


Approximate end condition 

A simplified approach is possible by making the approximation that the loss 
of heat from the end of the extended surface is negligible, Le. at x - L 



Therefore in equation (16.81) 

-iAm(C, e"* - Cje- - *)- 0 (16.88) 
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Solving for C, and C 3 from equations (16.88) and (16.82) we have 
l — f F _ cosh m(L - x) 
t, - t r cosh mL 
Then at x - L, 

h ~ h _ » 

(, - f r cosh mL 

The heat transfer from the extended surface is then 

(), » mxA(f, - f p )tanh mL (16.91) 

In most cases in practice the approximate expressions given by equations 
(16.89)—(16.91) can be used instead of the more accurate expressions given by 
equations (16.85)-( 16.87). 

In the important case of compact plate-fin heat exchangers where corrugated 
plates arc sandwiched between flat plates (see for example Fig. 16.23. p. 621). 
then the expressions given in equations (16.89)—(16.91) are the accurate ones. 
In this case the fin bridges the two hot surfaces which may be assumed to be 
at the same temperature; at the mid-point of the fin the change of temperature 
with fin length is zero which corresponds to the condition of zero heat transfer. 
In the equations (16.89)-( 16.91) the half-width, w/2, is substituted for the 
length. L. 


(16.89) 


(16.90) 


Rectangular section fins 


For a fin of rectangular cross-section on a plane surface as shown in Fig. 16.30, 
the perimeter. P, is given by (2 + 26) per unit length in the z-direction, and the 
cross-sectional area, A, is given by 6 per unit length in the z-direction. 



(16.92) 


Fig. 16J0 Rectangular 
cross-section fin on a 
plane surface 



Also 



where the Biot number. Bi. is based on the half-thickness of the fin. 6/2. 
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16.15 The grey body 


Ft* 16.34 Emissive 
power against 
wavelength for a black 
body and a non-black 
body 



emissivity is practically constant over the entire waveband (e.g. slate). To simplify 
calculations, surfaces in practice are very often assumed to have a constant 
emissivity over all wavelengths and for all temperatures. Such an ideal surface 
is called a grey body. Then, for a grey body, a c at all temperatures, where a 
and c are the total absorptivity and the total emissivity over all wavelengths. 

It is an experimental fact that the emissive power of a body increases as the 
temperature of the body is increased. This is illustrated in Fig. 16.35 in which 
the emissive power of a black body per unit wavelength is plotted against 
the wavelength in micrometres, for several temperatures. It can be seen that the 
wavelength which gives maximum emissive power becomes smaller as the 
temperature is increased, and hence more and more of the energy emitted is 
radiated over the shorter wavelengths as the temperature increases. The value 
of the wavelength for maximum emissive power is given by Wien’s law 



(16.97) 


where A _.. is in micrometres and T is in K. 


Fig. 16J5 Emissive 
power against 
wavelength for a black 
body at various surface 
temperatures 



Wavelength ;./Imicrometres I 
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16.17 Lambert's law and the geometric factor 


Example 16.21 Calculate the rate of heat loss by radiation from unit surface area of a body 
at I100°C in black surroundings at 40 C C when the cmissivity at 40 X is 
0.9. and the cmissivity at 1100 X is as in Example 16.20: 

(i) when the body is grey with t = 0.4; 

(ii) when the body is not grey. 

Assume that the absorptivity is independent of the surface temperature. 
Solution (i) As in Example 16.20, 

4 = ra[T\ - T\) - 0.4 x 5.67 x (13.73 4 - 3.13*) 

- 80 380 W 


i.c. Heat loss per square metre by radiation - 80.38 kW 
(ii) As in Example 16.20. 

Rate of energy emission = 0.4 x 5.67 x 13.73* - 80598 W/m 2 
and Rate of energy absorption = 0.9 x 5.67 x 3.13* = 489.8 W/m 2 
i.e. 4 = (80598 — 490) = 80 108 W 

Le. Rate of heat loss per square metre by radiation = 80.11 kW 


Therefore the grey body assumption overestimates by 


/80.38 — 80.1 A 

V 80.11 ) 


0.337% 


It can be seen from Examples 16.20 and 1621 that the grey body assumption 
gives a very accurate approximation when one of the temperatures is small 
compared with the other. The assumption also gives a very accurate 
approximation when both temperatures are small. 


16.17 Lambert's law and the geometric factor 

Most surfaces do not emit radiation strongly in all directions; the greater part 
of the energy emitted is in a direction normal to the surface. Before considering 
the interchange of energy between two bodies which receive only a part of the 
radiation emitted by each other, it is necessary to find out how the radiation 
is distributed in the various directions from the two surfaces. In order to do 
this the intensity of radiation, i, must be defined. The rate of energy emission 
from unit surface area through unit solid angle, along a normal to the surface, 
is called the intensity of normal radiation, i s . The intensity of radiation in any 
other direction at any angle * to the normal is denoted by l 4 . (Note: a surface 
subtends a solid angle at a point distance r from all points on the surface, equal 
to the surface area divided by r 2 . The surface of a sphere is Anr 2 and hence the 
solid angle subtended by the surface of the sphere at its centre is 4 jt.) 

The variation in the intensity of radiation is given by Lambert's cosine law 

to-tocos* (16.103) 
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The rate of energy emission from a surface of area dA is then given by 



Fig. 16.37 Radiation 
from a small dement to 
a hemisphere 


J i 4 dw d A 

where dw is a small solid angle. 

Consider a small area dA, and consider the radiation from d A which 
passes through a small element of the surface area of a hemisphere with dA at 
its centre, as shown in Fig. 16.37. The element subtends an angle 0 at the centre 
of the hemisphere and the small increase in angle over the width of the clement 
is then d0. The width of the clement is the length of the arc. of angle dit>. and 
radius r (i.e. AB in Fig. 16.37). Therefore 

Width of clement. AB - r dip 


The radius of the clement is CA = r sin 4 >• Hence the surface area of the element 
is given by 


Surface area = (width x circumference) = rd0 x 2nr sin (p 


i.e. Solid angle, dw. subtended at d A 


2 nr 2 sin <P d<P 


i.e. dw *» 2rr sin <P dip 

Hence the rate of total energy emission from d^ is given by 

£ dA = j* i # dw dA = J d A i 4 2r. sin <p d<t> 

Substituting from equation (16.103), / # = i N cos p, then 

r*n 

E dA = 2n dA i s I cos 0 sin 0 d0 

or £ dA = 2a dA i N j" —d0 = ni s dA 

Now from equation (16.99) 

£ = r/tT* 


Therefore 


coT* dA ■ ni s dA 


/. 


/*A . 

II 

r, 


\ 

y\ 




«' ' 
7. 


Fig. 1638 Radiation 
interchange between 
two small surfaces in 
large surroundings 


i.e. 



(16.104) 


Consider two small black surfaces of area d/1, and dA 1 at temperatures T, 
and T 2 , and distance x apart. The angles of inclination of surfaces arc as shown 
in Fig. 16.38. This is a case where neither body receives all the radiation from 
the other. Let the surface dA 2 subtend a solid angle dw, at the centre of the 
surface d/1,. Then we have 

Rate of energy emission from dA x incident on dA 2 = «n, cos0, dw, d A, 



16.17 Lambarl'a law and th« g«om»tric factor 


From equation (16.104), i s = oT*/t r, for a black surface, therefore, 

„ . ... .. cos<f>, dw, dA.oT*, 

Rate of energy inadent on dA, =--- 

Also, from the definition of solid angle 

dWl _<di££*i 


.. „ , ... .. cos 6. cos <fi 2 d/4, d/4 2 cTf 

Hence Rate of energy incident on d/4 2 --:- 

nx* 

Now the rate of total energy emission from d/4, is a dA t T* t . The ratio of the 
energy incident on the second body to the energy emitted by the first is called 
the geometric factor, F j, 

cos cos d/4, dA 2 oT* 


i.e. 


Ft 


therefore 


1-2 


xx 2 odA l T* 
cos <t> t cos $2 dAj 


(16.105) 


ax* 


In the same way it can be shown that the geometric factor for radiation from 
surface 2 to surface 1 is given by 


Fi -1 


cos 4> t cos 4*2 d/4, 


KX‘ 


(16.106) 


The net rate of energy interchange between the surfaces is given by 


This can be written as 

dtf.-j-f.-jcM.oin-ri) 
or d0, 

The geometric factors F ,_ 2 and F 2 -i can be found by a double integration 
of equations (16.105) and (16.106); this can be done analytically or graphically. 
For a larger area made up of small areas d/4, and dA 2 , average geometric 
factors can be defined in the same way as above, 

i-e. 01-2 - F|- 2 ^| 0 (TJ - T5) (16.107) 

and T$) (16.108) 

From equations (16.107) and (16.108) it can be seen that 

A\F\.i m A 2 F 2-1 (16.109) 

This is known as the reciprocal relationship or theorem of reciprocity. 

In practice calculating F can be a long and difficult process except for simple 
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Fig. 16.40 Electrical 
analogy for radiation 
from body I enclosed 
by body 2 


For a grey body, the radiosity must include the fraction of energy which is 
reflected from the surface, 
i.e. J ceT 4 + p<j 


Also, for a grey body, t - a - 1 - p, neglecting transmissivity (sec equation 
(16.95)). Therefore 

J-cffr 4 + (!-c)6 


or 


i.e. 


(5 

Q 

A 


J-coT 4 
1 -e 

I -e 


or 0 - - J) 

1 — c 


(16.111) 


For any two bodies 1 and 2, the geometric factor. F |_ 2 , is the fraction of 
radiation A, J x which is intercepted by body 2, 

i-e. (>i -2 - A,F,_ 2 J, - A 2 F 2 -ih 

Using equation (16.109) 

(16.112) 

An electrical analogy can be used based on Ohm’s law. For example, from 
equation (16.111) 

Resistance due to emissivity of surface = -—- (16.113) 

tA 

where 0 is analogous to current and ( oT A - J) is analogous to potential 
difference. Similarly, from equation (16.112), 

Resistance due to geometry -—^— (16.114) 

A|F|_2 

Take the simple case of a body 1, completely enclosed by a body 2. 
Figure 16.40 shows the electrical analogy. 

Total resistance, R r - -—— + —^— + * - — 

A|«| A,F,_ j A 2 b 2 


Also in this case, F|. 2 - I, therefore 
I + I + 




C,-2- 


«Tj-T}) 


A l o[T*-T 4 i ) 


(l/a I ) + (rf I M J ){(l/e a )-l 


(16.115) 



a,f, , 

■AWWA'- 


Ajtj 
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Then from equation (16.115) 

o(Ti - T*) 5.67 x (3.13 4 - 77.85) 


* 

ie. 6 i_f - 5.09 W/m 2 
Therefore 


20.176 


Percentage reduction in heat loss - f * -■ x 100 


- 96.7% 


It can be seen from the above example that a material of low cmissivily can 
act as a very efficient radiation shield. This is used to advantage in many cases 
in practice (e.g. radiation shields for thermocouples and thermometers). 

For the case of body 1 small compared with body 2 then A X !A 2 -*0, i.e. 
from equation (16.115) 

= o(Ti-T\) 

Note that this equation applies even if body 2 is not black, the reason being 
that a negligible amount of the energy reflected from body 2 is intercepted by 
body 1 because it is small compared with body 2. 

When more than two surfaces exchange heat then an equivalent electric 
circuit can be drawn using the expressions for resistance given by equations 
(16.113) and (16.114). For the case shown in Fig. 16.42 a body 1 exchanges 
heat with body 2, the surroundings 3 being at a different temperature. 


Fig. 16.42 Three 
surfaces exchanging 
radiation 



The equivalent circuit is shown in Fig. 16.43 with the resistances, potentials, 
and currents as shown. Applying Ohm's law to each part of the network we 
obtain six equations. 


i.e. 


<rT* l -J l 


A x t x 




), - aT \ - 

A 2 c x 


J 3 - oT\ = /, 


(1 -h) 
Ajtj 




4-J. 


/> 

4|F|_j 




A X F 


i 
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Combining the above equations to eliminate J x , j 2 , and j, we have 

0.743/, + 0.068/, + 0.5! 5/4 = a(T\ - 7}) = 5.67(16* - 7*) 

« 0.358 x 10* 

and 0.743/, + 0.833/, - a(7f - T* 2 ) = 5.67(16* - 3*) = 0.37! x 10* 

and 0.515/ 6 + 0.068/, - <7(7} - 7$) - 5.67(3* - 7*) - -0.0132 x 10 6 

Also 

/, »/4 + /,. /, ■/$”/* and /, ■ /ft + U 

Eliminating l 2 . /,. / 4 . /, and l t we may calculate /,. 
i.e. /,-0.336 x 10* 

Therefore 

Heat loss by radiation from molten metal - 0.336 x 10* W 

- 336 kW 

If in the above example the sides of the vessel were well insulated rather 
than cooled, then the equivalent circuit would be as shown in Fig. 16.45. This 
is a much simpler case; the equivalent resistance of the circuit can be calculated 
directly since there is no flow of'current' outwards or inwards at 7,, 

i.e. Equivalent resistance = 0.743 + ————-- 

{1/(0.515 x 2)} + {1/0.833} 

= 0.743 + 0.461 - 1.204 


Fig. 16.45 Electrical 
analogy for 
Example 16.24 






16 * 


\ 


% 




* . 7 * 


0.743 /, J, 


0 * 3 } 


Therefore 


5.67(16*- 3*) 
1.204 


0 308 x 10* W 


i.e. Rate of heat loss by radiation from metal surface - 308 kW 

In this case the temperature of surface 3 will not be 427“C as before. The 
’current' flowing from I to 3 is given by 


308 x 


0.461 


2 x 0.515 


137.9 kW 



16.19 Heat transfer coefficient for radiation 


therefore 

a(T*y - 7$) - 137.9 x 10 5 x 0.515 - 0.0710 x 10 6 
Ti 0.0710 X 10 6 
10' " + 5.67 

therefore 

7,- 1059.5 K- 786.5 °C 


16.19 Heat transfer coefficient for radiation 

A heat transfer coefficient for radiation, x,. is sometimes defined analogously 
to the heat transfer coefficient, x, for convection. 

From equation (16.107) 

i, 2 = F> 2 A,oCn-Tl) 

= F l .Hi«(r; + T'MT;-r5) 

ie. - F, : -4,o<r{ + T]HT, + T;)lT, - T,) 

For convection heat transfer, wc have, from equation (16.3). 

Q = 3/1(1. - O 

Hence, comparing the two equations, wc can write 

a, = F, : <x(7 2 + 7|)(7, + 7.) (16.116) 

Therefore 

(16.117) 

It should be noted that for convective heat transfer from a surface of surface 
area .4. the total surface area A is used in the calculation, as in equation (16.3). 
In radiation heat transfer from the same body the area of the surface envelope 
must be used. 

Example 16.25 A ribbed cylinder of outside diameter 0.6 m is at a surface temperature of 
260 C in large surroundings at 20 C. Calculate the heat transfer coefficient 
for radiation, and the total heat loss rate due to radiation and convection. The 
cylinder is 0.9 m long and is made of cast iron of cmissivity 0.8. The surface 
area of the ribbed cylinder is 5 m 2 . and the heat transfer coefficient for 
convection may be taken as 8.8 W/m 2 K. Neglect end effects. 

Solution Since the cylinder is small compared with the surroundings, then f, 2 - I Then, 
from equation (16.116) 

«c,F, 2 <t(7; + T 2 MT, + T : ) 

Le. *,-0.8x^x (533* + 293 2 )(533 + 293) 
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where T, = 260 + 273 = 533 K. and T, = 20 + 273 = 293 K. 

Le. 13.87 W/m J K 

Then, from equation (16.117) 

Rate of heat loss by radiation - a r /4,(f, - f,) 

- 13.87 x a x 0.6 x 0.9 x (260 - 20) 

- 5650 W 

i.e. Rate of heal loss by radiation «= 5.65 kW 
From equation (16.3) 

Rate of heat loss by convection - aA(t. - f) « 8.8 x 5 x (260 - 20) 
i.e. Rate of heat loss by convection = 10560 W * 10.56 kW 
Therefore, 

Rate of total heat loss - 5.65 + 10.56 - 16.21 kW 


16.20 Gas radiation 

In the problems considered in the previous sections on radiation the effect of 
the transmission of radiation through the gaseous atmosphere has been 
neglected: some radiation will be absorbed by the surrounding gases in such 
cases, but this is normally so small that it can be neglected. Certain types of 
gases arc transparent to thermal radiation; these include inert gases (e.g. argon) 
and gases with symmetric diatomic molecules (e.g. oxygen and nitrogen). Hence 
for radiation between surfaces in the normal atmospheric environment the effect 
of the surrounding gas can be ignored. For gases with certain types of asymmetric 
molecular structures (e.g. carbon dioxide, carbon monoxide, sulphur dioxide, 
nitrous oxide, and water vapour), radiation is absorbed from, and emitted to, 
surrounding surfaces. Due to the rotational and vibrational motions within any 
gas molecule, the radiation absorbed is dependent on the frequency of the 
radiation striking the molecule. Absorption and emission of radiation in gases 
is therefore selective, occurring in only certain bands of wavelengths. 

When considering radiation within a furnace, or any enclosure containing 
combustion gases, it is necessary to allow for the absorption of radiation due 
to the presence of CO,. H ,0. and perhaps CO and SO,. A simplified procedure 
for the calculation of absorption and emission of radiation in such gases was 
first suggested by Hottcl: this is summarized in the chapter on radiation written 
by Hottcl in reference 16.10. Also included is the radiation from flames made 
luminous by the thermal decomposition of hydrocarbons. 


The greenhouse effect 

The so-called greenhouse effect on the earth is caused by the absorption of the 
sun's rays by gases, mainly carbon dioxide, in the atmosphere. The greenhouse 
effect is essential for the survival of life on the planet since w ithout it the earth’s 
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where x is ihe distance in metres measured from the inside surface, and H is a constant 
dependent on the gamma radiation. 

The maximum temperature difference in the concrete is to be limited to 4 K, 
and it may be assumed that the outer surface is well insulated. 

Calculate the maximum allowable value of the gamma radiation on the inside surface 
of the concrete in watts per square metre. 

(68 W/m 2 ) 

16.12 (a) The temperature-time history of the centre of a Urge sUb of material initially at a 
constant temperature which b suddenly plunged into a fluid at a diflcrcnt temperature 
can be shown to be given by 

—‘ - 2 f c *MP.L) 

A/, (p.L) + sin(p.L)cos(p.L) 

and (p,L) lan(p.L) — Bi. 

Where Ar, b the temperature difference at time t. between the centre of the 
slab thickness and the surrounding fluid; Ai, the temperature difference between slab 
and fluid initially; Fo the Fourier number. k?/L 2 ; * the thermal diffusivity of slab; 
L the half-thickness of slab; Bi the Biot number, rL/i; a the heat transfer coefficient on 
slab surfaces; and a the thermal conductivity of slab material. 

Show that for a case where the temperature of the slab surfaces b approximately 
equal to the fluid temperature ( ie. a — co). and for a reasonably long time period 

A;, x 

(b) A large slab of rubber of thickness 40 mm is vulcanized by heating the faces 
using steam at 330’C. The required temperature ai the centre is 120“C and the rubber 
b initially at 20 X. Calculate the time required for the process: 

(i) using the method of (a) above; 

(ii) using a numerical method. 

Take K* for rubber as 64.5 x 10‘* m 2 /%. 

(26.4 min) 

16.13 A large metal plate of thickness 200 mm b initially at a uniform temperature of 20X. 
One surface of the plate b in contacl with ambient air at a constant temperature of 
20X. while the other surface may be exposed to a constant net radiant heat flux of 
100 k W/m 2 from an electric element. 

(i) Assuming as an approximation that the plate temperature is uniform throughout 
at any instant, calculate the time taken for the plate to reach 70 X from the instunt 
the electric element b switched on; 

(ii) estimate the temperature dbtnbution through the plate thickness 9 min after the 
element is switched on using a numerical method with four space increments and a 
Fourier number of 0.5. 

Data Thermal conductivity of plate. 45 W/m K; density of plate. 7800 kg/m*; specific heat 
capacity of plate. 0.5 kJ/kg K; heat transfer coefficient from plate to air. 200 W/m 2 K. 

(6.85 min; 48X; 54X;9IX; 162°C; 274 X) 

16.14 The wall of a large vessel is 50 mm thick and U initially at 12.5X throughout A hot 
fluid at a constant temperature of 500 X b suddenly pumped across the inside surface; 
the outside surface may be assumed to be perfectly insulated. Using a numerical method, 
determine the time taken for the junction of wall and insulation to reach 1I0X. 
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water flow rate is 1400 kg'h. Taking the specific heat capacity of water as 4.19 U/kg K, 
calculate: 

(i) the required pipe length for parallel-flow. 

(ii) the required pipe length for counter-flow. 

(1.48 m; 1.44 m) 

18.25 In a chemical plant a solution of density 1100kg/m’ and specific heal capacity 
4.6 kj/kg K is to be heated from 65 *C to 100‘C; the required flow rate of solution is 
11.8 kg's. It is desired to use a tubular heat exchanger, the solution flowing at about 
1.2 m/s in 25 mm bore iron tubes, and hang heated by wet steam at I I5”C. The length 
of the tubes must not exceed 3.5 m Taking the inside and outside heat transfer coefficients 
as 5 and lOkW/m* K. and neglecting the thermal resistance of the lube wall, estimate 
the number of tubes and the number of tube passes required. 

(18; 4) 

16.28 An oil engine develops 300 kW and the specific fuel consumption is 0.21 kg/kW h. The 
exhaust from the engine is used in a tubular water heater, flowing through 25 mm 
diameter tubes, entering with a velocity of 12 m/a. at 340*C and leaving at 90 “C. The 
water enters the heater at 10 C and leaves at 90 C. flowing in counter-flow to the hot 
gases. The air-fuci ratio of the engine is 20. and the exhaust pressure is 1.01 har. The 
overall heat transfer coefficient of the heat exchanger when designed is found to be 
56 W/m : K. but after running for some time a fouling factor of 0.5 m : K/kW must be 
assumed. Taking the specific heat capacity and the gas constant for the gases as 
I.llkJ kgK and 0.29 kJ/kg K. and the specific heat capacity for the water as 
4.19 kJ/kg K. calculate: 

(i) the mas flow rate of water; 

(ii) the number of tubes required; 

(iii) the required tube length 

(1096 kg/h; 110; 1.457 m) 

16.27 In an air cooler the air is blown across a bank of lubes at the rate of 240 kg/h at a 
velocity of 24 m/s. the air entering at 97 ’C and leaving at 27 ; C. The cooling water 
enters the tubes at I0*C and leaves at 20°C, at a mean velocity of 0.6 m/s The tubes 
arc 6 mm diameter and the wall thickness may be neglected. The heat transfer coefficient 
from the air to the tubes may be calculated from 

Su = 0.33(Re|**(PrJ D> * 

with properties at Ihc mean hulk temperature. 

The heat transfer coefficient from the water to the tubes is given by 


St 


_ m _ 

I ♦(/V)- , *(r'*(/V- I) 


where / * 00791/Re 1 ' 4 and properties are at ihe mean bulk temperature. 

Assuming that the tubes arc arranged in six passes, and that the logarithmic mean 
temperature difference for counter-flow can be assumed, calculate: 

(i) the number of tubes required in each pass; 

|ii) the necessary tube length. 

(7; 0.528 m) 


16.28 A two-pass shcll-and-tube heal exchanger is used t*' indensc a chemical on the shell 
side at a rate of 50kg's at a saturation temperature of 80X. The chemical enters as a 
d'y saturated vapour and is not undcrcooled during the process. Water at 10 C ami a 
mass flow rate of 100 kg/s is available as coolant; the velocity of the water is to be 
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(ii) the mean temperature of the refractor) walls of the furnace, assuming that these are 
well insulated. 

(1009 kW; 687 X) 

18.43 A circular plate of radius 0.1 m is at a temperature of 500 X in a large room, the walls 
of which are at 10X. The air in the room is at a mean temperature of 15 C C. A small, 
spherical thermocouple junction is placed at a distance of 0.1 m from the centre of the 
plate. Show that the temperature recorded by the thermocouple is approximately 100 X. 
The heat transfer coefficient from the thermocouple to the air is 25.6 W/m : K, and the 

plate surface may be assumed to be black for thermal radiation. Neglect conduction 
through the thermocouple leads. The geometric factor is given in Table 16.3. 

16.44 An electric heater 25 mm diameter and 0.3 m long is used to heat a room. Calculate the 
electrical input to the heater when the bulk of the air in the room is at 20 C C. the walls 
are at 15 X. and the surface of the heater is at 540 C. For convective heat transfer 
from the heater, assume that 

Nu = 04(Gr)'' 4 

where all properties are at mean film temperature and ft = l/T. where T K is the bulk 
temperature of the air. 

Take the emissivity of the heater surface as 0.55 and assume that the surroundings 
arc black. 

(481 W) 

16.45 Calculate the radiation heat transfer coefficient for the flat plate in Problem 16.20, 
assuming that the surroundings arc large and are at the air temperature, and compare 
this with the heat transfer coefficient for convection. Take the emissivity of the plate 
surface as 0 . 6 . 

<28.75 W/m J K; a,/* = 1.05) 

16.46 Calculate the radiation heat transfer coefficient for the vertical wall in Problem 16.21, 
assuming that the wall radiates into black surroundings at 15 C. and the emissivity of 
the wall surface is 0.93. Compare this value with the heat transfer coefficient for 
convection. 

<6.98 W/m 2 K; a,/a * 1.52) 

16.47 A hot-water heater 150 mm wide by 1.2 m long by I m high is at a surface temperature 
of 50 X in surroundings at 20 4 C. The walls of the room are at 13 C. The surface area 
of the heater is 7 m 1 and the heat transfer coefficient for convection is given by 

s ■ 1.31 (Ar ) ,<2 

where a is in W/m 1 K. and Ar is in K. 

Calculate the rate of heat transfer from the heater. Take the emissivity of the heater 
as 0.95 and assume lhal it is completely surrounded by black surroundings 

< 1.545 kW) 
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17 


The Sources, Use, and 
Management of Energy 


The most common source of heal energy is the chemical energy of substances 
called fuels which is released upon the combustion of the fuel in air as described 
in Chapter 7. Fuels such as coal. oil. and natural gas are created by natural 
processes deep down in the earth after many thousands of years and as such 
arc described as non-renewable fossil fuels. However large the world's resources 
of fossil fuels may be. they arc being consumed at a high rate and one day the 
fuel resources will become so depleted that the normal existence of 
energy-dependent countries will be seriously disrupted unless other energy 
sources have become available on the scale necessary to meet world demand. 
The fossil fuels arc also sources of chemical substances to be used, other than 
as fuels, in the manufacture of goods such as plastics or chemicals for agriculture 
and animal foodstuffs. A comprehensive understanding of the supply problem 
includes all natural products including fuels. Many warnings have been given 
over the years about the world rate of fuel consumption and the prospects of 
a fuel shortage, but each time the crisis has passed and the world has continued 
on its way. hopefully more aware of the importance of its energy sources, the 
need for the efficient use of fuels and materials and for long-term planning for 
the future. 

In the early 1970s the oil industry warned users that the exponential growth 
in oil consumption, which was doubling every seven years, could not be 
sustained. In 1979 the oil suppliers doubled the price of oil and shocked those 
countries, including the UK and the USA. which had based their industrial 
economy on the cheap oil available from the Middle Eastern countries. In 
equivalent costs in dollars per barrel of oil the relative costs of fuels in 1978 
was: Middle Hast oil 1.3; North Sea oil 5.3; imported coal (north-west Europe) 
8.3; indigenous coal (north-west Europe) 11.3; nuclear 7.6; imported natural 
gas 15; natural gas from indigenous coal 24.3; biomass (crops grown for fuel) 
43; solar hot water 40. 

The increase in the cost of oil in the late 1970s resulted in a fall in demand 
and a world-wide recession in the manufacturing industries leading to a 
considerable conservation not only ol fuels but of other basic manufacturing 
materials such as iron. tin. zinc, aluminium, silver, gold. lead, and copper which 
are also in finite supply. 




The Sources. Use. and Management of Energy 


It was estimated in 1973 that by the mid-1980s the world oil consumption 
would be three times as much as it actually became and the electricity 
consumption would be twice as much. Instead there was a surplus of oil-tankers 
and bulk carriers, the demands on oil refineries and power stations decreased . 
and so did the demand for steel, cement, and building materials, leading to a 
further reduction in the demand for energy. During this period the UK became 
an oil- and natural-gas-producing nation due to the exploitation of finds under 
the North Sea. 

A greater awareness of the value of natural resources grew in the mid-1970s, 
and probably an even greater one for the influence of the cost of fuels on 
manufactured goods, for it was realized that an efficient use of fuels could affect 
industry and society substantially in relation to basic costs. 

A cheap supply of energy docs not encourage an economical attitude to 
energy use and methods of energy conservation, but the balance between 
demand, supply and cost is one which can change rapidly and must be kept 
under constant review by nations and their industries. If the balance of supply 
from various sources is to be changed, the technology required to make the 
change must be available and a new technology can take a long time and need 
high investments. Since the 1970s a greater interest in alternative sources of 
energy has grown, many developments have been made and considerable 
research has taken place, but by the mid-1980s no alternative solutions to 
existing sources had appeared that made any real impact on the energy scene - 
other than those for nuclear energy which began in the UK in the 1950s. The 
development work done since the 1970s on alternative forms of energy may 
show benefit in the future. 

The following sections will cover some aspects of energy supply, demand, 
use. conservation and management, etc. but such a wide-ranging subject cannot 
be given a comprehensive treatment in this book and readers are advised to 
pursue the subject by reading some of the many specialist texts (references 
17.1-17.4), and the current reports of government departments and research 
institutions, such as the Research Councils. 


17.1 Sources of energy supply, and energy demands 

The primary source of energy is the sun from which all of the earth's energy 
requirement is finally obtained. Only a negligible fraction of the daily need is 
obtained directly, even including the secondary supplies from power generation 
by winds, waves, and rivers. The vast majority is obtained from the combustion 
of fossil fuels including coal, oil. natural gas, peat. wood, natural waste, etc. and 
a lesser amount from nuclear reactions. Additional known sources of energy 
arc the tides and the natural geothermal gradient of the earth. It has been 
estimated that the amount of solar energy falling on the earth in three days is 
equal to the known fossil-fuel reserves of the world. The sun is an ample provider 
of energy for the earth; the problem is how to collect and store solar energy 
so that it can be released in the right form to meet the world demand for heat 
and power. 
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is for transport, lubrication, bitumen, and chemical feedstocks, none of which 
can be replaced by other energy sources. The breakdown of the UK energy 
statistics gives: industry, 42%; transport, 24%; domestic and business, 33%. 
Industry covers all products manufactured for home use and for export, electrical 
power, agriculture, iron and steel, materials manufacture, food, general 
engineering, chemicals, textiles, paper, bricks, etc. Transport covers road, rail, 
water, and air. Domestic and business covers heating, lighting, cooking, private 
vehicles, and entertainment 

Forecasts of energy resources and energy usage on a world-wide basis are 
fraught with difficulty, but the essential fact remains that all fossil fuels will 
eventually be consumed. Other energy sources must be found and energy should 
be used more efficiently. There is a widespread acceptance of these facts and 
many countries are implementing energy policies and encouraging research and 
development work to contribute to an energy-efficient future. The following list 
of factors shows the complexity of the problem: 

1. The world-wide distribution of fuel resources is very different from the 
pattern of demand for energy. 

2. The accessibility of fuels and the cost of exploration. 

3. Different countries have different energy situations, e.g. Switzerland is low 
in natural fuel supplies while the UK is sitting upon large reserves of coal, 
oil. and gas. One country may therefore have to develop new technologies 
as an urgency, but another may rely on cheap fuel supplies and neglect its 
technology'. 

4. The effect of the demands for energy by the developing countries. 

5. Supplies from different parts of the world are subject to political attitudes 
and the political stability of supplying nations. 

6 . Distant supplies are vulnerable to energy action and sabotage. 

7. Storage capacity is limited. 

8 . Demand is not really controlled and is subject to variations over the day 
and over the year. 

9. Government decisions can affect the demand for and provision of basic fuels. 

10. Changes in technology are not easily regulated to need 

11. The growing unpopularity of fuels that may pollute the environment. 

12. The price of fuel is an important feature in its selection, but this is subject 
very much to the world market forces. 

13. Although 'alternative methods* of power generation and heat supply arc 
attractive in principle, and it is essential to know what they can offer as 
part of energy policy development, there are good reasons for supporting 
existing methods of energy supply based on fossil and nuclear fuels, such 
as the following: 

(a) the resources are known to a reliable extent; 

(b) the technology is established and the economics are understood, i.c. the 
cost-demand balance and labour needs arc known; 

(c) there is a reasonable variety in form (gas, solid, and liquid), use and 
main features; 

(d) fundamental to all considerations is the high potential energy per unit 
mass of the fossil and nuclear fuels. 
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The combustion air is supplied through a nozzle causing the air to swirl and 
hence the coal mixture also. Water tubes arc immersed in the fluid bed which 
absorb heat directly and control the temperature of the bed. The heat transfer 
rate is good due to the swirling movement of the charge. The fluid bed is 
convective in action also as in conventional combustion. 

At the combustion temperature, 800-900“C, the sulphur combines with the 
limestone to give a dry waste product which is disposed of with the ash removing 
80-90% of the sulphur content. The NO, emission level is low because of the 
low combustion temperature. Dust particles are removed by cyclone separators, 
electrostatic precipitators, and filters. 

The attraction of the fluidized bed coal-fired boiler is the relatively low price of 
coal, particularly the lower quality grades which it bums very well. The capital 
outlay for such a boiler, the ash and coal handling equipment, control and 
maintenance, etc. is higher than that of an oil- or gas-fired boiler. 


17.2 Combined cycles 

In conventional power plant there is a considerable wastage of energy due to 
the heat rejected which is not usefully used. One way of making the power 
production more efficient is to use a cycle combining two power units with the 
heat rejected from the first supplying heat to the second. Many different types 
of plant have been considered, including binary vapour cycles in which two 
vapour cycles arc arranged with the condensation process for the high- 
temperature cycle providing the heat supply to the evaporator of the 
low-temperature cycle; different fluids have been used, usually steam and one 
other, but such plants tend to have high capital costs compared with the overall 
improvement in efficiency. A more direct approach, with existing proven 
technology, is to use the gas and steam turbine cycles in combination. The gas 
turbine is the higher-temperature unit and the gases leaving the turbine are at 
a sufficiently high temperature to be used as a source of heat for the production 
of steam at a suitable pressure and temperature. Figure 17.3 shows such a 
combination using a closed-cycle gas turbine unit, and Fig. 17.4 shows a more 
common arrangement with an open-cycle gas turbine unit in which the exhaust 
gases pass directly to the steam generator. The open cycle unit also allows the 
burning of further fuel in the exhaust gas stream in the generator since 


Fig. 17 J Closed-cycle 
gas turbine plant 
combined with a steam 
plant 



Steam 
genet Jlor 


Steam turbine 
Pump 


Gu turbine 


Condenser 
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Fig. 17.4 Open-cycle 
gas turbine plant 
combined with a steam 
plant 


Example 17.1 


Data 


Solution 



the air-fuel ratio of a gas turbine is high and there is sufficient oxygen in the 
turbine exhaust to sustain further combustion. 

The overall thermal efficiency is increased and since the installed cost of a 
gas turbine per unit power output is less than that of a steam turbine, there 
arc obvious economic advantages. Disadvantages of a combined cycle arc the 
greater complexity leading to loss of flexibility and reliability; the gas turbine in 
the past has also used a more expensive fuel although more and more turbines 
are now operating on natural gas which improves the economics of the overall 
plant. 

A combined power plant consists of a gas turbine unit and a steam turbine 
unit, the exhaust from the gas turbine being supplied to the steam generator. 
Using the data below, neglecting the mass flow rate of fuel, feed pump work, 
and all pressure losses, calculate: 

(i) the cycle efficiency for the gas turbine cycle; 

(ii) the cycle efficiency for the steam cycle if the heat supplied in the 
generator were supplied by an external fuel supply; 

(iii) (he mass flow rates of air to the gas turbine and steam to the steam 
turbine; 

(iv) the overall efficiency of the combined cycle. 

Pressure ratio for the gas turbine cycle. 8; inlet air temperature to compressor, 
15°C; maximum cycle temperature for gas turbine cycle. 800 a C; temperature 
of gases leaving steam generator. 160 C; steam conditions at entry to turbine. 
20 bar and 400 C; condenser pressure, 0.05 bar; total power output of the 
plant. 50 MW; iscntropic efficiencies of air compressor, gas turbine, and 
steam turbine. 80%, 82%. and 80% respectively; c, and y for the combustion 
gases, l.l I kJ/kgK and 1.333. 

(i) The gas turbine cycle is shown in Fig. 17.5(a). 

Ti.-TtMpJ'-"" 

where T, - 15 + 273 = 288 K. 

T u = 288(8)° 4/1 4 = 521.7 K 
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<b> 


288 + <“LLz^L>_ 580..K 
0.8 


T - (Pj/pj’-' 1 " 
where Tj = 800 + 273 = 1073 K 

T*. = 1073/(8)° 333/1 333 = 638.3 K 
therefore 

T a - 1073 - 0.82( 1073 - 638.3) - 716.5 K (443.5 “C) 

Then Work output. - W - c„( T, - T A ) - c,.( T a - 7,) 

= 1.11( 1073 - 716.5) - 1.005(580.1 - 288) 

- 102.2 kJ/kg 

and Heat supplied » c„(T 2 - T 2 ) = 1.11(1073 - 580.1) = 547.1 kJ/kg 
Gas turbine cycle efficiency = 102.2/547.1 - 18.7% 


(ii) The steam cycle is shown in Fig. 17.5(b). From tables or h-s chart: 
h t - 3248 kJ/kg. A, - h A - 138 kJ/kg 
h 2l - 2173 kJ/kg 

h, - h 2 = 0.8(3248 - 2173) - 860 kJ/kg 
i.e. Work output. - W = 860 kJ/kg 

The heat to be supplied in the steam generator is given by; (h l - h 3 ) = 
3248 - 138 * 3110 kJ/kg. therefore, if the heat is supplied from an external fuel 
supply 

Steam cycle efficiency = 860/3110 - 27.7% 
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power ratios in the range 2-3. These systems are suitable for complete buildings 
such as hotels, hospitals, colleges, swimming-pools, and other public buildings. 
The power generator can be linked to the electric grid so that power may be 
purchased if demand exceeds the capacity of the unit, or sold to the grid if 
demand falls. In the UK the 1983 Energy Act made possible the sale of electricity 
to the national grid and led to the rapid development of such schemes. 

The engines used are industrial oil engines or automotive engines adapted 
to run on natural gas. Heat is transferred to water from the engine cooling 
jacket, from the engine oil cooler, and from the engine exhaust gases; a typical 
system is shown in Fig. 17.6. 


Fig. 17.6 Typical 
Micro-CHP system 



Example 17.2 A large hotel has a maximum demand of 90 kW of power and 240 kW of 
heat for space heating and hot water. It is decided to use six micro-CHP 
units running on natural gas. each developing ISkW of power and each 
with a heat output of 40 kW. The jacket and oil cooling systems provide 
thermal energy equivalent to 10% of the fuel energy input, and the exhaust 
cooler provides thermal energy equivalent to S5% of the fuel energy input. 
Water enters each ctginc at 30 X and leaves at 85 °C. Taking the specific 
heal capacity of water as 4.18 kJ/kg K. and the calorific value of natural gas 
as 38.5 MJ/m\ calculate: 

(i) the rate of volume flow of natural gas used; 

(ii) the overall efficiency of the system; 

(iii) the mass flow rate of water available at 85 X. 


Solution (i) Each engine provides 40 kW of thermal energy which is made up of 10% 
from the jacket and oil coolers, and 55% from the exhaust heat exchanger. 
Hence, for each engine 


Fuel energy input 


40 


(0.1 +0.55) 


61.54 kW 
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2. When heat is provided centrally it must be metered accurately; systems in 
which flats are metered as a whole and each flat holder pays a proportion 
cause problems; a system of accurate metering of each household is expensive. 

3. For healing, private consumers have become used to having a choice of fuel 
and when and where to heat; there is an in-built resistance to heating systems 
which are imposed from the local administration. 

4. The capital cost, and necessary upheaval, of laying water mains for heating 
throughout an existing city is a major factor; previous experience of corrosion 
in mains has also led to fears of expensive maintenance. 

Most European countries have developed district heating on a step-by-step 
basis: initially individual boiler houses provide heating only for small districts; 
power stations are then built and the boiler stations are gradually shut down 
leaving some for stand-by heating; finally heat exchangers arc added in the 
power stations to supply the whole network. Once a complete system is in 
operation new customers can be added by extending the pipework. 

A typical example of a large-scale CHP scheme with district heating is that 
of The Hague in The Netherlands. A diagrammatic arrangement of the plant 
is shown in Fig. 17.7. Power is provided by two gas turbine units, each developing 
25 MW. and a steam turbine unit also developing 25 MW; the three electric 
generators are identical for ease of maintenance and control. The exhaust from 
each gas turbine passes through a steam generator and water heater; additional 
heating of the water is provided by bleed steam from the exit of the HP turbine. 
The following example is based on the data from The Hague scheme. 


Fig. 17.7 
Diagrammatic 
representation of a CHP 
plant at The Hague. 
Netherlands 
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therefore 


T a = 1286 - 0.85(1286 - 690.95) = 780.21 K (507.21 °C) 

Then Net gas power output from each turbine 

= , n < 1286 “ 780.21)— 1.005(646.76 - 288)} 


therefore 


m. - 131.0 lcg/s 


i*. Airflow rate into each compressor * 131 kg/s 


Fig. 17.9 Plant (ii) For the steam cycle (shown diagrammatically in Fig. 17.9(a) and on a 

diagram (a| and steam skclch of , hc h _ s charl in Fi „ 17 . 9 (b)), we have, from the h-s chart: 
turbine process on an 

h-s chart (b) for h. «= 3343 kJ/kg h y , = 2107 kJ/kg 

Example 17.3 




therefore 

h y - 3343 - 0.8(3343 - 2107) - 2354 kJ/kg 

A straight line can now be drawn on the chart joining points 1 and 3. Where 
this line cuts the 2 bar pressure line fixes the point 2, 

i.e. h 2 - 2865 kJ/kg 

Let the total steam flow required be m, kg/s, then 
Power output from steam 

- - m.(3343 - 2865) + (m, - !7)(2865 - 2354) 
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17.3 Combined heat and power (co-generation) 


m, = 35.39 kg/s 

Lc. Mass flow rate of steam required = 35.39 kg/s 

(iii) To find the heat supplied to the water of the district heating system from 
the gas turbine exhaust gases it is necessary first to calculate the heat received 
by the steam in the generators; to do this wc require the temperature of the 
feed water entering the boiler at state 6. 

Applying a heat balance to the mixing process after the condenser we have 

{(35.39 - 17) x 104.8} + (17 x 505) - 35.39 x h b 

where h 4 - h, at 25 J C - 104 8 kJ/kg. and h, - h, at 2 bar - 505 kJ/kg. 
therefore 

/i 6 - 297 kJ/kg 

Then Total heat supplied to steam in both generators 

- m.(h, - hj - 3539(3343 - 297) 

- 107798 kW 

The gas turbine exhaust gas enters the chimney at 83 °C, therefore wc have 
Total heat supplied by exhaust gases 
= 2 x m, x 1.11 x (i 4 — 83) 

= 2 x 13! x 1.11 x (507.21 — 83) 

= 123 369 kW 
Hence by difference 

Heat supplied to district heating water by gases 
= 123 369 - 107 798 = 15.57 MW 

The heat supplied to the district heating water in the steam heat exchanger is 
given by 

•Kiht - h 5 ) » 17(2865 - 505) = 40.12 MW 
i.c. Total heat supplied for district heating 

- 15.57 + 40.12 - 55.69 MW 

(iv) Mass flow of water for district heating 

- 55690/4.2(115 -75)- 331.5 kg/s. 

(v) The overall efficiency is given by the total power plus heat supply divided 
by the thermal energy supplied by the fuel. 

Heat supplied by fuel in the gas turbine cycles 

_ 2 x m, x c„(T a - T 2 ) 

0.98 

= 2 x 131 x 1 11(1286 - 646.76) 

0.98 
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= 189.7 MW 
Therefore 


Overall efficiency 


(3 x 25)4-5 5.69 
189.7 


« 68.9% 


Energy from waste 

One of the outcome* of a developing energy programme over recent years has 
been the renewed interest in using municipal, industrial, hospital, and 
agricultural waste as a source of heat energy. While exploitation of this resource 
in the UK has been slow there arc some notable examples of successful refuse 
incineration heat-recovery plants at Edmonton (sec ref. 17.4). Sheffield,and 
Coventry. Small-scale incineration plants with heat recovery arc also becoming 
more common particularly in hospitals. Solid waste has to be disposed of and 
collection and disposal is expensive, so the financial return possible from burning 
the waste to give a useful supply of energy is worth considering. The nature of 
the waste material brings its own problems when used as a fuel since waste is 
highly heterogeneous and on combustion produces corrosive gases. This 
introduces restrictive design criteria not present in the design of boilers and 
ancillary equipment for plant using conventional fuels. 

Another source of energy from waste is the methane generated when waste 
decomposes in a landfill site. For further information on this and other 
energy-saving waste disposal schemes consult reference 17.4. 


17.4 Energy management and energy audits 

Energy-consuming systems must be effectively managed. Supplies should 
be abundant, of low cost and safe to handle. Each energy-consuming 
system should be designed in the beginning with efficient energy objectives for 
the most economic manufacture of products or heating service. Governments 
should have national policies involving those of cities, towns, etc. and. in turn, 
each company, public or private building, should have complementary energy 
policies. A well-designed system will include a means of monitoring the energy 
demand and the supply and distribution so that it can be adjusted to operate 
to selected values of the main parameters which will usually be the temperatures 
at the main points in the system. This requires the services of technologists in 
the design and operation of energy systems who w ill require a knowledge of 
thermodynamics, heat and mass transfer, fuels, fluid flow, systems analysis, and 
control. Some of these topics arc dealt with in other chapters in this book and 
the remainder will be touched upon in this and later sections. 

Most energy-using systems and buildings could be made more efficient 
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Table 17.5 Fuels and 

lubricating oils used for 
the transport for 
Company A including 
garaging 


Energy 


External 


(quantity) 

Internal 

delivery, staff 

Cost/(£) 

Petrul/( litre) 

Diesel/(litre) 
Lubricant /(litre) 
Electricity/(kW h) 




Vehicle miles 

Load /(tonne) 





Another audit would be made for the transport used by the company as shown 
in Tabic 17.5. 

Tables 17.4 and 17.5 should be completed monthly and comparisons can 
then be made between the months and across the years. Changes should be 
explained and any corrective action taken to reduce fuel consumption. Such 
action may involve improving the maintenance standards, checking control 
equipment and level settings, modifying plant or operation control, installing 
new plant, changing process methods, installing more meters, etc. 

Table 17.6 gives some energy values for different fuels and useful conversion 
factors for the kinds of calculations covered in this chapter. Energy values vary 
with the quality of the particular fuel and the values quoted are representative 
examples only. The values quoted here are taken from reference 17.8. 


Table 17.6 Energy 
values and conversion 
factors 


Energy source 

Energy content 

Coal 

Anthracite 

Good bituminous 

Average industrial 

Poor industrial 

32000 MJ/tonne 

30000 MJ/tonne 

28000 MJ/tonne 

21000 MJ/tonne 

Oil (relative density) 

Gas (0835) 

Light (0.935) 

Medium (0.95) 

Heavy (097) 

45 600 MJ tonne 

43 500 MJ/tonnc 

43000 MJ/tonne 

42 600 MJ/tonne 

Gas 

North Sea 

38.5 MJ/m* 

Conversion factors 


1 Btu - 1.055 kJ 

1 Btu/ft 1 - 37.259Id/m* 

1 kWh - 3.6 MJ 

1 lb » 04536 kg 

1 impenal gallon = 4 546 I 

1 therm = 100000 Btu 

1 therm - 105.506 MJ 

1 tonne •* 1000 kg 

1 ton a 1.016 tonne 

1 therm/ton - 103.839 kJ/kg 


702 



The Sources, Use. and Management of Energy 


in degree days cannot be separated due to the fluctuations in demand. If the 
incidental heating is not equivalent to 2.8 K the degree-day method will be less 
reliable. Heal losses and hence fuel consumptions are affected by other influences 
such as prevailing winds, humidity, solar radiation, cloud, fluctuating demands, 
thermal capacity, etc. By their nature degree days need to be used with caution 
in calculating fuel consumptions and cannot be used to forecast weather 
conditions. 

Example 17.4 A central heating boiler-house provides steam for both the process and 
spacc-heating requirements of a factory complex. The boilers arc fired with 
gas oil costing £3/GJ and run at an average efficiency of 71 %. The monthly 
fuel consumptions and corresponding degree days (D days) referred to 
I5.5 0 C for a previous period arc as given in Table 17.8. 


Tabic 17.8 Data for 
Example 17.4 


20 -vear average 


Month 

Consumption (GJ) 

D days 

D days 

S 

120*0 

102 

94 

O 

13100 

156 

171 

N 

NA* 

300 

286 

D 

17460 

370 

360 

J 

NA 

370 

379 

F 

17000 

350 

343 

M 

NA 

312 

320 

A 

NA 

215 

238 

M 

12600 

132 

156 

J 

NA 

60 

79 

J 

NA 

28 

48 

A 

10600 

30 

2527 


NA - not available 


Recent modifications at the factory have included the installation of a 
new process consuming 1000GJ steam/month and the installation of an 
economizer to increase the boiler efficiency to 75%. 

Using the degree days as being applicable to all space heating loads, state 
any assumptions made and determine: 

(i) the expected annual fuel consumption of the modified factory; 

(ii) the maximum monthly fuel consumption of the modified factory; 

(iii) the payback period in years for the economizer if the capital cost is 
£40000. 

Solution A graph of the fuel consumption in gigajoules against the recorded degree days is 
drawn as shown in Fig. 17.10 and gives a base load at zero degree days of 

10000 GJ/month which is a measure of the process energy required. The slope 
of the graph gives a space heating factor of 20GJ./D day. The actual energy 
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Fig. 17.10 Oil 
consumption against 
Degree days for 
Example 17.4 



requirements taking into account the boiler efficiency of 71% are as follows: 

Space heating factor ■ 0.71 x 20 = 14.2 GJ/D day 

Base load = 0.71 x 10000 - 7100GJ/month 

Base load for the new process = 7100 + 1000 = 8100 GJ/month 
and for a new boiler efficiency of 75% the new fuel consumption will be 

For the base load = = 10800 GJ/month 

For space heating = = 18.933 GJ/D day 

The projected annual figures are based on the 20-year average degree-day 
figure quoted: 

(i) The annual consumption = 12 months x 10800GJ/month 

(base load + space + 2527 D days x 18.933 GJ/D days 

heating) = 129600 + 47 844 

= 177444 GJ/annum 

(ii) The fuel consumption is at a maximum in January. Therefore, 

Maximum monthly fuel consumption 

- 10800 +(379 x 18.933) 

- 17976 GJ/month 

(iii) The savings to be expected from fitting the economizer at £40000 arc 
based on the existing cost of fuel at £3/GJ. The energy consumption required 
for the new base load at the original plant efficiency of 71% would be 
12 x 8100/0.71 «» 136901 GJ and for the space heating, based on the original 
space heating factor of 20 GJ/D is 2527 x 20 - 50540GJ. Therefore 

Energy saving = 136901+ 50540- 177444 
= 9997 GJ/annum 
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thus heating it. while cold air from outside is heated by flowing across 
matrix B before entering the building. After a period of time the damper positions 
are altered to that shown in Fig. 17.12(b); air from the building is now 
driven across matrix B thus heating it up again, while cold air from outside 
passes across matrix A cooling it down again and being heated in the process. 
The effect is to heat the outside air continuously, and the system is known as 
o double-accumulator regenerative heat exchanger. The advantages are in the 
large surface area to volume ratio for the heat transfer, and the self-cleaning 
property due to the continual flow reversal. A non-metallic matrix with a 
desiccant coating can be used to reclaim the enthalpy of vaporization of an air 
stream with a high relative humidity. 

The heat pump (see section 14.1) is particularly suited to energy recovery, 
frequently in combination with a run-around coil or other form of heat exchanger 
(sec for example the swimming-pool hall heating system shown diagrammatically 
in Fig. 17.13). Another use for the heat pump in energy recovery is as a combined 
heater and dehumidifier for warm damp air in rooms such as laundries and 
kitchens, and in buildings where damp is a problem (c.g. certain older types 
of housing projects). A typical compact unit is shown diagrammatically in 
Fig. 17.14. 


Fig. 17.13 Heat 

recovery from a 
swimming-pool using a 
heat pump and a 
plate-fin heat exchanger 


i 



Fig. 17.14 Heat pump 
for dehumidification 
and heating 


Evaporator Fan Condenier 
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17.5 The technology of energy saving 


Fig. 17.16 Heal pipe 



View on A A 


returns as a liquid via an annular wick. A typical air-to-air hcat-rccovcry system 
using a bank of heat pipes is shown in Fig. 17.17. For a complete treatment 
see reference 17.10. 


Fig. 17.17 Bank of 
finned heal pipes for 
air-to-air heat recovery 


Cold air 




Pinch technology 

Pinch technology, or process integration, is the name given to a technique 
developed by Professor Linnhof and co-workers (reference 17.11) to optimize 
heat recovery in large complex plants with several hot and cold streams of 
fluids. To illustrate the basic principle take a ease of a plant with two hot 
streams and two cold streams, as shown in Table 17.9. The hot streams can Ik 


Table 17.9 Data for 
four fluid streams 


Stream 

number 

Initial 

temp. 

Final 

temp. 

Mass flow¬ 
rate 

Specific 
heat cap. 

Heat cap 
rate 

Rale of 

enthalpy 

increase 

rci 

re* 

(kg/s) 

(kJ/kg K) 

(kW/K) 

(kW) 

1 

205 

65 

100 

100 

2.0 

-2X0 

2 

175 

75 

3.20 

1.25 

4.0 

-400 

3 

45 

180 

3.75 

080 

3.0 

+ 405 

4 

105 

155 

300 

1.50 

4.5 

±221 

-50 
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2. .Maximizing the energy recovery of flash steam, vapour, and condensate. 

3. Preventing energy loss due to steam leakage. 

4. Ensuring that lagging is of the economic thickness throughout, see Fig. 17.20. 


Fig. 17.20 Economic 
thickness of insulation 



5. Separating air out of steam systems automatically to maximize heat transfer. 

6. Use of efficient steam traps. 

7. Ensuring combustion equipment is maintained and is operating at the 
correct air-fuel ratio. 

8. Checking that all compressed air equipment is operating without leakage. 

9. The selection of good lighting to suit the illumination required (see 
references 17.12 and 17.13). 

10. Ensuring that electric motors arc matched to the duly required, that 
electrical transmission losses are kept to a minimum, and that a high power 
factor is maintained. 

For a more comprehensive treatment of energy efficiency reference 17.4 
should be consulted. 


17.6 Alternative energy sources 

Fossil fuels supply a very high percentage of the world's energy needs at present, 
but there are two main reasons why alternative sources of energy arc required 
for the future: first, the production of gases such as carbon dioxide is causing 
a worsening of the greenhouse effect, and there is a general risk to the ecosystem 
from the other gaseous products of combustion; secondly, the earth's supply 
of fossil fuel is finite. 

The present system of power production from fossil or nuclear fuels is highly 
developed and there is a high potential energy from a given mass of fuel. In a 
hydroelectric scheme for example, the equivalent mass of water required for the 
same energy output requires a very large-scale structure to store and handle 
the water. Collection, storage, and distribution are other factors to be taken 
into account (sec references 17.14 and 17.15). 

Some of the possible alternative energy sources arc briefly discussed in the 
following sections. 
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Solar energy 

The earth receives energy directly from the sun. It is silent, inexhaustible, and 
non-polluting. The means of collecting and distributing solar energy are known, 
but the cost is about twice that of conventional electricity generation. The sun’s 
rays fall on ’collectors' which arc mirrors and reflect the rays to a central 
receiver. It is necessary for the collectors to be able to ’track' the sun to ensure 
a continuous maximum reception. Solar energy can be used on small-scale units, 
and even in the UK solar heating panels are being fitted into the roofs of 
houses and other buildings to contribute about 50% of the water-healing load. 
An increasing number of buildings arc being designed using passive solar heating, 
i.e. a positive use of glazing, conservatories, etc. in south-fucing walls with fans 
distributing hot air into the interior of the building. In other, sunnier, countries 
the use of solar heating is more widespread. The application to large power 
plants is likely to be slow. An ambitious study has been made of using a solar 
satellite which is continuously in direct sunlight to collect the energy, convert 
it to electricity and direct a microwave beam to a receiver on earth where it 
would be reconverted to electricity. The cost of such a scheme is likely to 
prohibit its realization. 

Three experimental solar power stations have been erected in Almcria. Spain, 
one of 1000 kW and two of 500 k\V rating. The irradiation density is about 
1 kW/m 2 and the locality has 3000 h of sunshine per annum. The 500 kW 
station has 93 collectors or hcliostats which arc computer controlled, each of 
them having 12 mirrors directed to reflect sunlight over the year into the receiver 
which is mounted on a tower 43 m high. The collector consists of a bank of 
tubes behind which is a ceramic wall that absorbs the radiation passing the 
tubes, amounting to about 5%. and serves as a heat store which is insulated 
to prevent loss. Liquid sodium is circulated through the receiver tubes where 
the temperature is raised to 530 C and then through the steam generator to a 
cold storage tank before returning to the receiver at 270 X for healing. The 
steam drives a steam turbine which drives the power generator. At the receiver 
the thermal output is 17 MW, the mass flow rate of sodium is 7.34 kg/s. Sodium 
is used because of its good heat transfer properties and its ability to be stored. 
Thus the plant handling the sodium is compact. 

It is anticipated that in some areas the solar power station should compete 
with oil, but perhaps not with large coal or nuclear stations. However, there 
are areas in the world, as in the developing countries, where conventional power 
stations arc less likely to be chosen and the solar station could be very attractive. 
In the UK sunshine hours arc about 1500 per annum in comparison with 
3000 h annum elsewhere Isec references 17.15 and 17.16). 

In some parts of the world the sea temperatures arc such that at the surface 
readings of 24-32 C are measured and at depths of 300-400 m temperatures 
of 4-7 X exist. This temperature gradient is a source of power. A boiler plant 
using propane or ammonia under high pressure is required, the hot water heating 
the boiler and the condenser situated in the cold water. The potential power 
by this means is very high, about 300 times the world’s present power 
consumption, but the associated engineering problems have to be overcome 
which includes transmitting the power developed to the land. 
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requirements plus the cost of decommissioning the existing ageing Magnox 
reactors cast serious doubts on the economic viability of nuclear power. 
Although there are increasing environmental worries over the use of fossil fuels 
(eg. the greenhouse effect, acid rain, etc.), the greater worries over nuclear 
radiation leaks and the possibility of a catastrophe similar to Chernobyl have 
swung public opinion firmly against the proliferation of nuclear power stations. 

In the early 1990s electricity generating sources in the UK arc as follows: 
76.4% coal: 17.3% nuclear fuel; 6.2% oil; 0.1% hydro, but the privatization 
of electricity has led to a rapid increase in the use of natural gas in combined 
gas turbine and steam turbine power stations; generation by wind is less than 
1 GW h but is also expected to grow rapidly. 

In a nuclear power plant the reactor and heat exchanger take the place of 
the conventional boiler, and the steam generated is then expanded through a 
conventional turbine. In the Magnox reactors, which are now reaching the end 
of their safe working life and arc being shut down, the fuel used is uranium 
clad in a magnesium alloy (Magnox), with a low neutron absorption. The core 
is made of graphite and the coolant used is carbon dioxide. The second 
generation of reactors in the UK is the advanced gas-cooled reactor (AGR), 
using fuel of uranium oxide clad in stainless steel. 

A simplified sketch of a gas-cooled reactor is given in Fig. 17.21. The core 
of the reactor consists of a moderating material (e.g. carbon), which slows 
down the neutrons to speeds which will give controlled fission. The holes in 
the core carry the fuel elements in suitable casings. Through some of these 
holes are passed control rods which are made of a material which will absorb 
neutrons and so control the rate at which the reaction takes place. The function 
of the reflector is to bounce back escaping neutrons into the core, and the 
shielding is to prevent transmission of harmful particle radiation, such as a and 


Fig. 17JI Diagram of 
a gas-cooled reactor core 
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P particles, and y radiation. The whole of the reactor vessel is surrounded by 
shielding of steel and concrete. The coolant to the reactor, carbon dioxide, 
removes heat continuously from the core and then passes through the heat 
exchanger where steam is generated. In the AGR the heat exchangers and 
the carbon dioxide circulators are situated inside the prc-stressed concrete 
pressure vessel so that the carbon dioxide is completely contained within 
the pressure vessel. 

In the 1980s the decision was taken in the UK to move to pressurized water 
reactors (PWR h but so far only one is under construction at Sizewell in Suffolk. 
The PWR is fuelled with uranium dioxide clad in zircaloy, an alloy of zirconium, 
and the moderator is water at a pressure of 154 bar. A simplified diagram of 
a PWR is shown in Fig. 17.22. 

For a full treatment of nuclear power consult reference 17.19. 


Fig. 17.22 Diagram of 
a pressurized water 
reactor (PWR) 
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Problems 

17.1 A combined power plant consists of a gas turbine unit and a steam turbine unit. The 
exhaust gas from the open-cycle gas turbine is the supply gas to the steam generator of 
the steam turbine cycle at which additional fuel is burned in the gas. The pressure ratio 
for the turbtne is 7.5, the air inlet temperature is 15 C C, and the maximum cycle 
temperature is 750 ’C. Combustion in the steam generator raises the gas temperature 
to 750 'C and the gas leaves the generator to the chimney at 100'C Steam is supplied 
to the steam turbine at 50 bar. 600 'C. and the condenser pressure is 0.1 bar. 

The iscntropic efficiencies of the air compressor, gas turbine, and steam turbine arc 
83%, 86%. and 85% respectively. 
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Taking c p - 1.11 kJ/kg K and 7 = 1.33 for ihc combustion gases, and neglecting the 
effect of the mass flow rate of fud. feed-pump work, and all pressure losses, calculate: 
(ij the required flow rates of air and steam for a total power output of 200 MW; 

(ii) the power output of each unit; 
mil the overall efficiency of the plant. 

(368 kf/s, 117 kg/*; 64.1 MW. 135 9 MW; 39.5%) 

17.2 A gas turbine plant consists of a compressor with a pressure ratio of 10. a combustion 
chamber, and a turbine mounted on the same shaft as the compressor; the net electrical 
power of the unit is 20 MW. The inlet air conditions are 1.013 bar and 15 *C and the 
maximum cycle temperature is 1100 K. The exhaust gases from the turbine arc passed 
through a heat exchanger to heat water for space heating before passing to the chimney; 
by this means water at 60’C flowing at a rate of 2 x I0‘ kg/h is heated to 80°C. Using 
the further data below and neglecting the mass flow rale of fuel, calculate: 

(i) the temperature of the gases leaving the turbine; 

(ii) the mass flow rate of air entering the unit; 

(iii) the temperature of the gases entering the chimney; 

(iv) the overall efficiency of the system defined as the useful energy output divided by 
the energy input from the fuel. 


Data Combined mechanical and electrical efficiency of gas turbine unit. 90%; combustion 
efficiency. 99%; isentropic efficiency of air compressor, 80%; iscntropic efficiency of gas 
turbine, 83%; pressure drop in combustion chamber. 0.20 bar; pressure drop of gases 
in heat exchanger. 0.15 bar; pressure drop in chimney. 0.05 bar; specific heat capacity 
and 7 of combustion gases. 1.15 U kg K and 4/3; mean specific heat capacity of water, 

4.191 Id/kg K. 

<453.8 *C; 240 kg/s; 285 C; 50%) 

17.3 A leisure centre has an electrical demand of 100 kW' and a heat requirement of 190 kW 
which is currently supplied using power from the grid and a boiler burning gas with an 
efficiency of 80%. It is proposed to install a micro-CHP system of two gas engines each 
producing 40 kW' electrical power and a heat output of 95 kW; the overall efficiency of 
each engine is 90%. Under the new system the excess power requirements will be met 
from the grid. Assuming that the cost of electricity is four times that of natural gas. 
calculate the percentage saving in fuel cost in changing to the new system. 

(40.4%) 

17.4 A CHP plant consists of a gas turbine unit the exhaust gases of which are used to raise 
steam in a steam generator; the gases leaving the steam generator then pass through a 
heat exchanger to heat water for space heating before entering the chimney. In the steam 
cycle steam is bled off at an intermediate pressure and passed to a de-aerator/open-feed 
heater; the water leaving the heater is saturated at the bleed pressure. Using the data 
below and neglecting the mass flow rale of fuel, feed-pump work, and all thermal and 
pressure losses not luted below, calculate: 

(■ > the required mass flow rate of steam; 

(ii) the total power output; 

(iii) the overall efficiency defined as the total useful energy output divided by the fuel 
energy input. 

Data da s turbine cycle : pressure ratio for air compressor. 12; air inlet conditions, 1.013 bar 

and l5 e C: maximum cycle temperature. 1000 C; isentropic efficiency of compressor, 
S5%: isentropic efficiency of turbine. 88 %; power output. 22 MW; pressure drop in 
combustion chamber. 0.22 bar; pressure drop in generator and heat exchanger combined. 
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Fig. 17.2-1 Plant 
diagram for 
Problem 17.8 



Evaporator 


it receives additional heating from the engine coolant and lubrication circuits before 
receiving heal from the engine exhaust gas. If the exhaust gas is to be cooled to 150 'C 
and the water is required at 90 C calculate: 

(i) the heating available for the water; 

(ii) the rate of flow of hot water, 

(iii) the ratio of the heat available to the fuel energy supplied; 

(iv) the cost advantage to the engine heat pump proposal over direct healing in an 
oil-fired water boiler of 80% efficiency. 

(319.6 kW; 0.954 kg/s; 1.68; 2.10) 


17.9 An office building is space heated between October and April (inclusive). The degree 
days and the corresponding fuel consumptions in units of 1000 litres for two consecutive 
years are shown in Table 17.11. In between the two seasons the heating plant was 
modernized and insulation work was earned out which cost £27000. The cost of fuel 
was 22p/!itre when the costing was done. Plot the fuel consumption/degree-day 
characteristics for the two seasons and calculate: 

(i) the average fuel consumptions for the two seasons in lilies per degree day; 

(ii) the saving to be expected per annum based on the average degree-day figures for 
the district tabulated, for the same months, over a 20-year period; 

(iii) the penod of repayment for the cost of the modifications. 

(83 litres, D day. 50 lilres/D day; £13046; 207 years) 


Table 17.11 Data for 
Problem 17.9 



Oct 

Nov 

Dec 

Jan 

Feb 

Mar 

Apr 

Total 

First year 

Degree days 
Fuel/dO* litre) 

175 

145 

290 

240 

320 

26.5 

280 

23.3 

275 

230 

300 

25.0 

200 

16.5 

1840 

1518 

Second year 
Degree days 
Fuel/dO* litre) 

240 

110 

240 

110 

220 

no 

255 

118 

290 

145 

315 

15.8 

215 

108 

1775 

88.9 

20 -year average 
Degree days 

133 

243 

301 

338 

306 

273 

203 

1797 
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Absolute pressure. 23 
Absolute temperature scale. 25L ill 
Absolute zero. 27-23 
Absorption refrigerator. 3? I -37 
Absorptivity. 653 
monochromatic. 654 
Accderaimg well (pump), 41& 
Ackruyd-Stuart, Lii 
Additives. 465 
Adiabatic process, Z4 
free expansion. 1!4 
irreversible flow. ±5 
mixing. 21 1S2-36 
reversible, non-How tropic). 
l!L 

for a perfect g». SO-33. 121-21 
for a vapour. 84-86. 121-24 
throttling. 05 
Admission 

full. 360 
- panuil. 363 

Advanced gas-cooled reactor 
(AUR). 741.-42 
A Her burhrng, 241 42 

After-cooler, J12 
Air 

conditioning. 562-73 
composition of. 168 69 
compressors. 401 -432 
molar nuvs of, IM 
motors 

reciprocating. 422 .32 
rutary. 413 36 

pollution. 4QQ.Q5. 344-48. aIQ-2l 
preheater. 224. 643 
saturated. 53.1:36 

Air/lucl ratio 

for combustion. 218LU3 
in CM. engines, 4bl-fc2 
in gas turbines, ill? 
in S I engines. 450 61 
measurement of. 1811 83 
stiochiomctnc (chemically 
conceit. 202 03. 459 60 


Air-fuel vapour mixtures. 248 30 
Air-standard cycles. 112 ii3 
empanson of real cyctev 467-70 
d*sel. 136 33 
dual or mived. 138 PJ 
Fries von. 163 
Joule. 130-12 
Ouo. 153 5 p 
Rifling, 1 fV3 Vo 
Air-vapour mixtures. 323-62 
AIcchol-pctru! mixtures, 4Tli-~1 
Alternative energy . 716-19 
Aria gat's law. Ill 
.Amount of substance. t£i 
Analogy 

electrical, of ceoductkau 
588-91 

Reynolds. 623-28 
Analysis 

by mass (gravimetric). 165. 

203-12 

dimnsKnil. 614-62? 
of air. 168-29 
of exhaust and Hue fates. 

?m »? 

of fuels. 12# 

practical, of comhuaiwi pnxJocts. 

222 220 

pot VI mate. 196-99 
ultimate. 198 99 

volumetric. L2U. 2lil_12 

Apparatus dew pwnt. 363 
Applied thermodynamic* 
(dclimtKint. 21 
Anthmetic mean radius. 594 
Atmospheric nitrogen. 200 
Atoms. LSI 

Audits (energy ). 7004* 

Availability. 03 

Avogadro's hypothesis. 60, LU 

Axial-flow 

compressor. ?M) 81 
turbine. 266-75 
Axial thrust 26P 


Hack pressure turl’ine. 223 
Backward difference. 6(>4-()3. 613 
Balance point (heat pump). 

309-10 
Baromeier. 24 

Hdl-Colcman refrigerator. 318 
Benzole. 471 

Black body radiation. o53-54 
Blade height (turbine). ili : . 66 
BUde profiles, 351 2HL 374. 

382 

Blade-speed ratio. 233 
oprimum impulse stage, 
optimum, reaction stage. 371 72 
optimum, velocity-compounded 
-stage. 366-63 

Blade v elocity inefficient. 332 
Blade velocity diagrams, 222- 7tl 
optimum operating condition*. 

357. Vui. 371 

Blades, stalor and rotor. Ill 
Bown-sJown tair motor). 432 
Blower. Roots, 427-28 
Boiler 

capacity. 223 
cconomt/cr. 224 
ctficiency, 224 
equivalent evaporation. 223 
feed pump. 233^32 
fluidt/cd bed. 689-710 
prchcotct. 224 
waste. 700 

Bomb calorimeter. 2 4 1, 4 6 
Bottom dead ccnue. 44U 
Bouinliry of system. 22=23 
Bourdon gauge. 23 
Boys' calorimeter. 247 48 
Brake 

ineun ellcctive pressure. 450- 33 
power. 118 

thermal cllincncy. 450 -53 
Bnyum or Joule cycle, 1 SO-33 
Bulk temperature, mean, 621 
By-pass engine. 343 
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Calorific value of fuel*. 241 
gross and net, 241. 274. 470 
Calorifier. 271 
Calorimeten 
bomb. 241-46 
Boya*. 247-41 
' pa, 747 48 
separating. 96-98 
throOling. 96=98 
Capacity, boiler. 211 
Carbon dioxide recorder, 214 
Carburation. 472r76 

Carburettors 

accelerating pump (well), 476 
comram vacuum. 474 
fixed choke. 474 
S.U., 474 

Carnot cycle. 115-10 
perfect gas, 148=10 
wet vapour, 146 
work ratio, for. 148 
efficiency. 146 
reserved. 107 

Cathode ray oscilloscope. 448 
Celsius or Centigrade scale. 27 
Central difference. 604=05 
Centrifugal compressor. 392-91 
Cetane number. 467 
CFCa, 542 
Change of phase. 47 
Characteristic equation of sale. 
59-60 

Charge stratification. 479-80 
Chemical 

energy. 2L 1 ? 6^11 
equations of combusion, ?0ft-77? 
reaction. 19$, 200=222 

Chemiluminescent analyser 2L6 
Choked flow. Ill 
CHP (cogeneration). 693-700 
Clausius statement of Second Law, 
109 

Clearance ratio. 408-09 
Clearance volume. LSI 408-09 

Closed cycle. 33 

Closed cycle, gas turbine. 1 5Q II 
Closed feed water heater. 271-73 
Ckiscd system. 23. 36 
Coefficient 

blade velocity. 313 
of discharge, 321 
of heat transfer, 181 
of performance, heat pump. 502 
of performance, refrigerator, 506 
of velocity, 321 
Cogeneration (CIIP). 693-700 
Coil by-pass factor. 565 
Combined cycles. 690-93 
Combined heat and power. 69J-700 
Combustion. 196=210 
basic chemistry, 197-98 
by self ignition. 464 
efficiency. 302 
equations of. 200-222 


fundamental loss. 303 
in Cl. engines. 466-67 
m gas turbines. 3Q1-Q3 
m S I. engines. 464=66 
intensity. 302 
mixture strength. 203 
product of. 212- 220 

Composite streams. 714 
Composite wall. 588-91 
Compounded impulse turbine. 

358-63 

Compound engines. 488 
Compression-ignition engine. 439 
Compression ratio. HI 

influence on performance. 462-63 
Compressor stage. 416-17 
Compressors, positive displacement. 
402-431 

reciprocal mg machines. 402-426 
actual indicator diagram. 112 
condition for minimum work. 

422 

effect of clearance. 408-16 
energy balance, two stage 
machine 423-25 
for refrigeration. 37V-73 
free air delivery*. 413 
ideal indicator diagram for. 409. 
412 

ideal intermediate pressure, 
421-22 

isothermal efficiency. 407-08 
multi-stage compression. 
416-423 

volumetric efficiency. 412-16 
rotary machines. 426-32. 415-36 
Roots Newer. 427-28 
Rots efficiency. 428 
vacuum pump. 431=32 
vane type. 428=31 
Compressors, rotary 
axial flow. 380-83 
centrifugal flow. 392-91 
positive displacement. 402^126 
Condenser (steam). 190 
Conduction of beat. 581. 582 61 9 
Fourier’s law. 182-83 
general equal ton. 5 97.6 01 
numerical methods. <8)4=19 
radial (cylinder and sphere). 592 97 
rod analogy. 607 08 
through composite wall. 588-91 
transient. 613-19 
two-dimensional steady. 602.13 
Conductivity, thermal. 513 
values of. 584 

Conservation of energy . 35-37 
Constant pressure (joule) cycle. 

Constant pressure process. 72-74 
Constant temperature process. 73-79 
Constant volume combustion. 

228-30. 241. 243-46 
Constant volume proc ess . 71-72 


Consumption loop. 459-60. 462 
Contact factor. 565 
Continuity of mass equation. 41 
Continuous injection. 4 7 8 -79 
Control of refrigerating capacity, 
548-49 

Control volume and surface, 39 
Convection 

forced. SSi 619=636 
natural. $82. 630-33 
Convergent-divergent no/zic. 

308-14. 3J9-32Q 
Convergent no/zle. 3 Hr28 
Cooling correction (combustion), 
245-46 

Cooling Netwon s law of. 585-87 
Cooling towers. 573-76 
Corona discharge, 483 
Countrr-flow heat exchanger, 634-38 
Criteria of performance. 447-14 
Critical 
point. 48 
pressure. 48 
pressure ratio. 309-14 
temperature. 49 
temperature ratio. 31 1 
velocity. 313 

Cross-flow recuperator, 638-39 
Cross-flow scavenge. 441 
Curtis turbine. 359-63 
Cushion air, 432 
Cut-off ratio 
in air motor, 433 
in diesel cycle 117 
Cycle 

air-standard. 153-65 
Carnot, 145-50 
closed. 33, 150-51 
constant pressure. 150=53 
definition of. 33 
diesel 156-58 
dual (mixed). 158 61 
dual (refrigeration). 527-31 
efficiency. 109 
gas refrigeration. 537-40 
gas turbine. 150=13 
ideal (carool 1. 145-50 
joule (Brayion). 150=53 
open. 152=13 
Otto. 155-56 
Rankinc. 255 65 
refrigeration, vapour absorption, 
531-37 

refrigeration, vapour compmasion. 

511-19 

regenerative (steam). 268-71 
reheat 266-68 

reversed heal engine. 109 
reversible. 33 
steam. 36:37. 25RJ5 
thermodynamic, 33 


Da hen's law. 167 

Dead centres, definitions. 440 
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Degradation of energy. 05 
Degree day». 703-16 
Degree of reaction. 161 
half degree of, M2 
Degree of super-cool mg. 121 
Degree of superheat, 49 
Degree of supernatural ion. 122 
Dchumidification, 710 
Delay-period, 464. 466 
De Laval turbine. 12Q 
Density. 2i 
Detonation. 4CJ 
Dew point. 534 
Diagram efficency. 154-53 
Diagram of properties 
enthalpy-cone entmon 
(LiHr-lljOj, 534 
enthalpy-entropy (steam), 266 
pressure-enthalpy (R I34t), 522 
pvychromctnc chart. 559 
Diesel cycle. 136-58 
Diesel fuel. 471 
Diesel knock. 467 
Diffuser, 102 

Dimensional ona lysis, 619-622 
Discharge coefficient. Ill 
Dissociation. 220-27. 217-19 
District heating, 695-700 
Dry bulb thermometer, 552 
Dryness fraction. 45=50 
Dual combustion cycle, 158=61 
Dual fuel engine. 446 
IXicted tin engine. 115 

Economic thickness of imulutioc, 

716 

Economizer. 224 
Effectiveness 

of a heat exchanger. 294-95. 643=4? 
of a process, 117-41 
Efficiency 

air-standard. 151-95 

boiler. 224 

brake thermal, 450-53 
Carnot. L46 

combustion. 102 
cycle. 109 
diagram. 1S4-55 
engine. 434-57 
fin. 652 

indicated thermal. 451 
intake, 314 

iscntropic. 25JL 282-83 
isothermal. 407-08 
jet pipe. 115 
mechanical. 405. 445=50 
nozzle. 321 
overall. 382=84 
plant. 223=25 
propulsive. 332 
Rankine. 255-38 
ratio, 258 
Rots. 427-28 
stage, 384-66 


thermal. 241=41 
brake. 450=53 
indicated. 451-53 
volumetric, 412-16. 453-54, 524 
Electrical analogy (conduction of 
heat). 588-91 

Electrolux refrigerator. 5 32 -53 
Emiaaiom, 490-95 
Emissive power. 653 
Emssivhy. 654 

monochromatic. 654 
Emitter, selective. 656 
Energy 

alternative sources. 716-19 
audits, 700-28 
balance (1C engine). 457 58 
conservation o£ 35-37 
conversion. 22 
degradation of. 235 
demands. 684-87 
equation 

non-flow- 37 39 
steady flow . 3fc43 
from waste. 700 
in transition. 24 
internal of reaction. 2 18 
intrinsic. 24-25 
kinetic. 19 

management. 700-28 
potential 35 
recovery. 708-13 
reservoir. 105-15 
saving. 708-16 

solar, 21 ? 
sources. 683-87 
total, 693 
values, 702 
Engine 
h y p ut, 345 

consumjcico loop. 459-60. 462 
criteria of performance. 447-54 
dual fuel 446 
efficiency. 454-52 
emissions. 4 9 0* 9 3 
energy halarare. 457-58 
factors influencingperfonnancc. 
462-67 

four-and two-stroke cycle. 

441-44, 444-46 
free piston. 447. 492,98 
yet. 131=45 

legal requireemnti in I.C. engines. 

490-93 

modem developments. 495-501 
multi-fuel 446 

output and efficicncis, 454=52 
performance characteristic* 

457-62 

compression ignition (C.l ). 
461=62 

spark ignition (S 1.8. 455-61 
rotary. 495=97 
sleeve valve. 446 
supercharging. 456-50 


turbo-prop. 142=45 
two-«roke. 444-46 
vehicle. 445=M 
volumetric efficiency, 453-54 
Wankel. 495 97 
Enthalpy, 40 

and change of phase, 42. 31-32 
datum of, 52 

•enuopy (fr-i) chan), 265=66 
of formation. 239-40 
of mixtures. (7Q, 178 
of moist air. 56QMI 
of perfect gav 64-63 
of reactnon. 228-39 
of vaporization, 42=49 
of w et vapour. SI 
specific. 40 
Entropy. I1Q-12 

and irrcvesibtlily . 129=141 
as entenonof revcraibility. 133-35 
datum of. 111 
of mixture* 170, I79-8Q 
of perfect gn, 11 6-29 
of wet v apour. 1 13-26 
specific. 112 
Entry length. 623=30 
Equation, flow'. 35-43 
Equation, non-flow. 17=39 
equation of continuity. 41 
Equation of state, of perfect gas, 
39-60 
Equilibrium 
conoant. 223 
mctaoable, 126 
running. 145 
thermal. 22 

Equivalent evaporation, 225 

Ericsson cvcle. 165 

Eihvl alcohol 249,47Q.-7J 

Excess air (definition), 202 

Energy. 135-41 

Exhaust and Hue gas analyst* 

>03-1? 

Expansion 

free or unresisted. 33* 94=95 
supersaturated. 325=29 
throating, 93=98 

Extended surface recuperator. 641=42 
Extended surfaces, 647-33 
External irreversibility, 30-31 

feed pump (boiler), 255=12 
Feed water healer, open. 268-71 
Feed water heater, dosed 221=21 
Film temperature* 621 
Fin efficiency. 652 
Finite difference (adduction). 
604=02 

First Law- of Thermodynamics. 36 
Fixed choke carburettor. 474 
Flame loniration detector (FID). 216 
Flash chamber. 527-31 
Flow- equation. 39-43 
Flow- meters (1C engines). 480=81 
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Flow processes reversible. 92:93 
Hue gas analysis, 293=12 
Fluidized bed boiler. 689-90 
Forced convection. ti!9..61Q 
Forward difference. 604-23 
Fouling resistance. 640-11 
Fourier's tow of conduction. 1 82- 83 
Four-stroke c>elc, Mldfci 
Fraction 
dryness. 49=30 
mas*. 172 
volume. 173 
wetness. 42=30 
Free air delivery. 413 
Free convection. A30-33 
Free expansion. U. 94-93 
Free piston engine. 447. 497-98 
Free vone\ blading. 373 

Friction 

power. 405. 449-50 
losses in turbines. 378-79 
Fuel consumption, specific. 451 
Fuel injection. 426=79 
Foci systems (1C engines). 472=80 
Fuels. 198=99 
analysis of. 199 
self-ignition, 464 
properties of. 199. 470-71 
volatility. 471 
Full admission. 366 
Fundamental loss (combustion 1. 303 


Gas. 

calorimeter (Bovs'). 242=48 
constant, molar. 69 
constant, specific. 60=61 
power, 491 

liquefaction of. 540-41 
perfect. 39=62 

specific heat capacities of. 62=63 
radiation. 670=71 
thermometer, 22=26 
Gas analysis 

by flame ionization (FID), 216 
by infra-red spectra (NDIR), 

212-14 

chemiluminescent. 216 - 1 ? 
by magnetic method. «U 213 
by thermal conductivity method. 

(CO ). 214 
by zircon cell. 216 
Gas mixtures. 167=86 
adiabatic mixing of pcrlcct. IK 2 -B 6 
molar heat capacities. ISO 
molar mass, 171-77 
partial pressure in. 162 .68 
partial volumes of. L2J 
specific gas constant. 171-77 
specific heat capacities of. 122=82 
volumetric analysis of. 170-71 
with vapour. 186-93 
Gas oil. 471. 702 
Gas radiation. 670-71 
Gas refrigeration cycle. 537-40 


Gas turbine cycle. 230-303 
closed. 150-31 
modifications to tec cycle. 

289-300 
open. 132=33 
parallel flow. 289 

practical. 280 89 
pressure ratio. 151. 289-90 
simple. 150-51 
with hear exchanger. 293-99 
with intercooling. 291-92 
with reheating. 222=93 
work ratio. 132 
Gasifier. 422=23 
Gauge, pressure. 23 
Geometric factor. 6ft I 
Gcometnc mean radius, 596 
Gibbs-Dolton law, 162 
Governing 

quality. 461-62 
quantity. 459 
Grash of number. 631 
Gravimetric analysis. 163. IQ3-12 
Greenhouse effect. 67(3-71 
Grey body . 654-57 

Gross Calorific Value (GCV). 24J 

Half degree reaction. 362 

HCFCs, 544 

Heat. 

definition 22 
flow, resistance to 588 
recovery. 708-13 
sign convention. 25-26 
transfer of. 581-671 
Heat engine. 21 
cycle. IM. 143=63 
efficiency. 109 
reversed. 103=10 
Heal exchanger. 633-47 
effectiveness. 643 -4? 
fouling resistance. 640=41 
recuperator. 634-38 

compact. 641=42 
crus. Dow. 638-39 
extended surface. 641-42 
mixed flow. 639-40 
multi-pass, 639-40 
parallel and counter (low. 634-38 
plate. 642 
plate-fin. ML 710 
number of transfer units. 643 
regenerators. 641-43 
thermal capacity, ration. M4 
thermal ratio. 225 
Heat pipe. 712 

Heat pump. 1 IQ. 506=1 1.7KM2 
Heat transfer. 

by conduction. <BL 582=619 
by conv ection. $82, 619-633 
by radiation. $|2. 653-71 
coefficient for convection. 525 
coefficient for radiation. 669-70 
extended surfaces. 64 7-53 


general conductor equation, 

597-ftOI 

through cy linder and sphere. 

592-97 

transient conduction. 613-99 
two-dimensional steady 
conduction. 6Q7-13 
Hero of Alexandria. 330 

I lot-well. 263 

Humidity 
relative. 535 
specific. 334 
mcavurernetn of, 337=38 
Hygrometer. 332=38 
Hygmmctry. 333-62 

Ideal cycle (Carnot). 143-47. 14JL50 

Ignnability. 467 

Ignition 

advance, 4M, 463-69 
Cl engines. 466 
delay. 464.466 
SI engines. 4Q4. 468-69 
Impeller (centrifugal compressor). 
392-93 

Impulse steam turbine. 352-38 
Index of expansions compression 
isentropic. 8L, 124 
polytropic. £6 
Indicated 

power. 447-48 
mean effective pressure. 448 
thennal efficiency, 451 
Indicator diagram. 442=48 
Injection, fuel. 426=29 
Inner dead centre. 440 
Intake efficiency. 334 
Intensity of radiation. 659 
Interceding. 201-92. 413=420 
Internal 

reversibility'. 30-31. 93-94 
turbine losses. 378-80 
Intrmal-combusion engines, 

439-511 

brake mean effective pressure. 

43Q 51 

brake pow er. 449 
Briish Standards for. 434=36 
comparison with air standard 
cycles. 467-70 
compression-ignition. 439, 
443-44. 446 

criteria of performance. 447-54 
consumption loops, 459-60. 462 
cross-flow scavenge. 443 
DIN. 434=36 
detonation. 4M 
developments. 499-501 
dual fuel. 446 
energy balance, 437-38 
factors influencing performance, 
462-67 

four-stroke cycle. 441-4 4 
free piston. 44L 497-98 
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Internal-combustion engines. 
continued 
foci ion power. 449 
fuel lystemma. 47? -80 
indicated mc#n effective pressure, 
448 

indicated power. 447 -1 8 
loop-scavenge. 446 
mechanical efficiency. 449 
Mooe teu. 450 
multi-IWI engine, 446 
output and efficiencies 454=17 
performance chorsctemtic*. 
457-62 

piuon speeds, 456, 463 
properties of fuel* for. 47Q-7I 
ram jet. 332-33 
reciprocating. 439-501 
scIf-ignition. 464 
sleeve valve. 446 
spark ignition. 439 
specific fuel consumption. 451 
stratification. 479-80 
supercharging. 483-90 
thermal efficiency. 450-53 
timing diagrams, 442-46 
torque. 449. 451.455-56 
two-stroke cycle. 444-46 
uni-flow scavenge. 446 
volumetric efficiency, 453-54 
Willan's line. 450 
Internal energy. 17 
datum for. 52 
of a wet vapour. 53 
of mixtures 170, L8Q 
of perfect gas 63=64 
of reaction. 228=39 
International scale of temperature, 

78, 147=48 

Intrinsic energy. 24-25 
Inversion temperature. 541 
Inward (low turbine. 393-96 
Irradiation. 663 
Irreversibility. JO, 93=98 
and work. 35 

external and internal. 31, 93-94 
in mixing processes. 98 
Irreversible processes. JO, 93-98 
Isentropic 

efficiency, 228. 282=83 
flow process. 92:93 
index of expansion nr 
compression. 81 
non-flow process, 79-86 
Isothermal 

efficiency. 407-08 

non-flow process. 73-76. 1 19-123 

let engine. 331 45 
let pipe efficiency. 331 
Jet propulsion. 331-42 
Jet refrigeration. 542 
Joule cycle. 150-53 
Joule's law. 63 


Kadenocy effect. 446 
kcNin temperature scale. 28 
Kerosene. 249.302, 471 
Kinetic energy. 39 
Kirehhoffs low. 654 
Knock m IC engines. 464, 467 

Labyrinth gland. 379:10 
Lambert's cosine low. 659-43 
I imi nor flow . 622.633 
laminar sub-layer. 634 
Large-scale CHP. 695-700 
law of conservation of energy. 35=37 
law of partial volumes 1 ?J 
Lowe of thermodynamics. 

First Law. 16 
Second Law. M9 
lead m petrol. 471, 490=91 
Lcduc's law. HI 
Linde process. 541 
L*quef»ct»n of gases. 540-41 
Liquid metal*. 628 
Lithiun bromide-water chan. $34 
LjungstrOm 

air preheater. M2-43 
twbme. 396 
Logarithmic mean 
area. 593 
radius. 523 

temperature difference. 636 
Loop scavenge. 446 

Losses in turbines. 329=50 


Mach number BSl 
Machine cycle. 334 
Management of energy . 700-08 
Manifold injection. 477-79 
Manometer. 24 

Mats 

common) of. equation. 41 
fraction. 122 

Mean bulk temperature. 621 
Mean film temperature. 621 
Mean effective presort. 161-62 
brake. 450-53 


Mechanical effeeicncy. 405. 449-30 
Metallurgical land. [14, 

Mctauable stoic. 326 
Miao-CHF. 693-95 
Mixed-flow recuperators. 639=40 
Mixing of gases. 98. 112:86 
Mixture strength. 203 
Mixtures. 167-93 
enthalpy of. 170. 13 
entropy of 170, 129=10 
gas constant of. 171-77 
gravimetric analysts of. 168 , 
203-1? 

internal energy of. 170, I8Q 
molar heat capacities of. 1 SQ 
molar mass of. 171-77 
of air and warer vapour. 1 86-93 
ofgosev 182-86 


partial pressure of. 1 65—7 1 
partial volume of. 170-71 
psychrometric. 553-62 
saturated. 186-87 
specific heat capacities of, 177-82 
stoichiometric. 707-01 
volumetric analysis of. 120=21 
Moisture content. 554 
Molar gas constant. 60 
Molar heat capacities, 180 
Molar mass. 60.121=22 
of air. 168 

of a gas mixture. 121=27 
Molecules. 192 
Momentum 

rate of change of. 349-50 
thrust. 332 
transfer. 623 26 
Monochromatic 
absorptivity. 654 
cmissivity. 654 
Montreal protocol. 546 
Morse test. 450 
Muhi-fud engines. 446 
Multi-pass recuperators, 639-40 
Multi-stage compression 416-23 

Natural convection, 630-33 
Net Calorific Value (NCVk 241 
Newtonian beating and cooling. 
602-04 

Netwon's law of cooling. 585=82 
Non-dispemve mlrs-red (NDIR), 

212 

Noo-flow energy equation, 37=39 
Non-flow exergy. 137 
Non-flow process, 71-92. 119-29 
irreversible. 30, 93-98. 129=35 
isentropic. 79-86. 123=24 
on the T* diagram. 1 13=29 
polytropic. 86=92. 124=29 
reversible adiabatic. 79-»6, 123=24 
reversible constant pressure. 72-74 
reversible constant volume. 71-72 
reversible nothcrraal. 75-79 
Nonsteady-flow process, 98-04 

NO. 316-27, 324,490=95 
No/vlcs, 302=331 
choked flow in. 115=18 
coefficient of discharge. 321 
coefficient of velocity. 321 
convergent. 315=18 
convergent-divergent. 308-14, 
119-320 

critical pressure ratio. 309=14 
critical temperature ratio. 311 
critical velocity. 213 
efficiency, of. 32Q-24 
maximum miu flow in. 313-18 
off the design point. 318 -320 
pressure and velocity variations, 

308 

shape. 307-09 
shuck waves in. 318=320 
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Nozzles, continued 

stagnation conditions, 129-11 
steam, 324-29 
supersaturatUm in. 111-29 
Nuclear power plant. 719-721 
Nuclear reactors, 719-721 
Number of Handler units, 641 
Numbcrical methods for conduction. 
604-19 

boundary condition*, 608-29. 

614-26 
choice of. 610 

Crank-Nicholson. 617 
error*, 606 
Euler solution. 613 
explicit solution. 613 
Uausuan elimination. 605. 618 
Ciuass-Sicdel item Kin, 606, 610 
implicit solution. 616-19 
matrix inversion. 615 
notation. 606 
Nusscll number 621 

Octane number. 465 
ODP, 546 

One-dimensional How. 302 
Open 

ccle, I52 = »^g<b8_l 

feed heater, 268-71 
system. 2119 
Otto cydc. 153=56 
Outer dead centre. 440 
Outward-llow radial turbine. 195 
Overexpansion. 318 
Overall efficiency. 381-88 
Overall heal transfer coefficient, 382 
Oxides of nitrogen. 490=96 
Oxygen 

in air, 168-69 
m combustion products, 
in fuels, 199 
recorders, 215 

Ozone depletion potential (OOP). 
346 

Ozone layer, 545 

Paddle-wheel work. 25 
Parallel-flow recuperators. 634-38 
Paramagnetic gas analysis. 215 
Parson’s turbine. 366 -47 
Partial admission. 163 
Partial pressure. 167 
Partial volumes, 17P-7I 
Pus-our turbine, 223 
Path of ■ process, 39 
Percentage saturation 556 
Perfect gas. 59 67 

characteristic equation of state. 
59-60 

enthalpy. 64-65 
entropy, 116=17 
gas constant. 00=61 
internal energy, 63=64 
Joule's law, 63-64 


mature*. 162-86 

molar gas constant, til 
molar heat, capacities, 118 ) 
process. 

non-flow. 71-92 
steady-no*. 92-93 
specific heat capacities. 62-63 
Performance 

characteristics (It engines). 

437-62 

emten* (K engines), 442=34 
number. 465 

ratio. 507. 

Petrol injection. 422=29 
Pmch technology . 713 
Piston speed. 4J6. 463 
Plate heat exchanger. 642 
Plate-fin heat exchanger. 710 
Pollution. 490-93. 344-48 . 62Q_21 
Pulytropk efficiency. 388-92 
Pofytropic process. 86=92 
Potrtise displacement machine*. 
401=436 
motors. 432-36 
reciprocating compressor*. 
402-426 

rotary compressor*. 426-31 
vacuum pump. 431-32 
Potential energy. 39 
Power 
brake. 449 
friction. 405. 449-50 
indicated. 447-48 
nudes. 719-72! 
shaft, 405 
solar. 712 
water. 718-19 
wind. 718 
Pradtl number. 621 
Prc-igmuon. 464 
Pre-whirl 394 
Pressure 

absoluw.23 
barometric. 24 
compounding. 15 8-59 
gauge. 23 

mean effective, 161 - 6 ? 
brake. 430-53 
indicated. 448 
partial. 167 
ratio 

gas turbine, 131.289-90 
critical 309-14 
saturation. *9 

stagnation. 329-31 
thnnt, 135-36 
vacuum. 24 

Pressure-enthalpy diagram. 522 
Principle of the conservation of 
energy. 35-37 

reversible and mevemWe. 30=31. 
71-93 

rvm-fiow. 71-92 


nonsuady-flow. 98-04 
steady-flow. 92-93 
Process integration. 713 
Process steam. 223-27 
Products of combustion. 212=220 
Properties. 29 
ethyl alcohol. 240.249 
liquid and vapour. 50=31 
of fuels for I.C. engine*. 199. 
4711-71 

or refrigerants. 518, 522, 525. 
534. 542-43 
Propulsion. Jet, 331:42 
Propulsive efficiency. 332 
Proximate analysis. 198-9 9 
Psychrometer. 532 
Psychrometnc chan, 538=60 
Psychrometry. 533-62 
Pulsed injection. 478 79 
Pump work. 236 37 
Pumping loop, 447=48 
Pumping power, 626 

Quality governing. 461,62 
Quantity governing. 459 

Radial-flow turbine, 395-96 
Radiation. 5|L 653-71 
absorptivity. 653 
black body. 653-54 
emissive power. 653 
cmisanity. 654 
from gases. 670-7 1 
geometric (actor. 659-63 
grey body. 654-57 
heal transfer coefficient. 669-70 
intensity, 659 
irradiation. 663 
KirchhofTs law. 654 
Lambert’* cosine law. 659 
radmsity. 663 
reflectivity, 653 
selective emitter. 656 
Stefan-Boftrmann law. 657-59 
trammktiiivity. 653 
wavelength. 655 
Wien's Uw, 655 
Radwsity . 663 
Ram effect, 333 

Ramjet m|inf, 113 3) 

Rankine cycle. 255=65 
with superheat. 263-65 
Rateau turbine. 358-39 
Ratio 

•ir/fuel 200-23. 352, 459-62. 
480-83 

blade-speed, 153 
clearance. 408-09 
compression. 155 

critical pressure. 309=14 

critical temperature. 3 1 1 

cut-oir. 157,433 

efficiency. 258 
of specific beats. 65 
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Ratio, continued 
pressure, 151, 2fl9=9tf 
woric. US 
Reaction 

chemical, 126 , 200,22 
degree of, 262 

turbine, 350 51. 366-78 

Reactor* 

advanced gas cooled. 720-21 
Magnus. 719-720 
pressurized water, 721 
Reciprocating 
air motor), 432-34 
compressor, 402-26 
I.C. engine. 439=5111 
Recuperator, 634-41 
Redeem ity. 653 
Refrigcranlt, 542-48 
Refrigeration and heat pumps, 
405-549 

coefTicient of performance. 506-2? 
compressor type. 523-27 
control. 

dual cycles. 527-31 
Electrolux. 532-33 
dash chamber. 527-31 
gas cycles. 537-40 
load. 519-520 

pressure-enthalpy diagram. 521-23 
Scam jet. 542 
throttle valve. 5L1 
undrcooling. 512 
vapour jbsoipuon. Sil-3? 
vapour compression. 11 1-19 
Refrigerating effect. 505 
Regenerative cycle. 263-73 
Regenerator 

rotating malm, 642-43 
stationary matrix, 641-42 
Regnault and Pfaundlcr't 
correction, 245=40 
Reheat 

factor, lilr&H 

gas turbine cycle. 292-93 
seam cycle, 266-68 

Relative aksmic max*. OQ 
Relative humdity. 555 
Relative molecular mass. 60 
Reservoir of energy. 108-09 
KcsiSancc to I veal do*. 588-89 
Reversibility. 30 31 
and chemical reaction. 21 X 1 
and heat. 31.36 

and mixing. 9H, 130-31. 182:83 

and work. 31-35 

criteria of. 30-3 1 

intmal and e*temal. 31. 93-94. 

131.25 

Reversible heat engine. 109. 5Ut» 111 
Reversible processes, 
non-dow. 71:92 
nonstcady-dow. 93-11H 
steady-flow. 92-93 
Reynolds analogy. 623-28 


Reynolds number. 621 

Rich mixture. 202 

Room ratio line. 564 

Roots blower. 427-28 

Rotadynimic machinery. 311346 

Rotary 

axr compressor. 426-31 
air motor. 435 36 

engine. 495-97 

Rotatingmatru. 642-43 
Rumble or pounding. 466 
Run-around coil 709 


Sankey dugram. 6*8-89 
Saturated 

air. 186-87, 553-56 

liquid and vapour. 41L49 
mixture. 186-67 
Saturation pressure and 
temperature. 48-49 
Scavenging. 445=46 
Second Law of Thermodynamic*. 
103-141 

and chemical reaction. 77? 
statements. 109 
Secondary injection. 427 
Selective rmisKon. 656 
Self-ignition. 464 
Shear stress m fluid. 624 
Shock-wave. 318 
Sleeve valve. 446 
Sling psychrometcT. 153 
Slip factor. 3**4 
Small scale CHP. 693-95 
Smog. 49Q 

Smoke Bmh. 462 * 

Solar energy . 212 
Solid angle. 660 
Sonic velocity. 112 
Sources of energy. 683-87 
Spari.-ignUKXi engine. 439 
Specific enthalpy of moist air. 
56Q-6I 

Specific enthalpy of vaponniion. 

47-49 

Specific fuel consumption. 451 
Specific hea capacities 
of gas (matures. 177-82 
of gases. 62=62 
of moist air. 561-62 
ratio of. 65 

Specific humidity. 514 
Specific steam consumption. 255:59 
Specific volume. 24 
of moist air. 562 
of wet vapour. 52 
Stage 

compressor, 416-17 
efficiency. 384-88 
impulse. 35S 
reaction. 366-67 
turbine. 358 

Stagnation condition*. 329-31 
Stanton number. 625 


State. 29 

equation of, 59-60 
Steady conduction of heat. 582-96 
Steady flow. 92-93 
energy equation. 39=43 
c»crgy. 132 

mixing. 98 
processes. 92-93 
Steam 

condenser. 190-93 
consumption, 2 58- 5 9 
cycle. 36-37. 254=25 
diagram of proprtic*. 266 
for heal mg and process work. 275=77 
jet refrigeration, 542 
nonle. 324-29 
tables of properties. 311:59 
turbine*. 352-74 
Stefan-Bolt/mann law. 657-59 
Stirling cyck. 163-65 
Stoichiometric oir/fud ratio. 202=23 
Stratification. 479 -8Q 
S.U. carburettor. 474 
Sub lay er, laminar. 624 
Summer air conditioning. 563-66. 
370-72 

Supercharging. 413-90 
Supercooling, degree of, 322 
Superheat 
degree of. 49 
table*. 50-59 
Supenaturation. 325-29 
Surroundings. 24, 30-31 ‘ 

Swept volume. 162,409-10, 453 
System. 22 
closed. 23 

open. 23 

Tables of properties, 
air. 168-69 
refrigerants. 518. 525 
steam. 51L59 
3 emperature 

absolute. 28, 142 
bulk mean. 621 
Cclsuis (ccntn grade), 22 
critical. 49 
dew point. 554 
equivalent of velocity, 329 
film, 621 

international scale. 2B, 147=48 
Kelvin. 28 
measurement. 27=28 
of inversion. 541 
saturation, 48-49 
thermodynamic. 147 
wet-and dry-bulb, 552 
zero, absolute 28 

Temporattr-entropy diagram. 113-19 
Ibcnrul conductivity’. 583 
Thermal cfftciencv. 241-43 
brake. 450-53 
indicated 451 
power plant. 24 1 
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Thermal equilibrium, 22 
Thermal ratio. 293 
Thermal resistance. 588-89 
Thermal wheel, 709 

Thermodynamic properties. 22 

Thermodynamics 
definitm of, 21 

first law of, 35—15 
second law of. 22. Iflklil 
Thermometer 

conitant pressure pas. 27=18 
enstantvolume gas, 27-28 
wet and dry-bulb. 552 
Throttle salve in refrigeration. 511 
Throttling. 93-98, 129-30 
calorimeter, 9fc97 
Thrust 
axial. 306 
momentum. 332 
pressure. 333-36 
T iming diagram for I.C. engine. 
442-13 

Ton of refrigeration. 519 
Top dep dead centre. 440 
torque. 449. 455-56 
Total energy concept. 693 
Transient conduction. 613-19 
Turbine 

axial fiow. 3SO-SI. 366-78 
hack pressure. 225 
blade heiht. 363-66 
blade profiles, 352, 367, 374 
blade—speed ratio. 355 
blade velocity coefficient. 353 
blade velocity diagrams, .152-70 
compounded. 158-63 
Curtis, 359-63 
degree of reaction. 367. 
de Laval, 350 
efficiency. 362, 378-80 
extraction (or pass-out). 225 
friction losses. 329 
gas. 2JHL2Q3 
impulse 349-66 
inward-How radial 395,96 
leakage losses. 3I9--&Q 
LJungstrom, 396 
multi-stage, 138-63. 366=73 


outward-flow radial 395 
Parson's. 366 

presure compounded. 358-39 
Ratcau, 358-39 
reatuoo, 350-51. 166.28 
velocity compounded. 159-63 
Turbo-blowa. 486 
Turtxxhirfing. 486=90 
Turbo-jet engine, 334=42 
Turbo-prop engine. 342 -45 
Turbulent flow. 622 
Two dimensional steady 
conduction. 603-13 
Two-property rule. 29 
Two-row turbmc stage. 36Q-6I 
Two-stage compressor. 4 1 7-4 22 
Two-smike cycle. 444-46 


Ultimate analysis. 19L99 
Undercooling. 512-13 
Underevpamion. 318 
Unas. 26 

Unresisted or free expansion. 15 

94-95 


Vacuum pumps, 431-32 
Valve tuning diagrams, 442=45 
Vane pump or compressor. 428-31 
Van't Hoff equilibrium box, 22Q-21 
Vaporization. specific enihalpy of. 

47-49 

Vapour 

dry saturated. 48 
ethyl alcohol 240,249,470=71 
petrol. 479=71 
superheated. 49 

tables, use of. 2<t59 
wet. 48 

Vapour absorption refrigerator. 

511-37 

Vapour compression refrigerator. 


Vehicle engines. 455-56 
Vclcity 

absolute steam. 149 
blade. 150 


coefficient of. 32L, 353 
compounded turbine. 359-6 6 

hed.330 
Jd.331 
of sound. 312 

of whirl. 353 
relative, 350 
Vienna convention. 546 
Viscosity 
dynamic. 619 
kinematic. 619 
Volatile miner. 198,99 
Volatility (fuel), 471 
Volume 
molar. 60 
partial. 120 
specific. 24 

Volumetric analysis, LZtf. 2U3-12 
Volumetric efficiency, 
gas compressor, 412-26 
1C engine, 453-54 
Vortex blading. 325 

Wanted engine. 495-77 

Waste heat boiler. 700 

Water power. 718-99 

Weak mixture. 202 

Wei-and dry-bulb temperatures, 552 

Wet bulb depression 558 

Wet vapour. 48 

Whirl velocity. 153 

Wind power. 718 

Wien's law, 655 

Wil Ian's line. 450 

Winter air conditioning. 566-70. 

572-73 
Work. 24=26 
paddle wheel. 25 
ratio, 148 
reversible. 31-35 
sign convention. 25-26 
Work done factor. 383 
Working fluid. 29, 42,62 
liquid-vapour, 47-59 
perfect gas, 59,69 ’ 
supa healed v apour, 49, 54=59 


Zirconia cell, 216 
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